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Abstract 

Our  research  into  the  uses  of  chaotic  systems  in  spread-spectrum  communications  has  resulted  in 
many  significant  and  important  advances,  which  have  been  documented  in  39  published  papers. 
These  advances  were  made  in  categories  critical  to  the  successful  future  incorporation  of  chaos  in 
communication  systems,  such  as:  carrier  design,  cryptographic  security,  synchronization  schemes, 
robustness  analysis,  channel  capacity,  commercial  applications,  and  practical  sychronization  in  real- 
world  wireless  environments.  Both  theoretical  and  practical  aspects  were  considered,  for  example. 
An  intergrated  circuit  capable  of  producing  chaotic  and  hyperchaotic  signals  was  fabricated,  An 
important  theory  of  generalized  synchronization  between  different  chaotic  systems  was  developed;  a 
new,  improved  synchronization  scheme  called  impulsive  synchronization  was  invented,  which  has  lead 
to  the  filing  of  a  patent;  and  a  method  based  on  adaptive  control  theory  was  developed  to  efficiently 
cope  with  parameter  drift  in  practical  chaotic  circuits  and  time-varying  channel  distortion. 
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Progress  Summary 

We  have  made  significant  and  important  advances  in  the  uses  of  chaotic  systems  for  spread- 
spectrum  communications  under  this  funding.  Many  lasting  contributions  to  this  field  of  global 
research  have  resulted  from  our  proposed  and  executed  efforts,  being  published  in  39  papers, 
including  those  in  the  following  major  categories:  1)  carrier  design  for  chaotic  spread  spec¬ 
trum  communication  systems,  2)  high-security  systems  combining  chaotic  spread  spectrum 
communications  and  chaotic  cryptography,  3)  advanced  chaotic  synchronization  schemes  for 
chaotic  digital  code-division  multiple  access  (CDMA)  communication  systems,  4)  robustness 
of  chaotic  synchronization  schemes  based  on  Hoc  robust  control  theory,  5)  improvement  of  the 
channel  capacity  of  chaotic  spread-spectrum  communication  systems,  6)  potential  commer¬ 
cial  applications  of  chaotic  spread-spectrum  communication  systems,  and  7)  establishment  of 
practical  chaotic  synchronization  methods  in  wireless  environment. 

The  research  covered  by  this  grant  emphasized  both  the  theoretical  and  hardware  imple¬ 
mentation  aspects  of  chaotic  spread-spectrum  communications. 

On  the  hardware  front,  we  have  successfully  fabricated  an  IC  chip  containing  four  (4) 
chaotic  circuit  units,  which  can  be  used  to  generate  hyperchaotic  carriers  or  subcarriers  for 
chaotic  digital  CDMA  systems.  This  chaotic  IC  chip  allows  the  flexibility  of  either  functioning 
as  multiple  chaotic  units  or  hyperchaotic  units.  We  have  also  performed  hardware  experiments 
on  the  key  technology  of  chaotic  spread-spectrum  communication  systems  namely,  chaotic 
impulsive  synchronization  —  on  both  the  chaotic  circuits  and  hyperchaotic  circuits.  After 
a  series  of  theoretical  and  experimental  studies,  the  statistical  properties  of  chaotic  carriers 
generated  by  different  kinds  of  chaotic  and  hyperchaotic  systems  were  evaluated  for  choosing 
good  chaotic  carrier  waveforms.  Key  technologies  for  exploiting  these  chaotic  carriers  were 
also  carefully  studied,  including:  synchronization  of  non-autonomous  chaotic  carrier  genera¬ 
tor  without  phase-locking,  channel  independent  chaotic  synchronization,  generalized  chaotic 
synchronization,  and  impulsive  chaotic  synchronization. 

On  the  theoretical  front,  we  have  proved  that  two  chaotic  systems  can  he  synchronized 
in  a  generalized  sense  which  is.  very  robust  to  nonlinear  distortions  and  noise  introduced  by 
channels.  Since  the  theoretical  results  guarantee  that  we  can  find  the  transformation  of  the 
synchronizing  manifold  associated  with  two  synchronized  chaotic  systems  in  a  generalized 
sense,  two  apparently  different  chaotic  systems  can  be  in  fact  synchronized  to  each  other  via 
a  transformation  called  the  generalized  transformation.  By  taking  advantage  of  this  general¬ 
ized  synchronization,  we  found  a  chaotic  spread-spectrum  system  can  work  under  much  more 
channel  distortion  and  noise  than  those  based  on  identical  chaotic  synchronization.  Another 
advantage  is  that  the  huge  number  of  available  choices  of  generalized  synchronization  trans¬ 
formations  makes  chaotic  spread-spectrum  systems  more  secure.  In  the  area  of  robustness  of 
chaotic  synchronization  schemes,  we  have  developed  a  rigorous  theory  of  Hrxi  robustness  for 
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the  chaotic  synchronization  of  two  chaotic  systems.  This  theory  is  indispensable  for  designing 
robust  transmitters  and  receivers  for  chaotic  spread-spectrum  communications. 

A  significant  advance  made  under  the  support  of  this  grant  which  deserves  special  notice 
was  the  theoretical  and  experimental  development  of  a  revolutionary  chaotic  synchronization 
scheme  called  impulsive  synchronization.  Based  on  the  theory  of  impulsive  diffeiential  equa¬ 
tions  and  impulsive  control,  we  developed  a  solid  theory  to  guide  the  design  of  an  impulsive 
synchronization  scheme.  This  new  method  overcomes  many  disadvantages  of  its  predecessors 
and  enhances  the  channel  efficiency  and  degree  of  the  security  to  an  entirely  new  level,  which 
makes  potential  commercial  and  military  applications  of  chaotic  digital  CDMA  possible.  And, 
this  method  led  to  a  brand  new  technology  called  “Chaotic  Digital  Code-Division  Multiple 
Access  for  Wireless  Communication  Systems.”  A  patent  based  on  this  invention  has  recently 
been  filed  by  the  University  of  California,  Office  of  Technology  Licensing,  under  Case  No.  B- 
97-080.  Further  experimental  results  on  impulsive  synchronization  based  on  both  chaotic  and 
hyperchaotic  systems  show  that  the  impulsive  synchronization  is  much  stable  and  robust  than 
the  continuous  ones  and  provides  much  more  flexibility  in  its  implementation  and  its  combi¬ 
nation  with  digital  communication  standards.  This  is  very  promising  for  developing  chaotic 
spread-spectrum  communication  systems  which  are  compatible  with  the  existing  conventional 
spread-spectrum  communication  systems. 

Finally,  some  other  significant  results  are  mentioned.  To  enhance  the  security  of  chaotic 
spread-spectrum  communications  systems,  the  conventional  cryptographic  methods  based  on 
discrete  mathematics  were  embedded  into  our  system  structure.  By  doing  so,  we  have  a 
conventional  cryptographic  core  and  a  chaotic  spread-spectrum  communication  shell.  Our 
study  also  concentrated  on  parameter  mismatch  and  some  other  channel  uncertainties.  A 
method  based  on  adaptive  control  theory  was  developed  to  efficiently  cope  with  the  parameter 
drift  of  practical  chaotic  circuits.  Experimental  results  successfully  demonstrated  that  this 
adaptive  method  can  compensate  for  both  channel  distortion  and  parameter  mismatch.  Based 
on  practical  stability  criteria,  we  also  established  a  framework  for  the  practical  stability  of 
impulsive  synchronization.  The  result  can  be  used  to  improve  the  robustness  of  chaotic  digital 
CDMA  systems. 


Research  Progress  Report 

The  period  4/1/96-3/31/99  covered  by  this  grant  was  extremely  productive  for  us,  having 
made  very  good  progress  on  most  aspects  of  our  research  proposal.  In  particular,  we  have 
published  39  papers  on  topics  from  this  research  grant,  which  we  now  list  and  present. 
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Generalized  synchronization  (GS)  of  two  chaotic  systems  is  a  generalization  of  identical  syn¬ 
chronization.  Usually,  the  manifold  of  GS  is  much  more  complex  than  the  driven  system  and 
the  driving  system.  In  this  paper,  we  study  a  special  case  of  GS  in  which  the  synchronization 
manifold  is  linear  (linear  GS  for  short).  In  a  theorem,  we  present  the  necessary  and  sufficient 
conditions  under  which  a  linear  GS  can  be  achieved  between  two  chaotic  systems.  In  particular, 
we  study  the  linear  GS  of  two  Chua’s  circuits. 


1.  Introduction 

In  view  of  the  potential  applications  of  chaotic  syn¬ 
chronization  [Yang  &  Chua,  1996a,  1996b;  Yang 
et  al.,  1997],  many  different  chaotic  synchroniza¬ 
tion  methods  have  been  developed  recently.  Among 
them  are:  Identical  synchronization  (synchroniza¬ 
tion  in  the  usual  sense)  [Carroll  &  Pecora,  1991] 
impulsive  synchronization  [Yang  &  Chua,  1997a, 
1997b;  Yang  et  al.,  1998]  and  general  synchroniza¬ 
tion  (GS)  [Yang  &  Chua,  1996b;  Hunt  et  al.,  1997]. 
The  so-called  generalized  synchronization  can  give 
much  richer  dynamics  than  identical  ones.  Even 
some  desynchronized  cases  (in  the  usual  sense)  due 
to  the  parameter  mismatches  [Wu  et  al.,  1996],  dis¬ 
tortions  in  transmitting  channels  [Chua  et  al.,  1996] 
and  some  other  distortions  can  be  regarded  as  GS. 
Applications  of  GS  may  be  wider  or  more  practi¬ 
cal  than  those  of  identical  synchronization  because 
there  always  exist  parameter  mismatches  and  dis¬ 
tortions  in  the  physical  world.  For  example,  one 
recent  application  of  GS  is  the  design  of  a  channel- 
independent  chaotic  secure  communication  system 
[Yang  &  Chua,  1996b].  In  this  paper,  we  present 
the  theoretical  results  which  give  the  conditions  for 
a  specific  kind  of  GS  whose  synchronizing  manifold 
is  linear  (we  call  it  linear  GS  for  short).  We  use  a 


standard  chaotic  system,  Chua’s  circuit,  to  demon¬ 
strate  the  validity  of  our  theoretical  results. 

2.  Linear  Generalized  Synchronization 

Consider  two  dynamical  systems 

{x  =  /(x)  <—  driving  system  ,  . 

y  =  g(y,  h(x))  <-  driven  system  '  ' 

where  x  €  Rn,  y  €  Rm,  h  :  Rn  h-4  Rm  is  an  arbi¬ 
trary  function. 

Definition  1.  Generalized  synchronization  (GS) 
[Yang  &  Chua,  1996b] 

The  two  systems  in  (1)  are  said  to  be  in  a  state 
of  generalized  synchronization,  henceforth  referred 
to  as  GS,  if  there  exist  a  transformation  H  :  Rn  i-* 
Rm,  a  manifold  M  =  {(x,  y)|y  =  H(x)},  and  a  set 
B  c  Rn  x  Rm  with  M  C  B  such  that  all  trajecto¬ 
ries  of  (1)  with  initial  conditions  in  B  approach  M 
as  f  — »■  oo. 

Remark.  Synchronization  in  the  normal  sense 
(identical  synchronization)  is  a  special  case  of  GS 
with  m  =  n,  and  H(x)  =  x. 
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linear  GS  between  two  chaotic  systems.  In  the  fol¬ 
lowing  sections,  we  present  some  results  to  demon¬ 
strate  this  fact. 
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Assume  that  a  chaotic  system  can  be  decom¬ 
posed  into  two  parts 


x  =  Ax  +  ip(x)  (2) 

where  A  is  an  n  x  n  constant  matrix  and  ip  :  R”  *-> 
Rn  Assume  that  we  transmit  the  signal  V>(x)  to 
the  driven  system  and  consider  the  following  unidi¬ 
rectional  synchronization  scheme: 

J  x  =  Ax  +  ip{x)  drivin§  system  ^ 

i  y  =  Ay  +  At p{x)  <-  driven  system 

Theorem  1.  If  the  matrix  A  commutes  with  A, 
then  the  two  dynamic  systems  in  Eq.  (5)  are  m  a 
state  of  GS  via  the  following  GS  transformation 

y(oo)  =  H(x)  =  Ax  (4) 

if  and  only  if  A  is  negative  definite. 

Proof.  Let  z  =  y  -  Ax,  then  the  stability  of  the  GS 
between  the  two  dynamical  systems  in  Eq.  (3)  via 
the  GS  transformation  y  =  # (x)  =  Ax  is  equiva¬ 
lent  to  that  of  the  origin  of  the  following  system: 

i  =  [Ay  +  A ip(x)]  -  [AAx  +  At />(x)] 

=  Ay  -  A  Ax 

—  A(y  -  Ax)  (since  A  commutes  with  A) 


z  =  0  is  asymptotically  stable  if  and  only  if  A  is 
negative  definite.  ■ 


Remark.  When  the  GS  is  achieved,  the  state  vari¬ 
ables  of  the  driving  system  and  the  driven  system 
are  connected  by  a  linear  transformation.  This  is 
why  we  call  this  kind  of  GS  as  linear  GS. 

The  matrices  which  commute  with  an  n  x  n 
matrix  A  are  solutions  of  the  following  matrix 
equation: 

AX  =  XA  (6) 

where  X  is  an  n  x  n  matrix  variable.  Since  the 
above  equation  has  an  infinite  number  of  solutions, 
this  provides  us  with  several  methods  to  construct 


3.  Linear  Generalized  Synchronization 
of  Two  Chua’s  Circuits 

In  this  section  we  study  the  linear  GS  of  two  Chua  s 
circuits.  A  Chua’s  circuit  [Madan,  1993;  Chua 
1994],  which  consists  of  two  linear  capacitors  C\  and 
Co,  a’ linear  inductor  L,  two  linear  resistors  R  and 
ft,  and  a  piecewise-linear  negative  resistor  called 
a  Chua’s  diode,  is  described  by  the  following  state 
equation: 

'  =  ^-[G(v2  -  Vl)  -  /M 

dt  C i 

<  ^2  =  l-[G(vi  -  v2)  +  h]  (7) 

dt  C2 

—  _  _i[ v2  +  Ron) 
v  dt  L 

where  G  =  1/R  and  /(•)  is  the  piecewise-linear 
characteristics  defined  by 

f(vi)  =  Gbv i  +  i(Ga  -  Gb){\vi  +E\-  |ui  -  E\) 

(8) 


where  E  is  the  breakpoint  voltage  of  the  Chua  s 
diode.  The  corresponding  circuit  is  shown  in  Fig.  1. 
The  block  diagram  of  the  circuit  implementation  oi 
Chua’s  circuit  and  the  parameters  can  be  found  m 

^Tefx’iTi  v2  *3)T,  then  Chua’s  circuit  can  be 
decomposed  as 


A  = 


*(x)  = 


G_ 

Ci 

G_ 

C2 

V  0 

(  V’i(x)^ 

V>2(X) 

\Mx)/ 


__  0 


G 

Ci 

G_ 

'C2 

1 

~  L 


\ 


C2 

Ro 
L  i 


(9) 


0 

0 


‘it  should  be  noticed  that  this  decomposition  is  very  general  =  (/(x)  -  Ax)  we  then  get  this  kind  of 

prescribed  matrix  A,  we  can  always  have:  x  =  Ax  +  (/(x)  -  Ax).  It  w  WK 


prescribed 
decomposition. 


R 
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3.1.  Simulation  1 

In  this  simulation,  we  let 


(b) 

Fig.  1.  (a)  Block  diagram  of  Chua’s  circuit,  (b)  Piecewise- 

linear  characteristic  of  Chua’s  diode. 

Since  ip2  (x)  =  ^(x)  =  0  it  is  not  necessary  to  as¬ 
sign  them  to  the  driven  system.  What  we  needed  to 
send  is  the  signal  ipi(x)  =  —  1/Cif(vi).  Since  C\  in 
our  simulations  is  considered  as  a  constant,  we  only 
need  to  send  the  signal  f(v i),  which  is  the  current 
through  the  Chua’s  diode  in  the  driving  system. 

In  this  section,  we  present  two  simulation  re¬ 
sults.  The  parameters  of  Chua’s  circuits  are  chosen 
as  follows:  C\  =  5.56  nF,  C2  =  50  nF,  G  =  0.7  mS, 
L  =  7.14  mH,  Ga  =  -0.8  mS,  Gb  =  -0.5  mS, 
E  =  1  and  Ro  =  0.  Under  these  conditions, 
the  eigenvalues  of  A  are  all  located  in  the  open 
left-hand  plane.  The  fourth-order  Runge-Kutta 
method  with  5  /is  fixed  step  size  is  used.  The  ini¬ 
tial  conditions  for  the  driving  Chua’s  circuit  and 
the  driven  Chua’s  circuit  are  given  respectively  by 
M0),  v2(0),  i3(0)_)  =  (-0.2  V,  -0.2  V,  -1  mA), 
and  (ui(0),  v2(0),  *3(0))  =  (—0.2  V,  —0.2  V,  1  mA). 


/A  0  0\ 

A  =  0  A  0  (10) 

^0  0  Ay 

where  A  ^  0.  Observe  that  A  A  =  AA.  This  is  a  very 
simple  case  that  had  been  used  in  [Yang  &  Chua, 
1996b]  for  building  a  channel  independent  chaotic 
secure  communication  system.  The  driven  Chua’s 
circuit  is  given  by 

.  ^  =  i[c(i1-e2)+i3]  .  (11) 

f  — ±ft  +  J»Al 

The  simulation  result  is  shown  in  Fig.  2(a).  We 
choose  A  =  0.5.  Observer  that  the  attractor  of  the 
driven  system  is  a  scaled  version  of  that  of  the  driv¬ 
ing  system  with  a  scale  factor  0.5. 

3.2.  Simulation  2 

In  this  simulation,  we  choose 


Observe  that  A  A  =  A  A  =  A2.  In  this  case,  the 
driven  Chua’s  circuit  is  given  by 

~%t  =  ~  ^  + 

■  f  .^KXSi-W  +  W-^/W  • 

.l  =  -z'fe+^ 

(13) 

If  the  GS  between  the  driving  and  the  driven  Chua’s 
circuits  is  achieved,  the  following  relations  should 
be  satisfied. 
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vt 


(a) 


(b) 

Fig.  2.  Linear  GS  of  two  Chua’s  circuits.  The  attractor  of  the  driving  system  is  shown  in  red  and  that  of  the  driven  system 
is  shown  in  blue,  (a)  Result  of  simulation  1.  (b)  Result  of  simulation  2. 


G  G 

vi  = 

G  G  1 

V2  =  -  7TW2  +  "FT *3 

02  02  O2 


The  simulation  result  is  shown  in  Fig.  2(b).  The 
attractor  of  the  driving  system  is  scaled  by  a  con- 
stant  vector  (105,  104?  105).  Although  the  shapes  of 
is  =  is/ L  these  two  attractors  are  different,  the  linear  trans¬ 

formation  of  the  GS  in  Eq.  (14)  is  satisfied. 
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4.  Conclusions 

In  this  paper,  we  present  the  theoretical  results  on 
linear  GS  between  two  chaotic  systems.  We  also 
develop  a  method  for  decomposing  chaotic  systems 
in  a  special  manner  such  that  the  linear  GS  can 
be  achieved.  Especially,  we  use  Chua’s  circuits 
to  demonstrate  the  validity  of  the  theoretical  re¬ 
sults.  The  theoretical  results  can  be  used  to  de¬ 
sign  proper  linear  GS  between  two  chaotic  systems. 
They  can  also  be  used  to  interpret  the  behavior  of 
the  driven  system.  We  observed  that  GS  is  a  very 
robust  phenomenon  to  parameter  mismatch  and 
noise.  The  potential  application  of  GS  to  channel- 
independent  chaotic  secure  communication  was  pre¬ 
sented  in  [Yang  k  Chua,  1996b]. 
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In  the  present  work  explicit  formulas  for  analyzing  the  birth  of  limit  cycles  arising  in  the 
Chua’s  circuit  through  a  Hopf  bifurcation  is  provided.  A  local  amplitude  equation  is  derived 
using  a  frequency  domain  approach  and  harmonic  balance  approximations.  Furthermore,  the 
first  Lyapunov  index  used  to  detect  degenerate  Hopf  bifurcations  is  derived  in  terms  of  the 
parameters  of  the  nonlinear  circuit.  A  perspective  for  analyzing  other  bifurcations  using  this 
frequency  domain  approach  is  discussed. 


1.  Introduction 

Chua’s  circuit  has  become  a  paradigm  for  com¬ 
plex  oscillatory  dynamics  and  chaos  arising  in 
simple  electronic  nonlinear  circuits  [Madan,  1993; 
Chua,  1994;  Shil’nikov,  1994].  The  bulk  of  pa¬ 
pers  regarding  the  complex  dynamics  in  this  cir¬ 
cuit  has  focused  on  chaotic  attractors,  period¬ 
doubling  bifurcations,  period-adding  bifurcations, 
and  so  on.  In,  this  paper,  on  the  contrary,  a 
study  of  Hopf  bifurcation  is  performed  using  a 
frequency  domain  approach  in  a  way  reminiscent 
of  the  classical  describing  function  method.  The 
procedure  consists  of  applying  the  harmonic  bal¬ 
ance  method  to  provide  the  (local)  amplitude  solu¬ 
tion  for  the  emerging  limit  cycles.  Moreover,  the 
first  Lyapunov  index  or  curvature  coefficient  is  ob¬ 
tained  in  terms  of  the  relevant  parameters  of  the 
circuit.  The  vanishing  of  the  curvature  coeffi¬ 
cients  allows  us  to  study  the  birth  of  multiple 
periodic  solutions  in  the  unfoldings  of  the  so- 


called  degenerate  Hopf  bifurcation  [Golubitsky  & 
Langford,  1981]. 

This  work  follows  the  lines  initiated  in  [Alt¬ 
man,  1993]  regarding  the  dynamics  of  Hopf  bifur¬ 
cation  in  Chua’s  circuit.  However,  the  procedure 
used  here  for  approximating  the  amplitude  of  limit 
cycles  does  not  use  the  center  manifold  theory  or 
coordinate  transformations.  A  frequency  domain 
approach,  closely  related  to  control  theory  and  the 
harmonic  balance  method  are  used  to  obtain  the 
main  results  [Mees  &  Chua,  1979]. 

The  motivation  of  this  study  comes  from  re¬ 
cent  results  obtained  in  [Khibnik  et  a/.,  1993b] 
concerning  the  existence  of  multiple  limit  cycles 
around  the  symmetrical  equilibria  of  Chua’s  circuit, 
as  well  as  large  amplitude  cycles  surrounding  the 
three  singular  points.  As  we  have  used  a  smooth 
(third-order  polynomial)  nonlinearity  to  approxi¬ 
mate  the  piecewise  linear  characteristics,  this  work 
shares  similarities  with  continuous  efforts  made  by 
other  researchers  in  finding  the  maximum  number 
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of  limit  cycles  in  planar  cubic  systems  [Lloyd  et  al. , 
1988;  Lloyd  &  Pearson,  1990;  Zoladek,  1995].  Since 
Chua’s  equations  consists  of  three  first-order  ODEs, 
its  dynamics  are  more  complicated  than  those  aris¬ 
ing  from  two  first-order  ODEs  (also  called  planar 
systems).  In  particular,  it  is  a  challenge  to  plot 
the  successive  curvature  coefficients  to  determine 
regions  of  multiple  periodic  solutions  in  the  pa¬ 
rameter  space.  This  letter  is  the  first  attempt  in 
this  direction.  Moreover,  a  discussion  is  presented 
concerning  the  extension  of  this  method  to  detect 
other  bifurcations  using  a  higher-order  harmonic 
balance. 


2.  Main  Results 

The  smooth  model  of  Chua’s  circuit  [Altman,  1993; 
Khibnik  et  al,  1993b]  is  given  by 

x  =  a[y  -  (fi(x)\ , 

y  =  x  —  y  +  z ,  (1) 

z  =  -Py » 

where  (p(x)  =  cix3+c3x,  is  a  cubic  polynomial  non¬ 
linearity,  a,  /?,  ci,  and  c3  are  system  parameters. 
The  parameters  a  and  (3  will  be  used  as  the  main 
bifurcation  parameters  in  the  following,  for  the  sake 
of  clarity.  After  making  the  following  change  of 
coordinates  to  simplify  the  structure  of  the  linear 
part 


Xi 

i 

o 

o 

1—1 

X 

*2 

— 

0  0-1 

y 

x3_ 

0  1  0 

z 

system  (1)  can  be  recast  as  follow: 

1  1  3 

i\  =  --ac3xi  +  ax3  -  -ac3xi  -  acix1 , 

2  Z 

X 2  =  fixz  ,  ^ 

Xz  —  X\  —  X2  —  Xz  ■ 

Choosing  the  following  equivalent  representation  of 
Eq.  (2)  (see  [Moiola  &  Chen,  1996]  for  more  details 
about  the  methodology): 

x  =  A(a,  (3)x  +  Bg{Cx\  a,  (3) , 
y  =  C(tx,  P)x, 

'Since  xi  =  -ei,  then  P+  =  x(1+)  =  -\/-C3/ci  =  e\  J  -  -e\+) 


where 


-acz/2 

0 

a 

T 

A  = 

0 

0 

p 

,  B  = 

0 

1 

-1 

-i 

0 

C  =  [1  0  0], 

g{x ;  a,  /?)  =  -a  (- ezxi  +  cixf^  , 

we  end  up  with  a  simple  form  for  the  linear  transfer 
function  G(s ;  a,  (3)  =  C[sl  -  A\~lB ,  where  “s”  is 
the  variable  of  the  Laplace  transform, 


s2  +  s  +  /3 


1  +  S2  (l  +  +  s  (p  +  ^ac3  -  i a(3cz 


N(s) 

D(s)' 


The  Jacobian  matrix  to  be  used  in  the  frequency 
domain  formulation  is 


1  o 

J  =  -OiC3  +  3acie! , 

where  xi  =  —  ei,  g{x i)  :=  / (c-i)  and  ei  is  the  equi- 
librium  point  obtained  from 


G'(0;.,.)/(ei)  = 


2/3 

aj3cz 


;(D 


1  3 

-o:c3ei  +  aciex 


,(2,3)  _  4±)  = 


j  =~e  1  ’ 


=  0,  and  e)’^ii=ei 


-C3 


ci 


Notice  that  our  selection  of  a  unique  representative 
variable  e\  simplifies  the  computation  of  the  Hopf 
bifurcation  formulas  given  in  [Moiola  &  Chen,  1996] 
since  the  eigenvectors  v  and  wT  are  both  equal  to  1. 
However,  explicit  expressions  for  the  original  three 
variables  can  also  be  obtained,  and  in  this  case 
the  expressions  of  the  eigenvectors  are  slightly  more 
complicated. 

The  following  eigenlocus  G(s)J  is  then  cal¬ 
culated  about  the  symmetrical  equilibrium  points 
e^±)  =  ±\f~cz/ci  (called  P±  in  the  literature  on 
Chua’s  circuit1)  which  give  birth  to  a  Hopf  bi¬ 
furcation  under  appropriate  values  of  the  system 
parameters: 

-laczN(s) 

A  =  G(s)J  —  n/c\ 


(3) 


The  Hopf  bifurcation  condition  is  obtained  from 
Eq.  (3)  when  A  =  — 1  and  s  =  iuo,  u>o  ^  0  giv¬ 
ing  the  following  pair  of  equations 


Uq  =  (3  —  2ac3  —  a  = 


-2aC3/3 

1  -  2aC3 


(4) 


Thus,  a  simple  expression  of  the  starting  frequency 
of  oscillations  through  the  Hopf  bifurcation  mecha¬ 
nism  at  the  symmetrical  equilibrium  points  can  be 
easily  obtained  from  Eq.  (4)  as  follows 


Uq  =  —2a2  03(1  +  2C3) .  (5) 


Notice  that  to  change  (control)  the  frequency  of 
emerging  limit  cycles  the  relevant  parameters  are 
a  and  C3. 

The  following  closed-loop  transfer  function  is 
useful  in  the  computation  of  the  Hopf  bifurcation 
formulas: 

rr(  m  _  G(a;  a,  0) 

H(s,  a,  P)-[1  +  G(s;  aj  M 

N{s) 

N(s)(s  —  2003)  —  as 


The  Hopf  bifurcation  formulas  needed  for  the  com¬ 
putation  of  the  amplitude  equation  and  the  first 
Lyapunov  index  are  as  follows: 


.)D2V  <g>  v , 


(6) 


V22(J)  =  -]H(i2u-, . ,  .)D2v  ®  v , 

4  jikjfc.  . 

=  2a,); 


(7) 


pl(u)  =  D2 


-v  <8>  V22  +  v  ®  V02 


+  -D3V  ®v®v, 
0 


=  6ac\ 


^e^V22(u)  +  - 


(8) 


where  D2  and  D3  are  the  second  and  third  order 
partial  derivatives  of  f(e i)  evaluated  at  the  equilib¬ 
rium  point  e^\  ®  is  the  tensorial  product  (in  this 
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case,  the  scalar  product),  and  the  bar  denotes  the 
complex  conjugate  operation.  The  amplitude  equa¬ 
tion  is  obtained  from  the  following  approximation 

A  =  -1  +  02£i  =  -1-02G  (iui)pi  (w) ,  (9) 


where  6  is  a  measure  of  the  amplitude  of  the  first 
harmonic  and  £1  is  a  complex  number.  Then,  from 
Eq.  (9)  a  measure  of  the  amplitudes  of  the  emerging 
limit  cycles  from  Hopf  bifurcations  can  be  written 


as  follows: 


6  = 


A+l 


\J  G(ioj)pi(u>) 


(10) 


The  computation  of  the  first  Lyapunov  index  re¬ 
quires  the  evaluation  of  Eqs.  (6)-(8)  at  criticality 
[s  =  iw o,  wo  7^  0  given  by  Eq.  (4)].  Several  simplifi¬ 
cations  yield  the  following  expressions: 


Vq2  =  -^(O;  '  >  -)D2v  ®  v  1 


(11) 


V22(uo)  =  ~H(i2u0] . ,  • )D2v  ®  v , 

_  3  f  —  (1  +  6ac3)a;o  +  i4ac3  \ 

~  4w0eS±}  l  3(1  — 2ac3)  +  i6w0  J  ’ 

=  - -7±)V2  (w°)  >  (l2) 

4a;0e(1±) 


Pi(wo)  =  L>2  -v®V22+v®V02  +-D3V®v 


=  6aci 


3u2(u^q)  7 

.8  u)q  8. 


(13) 


Finally,  the  curvature  coefficient  (or  the  first  Lya¬ 
punov  index)  can  be  expressed  by 


<7 1  (u>o)  =  —3? 


j  wTG(ioJo)pi(oJo)  | 
\  wTG'Jv  J 


[a(l  +  2ac3)+iu>0}pi(u)o) 


-2u>Q--ac3+i2uo 

z 


(l-?ac3) 


(14) 


where  3?{.}  denotes  the  real  part  of  a  complex  num¬ 
ber.  Equating  expression  (14)  to  zero  gives  the  de¬ 
generate  Hopf  bifurcations  points  whose  unfoldings 
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contain  multiple  limit  cycles.  This  degenerate  Hopf 
bifurcation  curve  can  be  continued  in  the  parameter 
space  a  —  /?  —  C3  to  search  for  other  more  compli¬ 
cated  singularities  as  organizing  centers  of  the  dy¬ 
namics.  For  this  parameter  set:  a  —  1.106691504, 
0  =  1.09950956,  ci  =  1  and  c3  =  -0.06934372403 
there  is  a  Hopf  bifurcation  in  the  symmetrical  equi¬ 
libria  with  a  frequency  u>o  =  0.3824948062  hav¬ 
ing  the  first  and  second  Lyapunov  indexes  equal  to 
zero.  According  to  the  theory  of  degenerate  Hopf 
bifurcations  a  structure  of  three  nested  limit  cycles 
can  be  encountered  for  a  suitable  perturbation  in 
the  parameters  a  —  ft  —  c3 . 

Some  simulations  using  LOCBIF  [Khibnik 
et  al.,  1993a]  are  presented  below  for  illustration  of 
the  main  results  near  the  above  mentioned  singular¬ 
ity  by  fixing  ci  =  1  in  all  the  cases  considered.  In 
Fig.  1,  a  stable  limit  cycle  encircling  P~  is  shown  for 
a  =  1.106691,  (3  =  1.0991,  and  c3  =  -0.06934372. 
The  limit  cycle  is  separated  from  the  origin  in  the 
phase-plane  (the  left-top  corner  in  Fig.  1). 

Varying  appropriately  the  parameters  a  and  0 
the  stable  limit  cycle  is  deformed  such  that  one  of 
its  extremes  is  near  the  origin  (close  to  a  saddle- 
loop  separatrix  bifurcation).  This  situation  is  de¬ 


picted  in  Fig.  2  for  a  —  1.22043,  /?  =  1.22,  and 
c3  =  -0.06934372. 

Figures  3-5  show  one  large  amplitude  stable 
limit  cycle  surrounding  the  three  equilibria  and 
two  unstable  limit  cycles  surrounding  P+  and  P~. 
The  simulations  were  obtained  using  different  ini¬ 
tial  conditions  in  order  to  give  an  idea  of  the  basins 
of  attractions  of  the  stable  solutions. 

In  Fig.  6,  a  degenerate  Hopf  bifurcation  curve 
(Hopf  curve  plus  first  Lyapunov  index  equal  to  zero, 
i.e.  codimension  1  bifurcation)  is  depicted.  Notice 
that  the  degenerate  Hopf  bifurcation  of  codimen¬ 
sion  2  (regular  Hopf  plus  the  first  and  second  Lya¬ 
punov  indexes  set  equal  to  zero)  is  very  close  to  the 
parameter  setting  depicted  here.  Also,  it  is  very  in¬ 
teresting  to  note  that  the  Hopf  degeneracy  curve  of 
codimension  1  has  a  turning  point  close  to  the  lim¬ 
iting  point  in  which  c3  — >  0.  This  type  of  bending 
of  this  Hopf  degeneracy  has  been  observed  before 
in  other  systems  (see  [Planeaux,  1993;  Moiola  &; 
Chen,  1996]  for  more  details)  in  connection  with 
the  appearance  of  degenerate  Hopf  bifurcations  of 
codimension  2  regarding  multiple  cycles. 

In  Figs.  7  and  8  similar  structures  of  sta¬ 
ble  and  unstable  limit  cycles  are  depicted.  After 


Fig.  1.  Stable  limit  cycle  (in  red  for  color  picture)  surrounding  the  equilibrium  point  P  for  a  —  1.106691,  /3  —  1.0991,  and 
C3  =  —0.06934372.  (The  limits  of  the  axes  are:  xmjn  -  0,  xmax  =  0.35;  zm in  =  —0.35,  zmax  =  0.) 
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Fig.  2.  Stable  limit  cycle  (in  red  for  color  picture)  surrounding  the  equilibrium  point  P  for  a  -  1.22043,  ft  —  1.22,  and 
c3  =  -0.06934372.  (The  limits  of  the  axes  are:  xmin  =  0,  xmax  =  0.60;  zm\n  =  -0.60,  zmax  =  0-) 


Fig.  3.  Stable  limit  cycle  (one  trajectory  in  red  for  color  picture)  surrounding  the  three  equilibria  for  a  =  0.9893846, 
p  =  0.96927,  and  c3  =  -0.06934372.  The  unstable  limit  cycles  —  denoted  by  white  continuous  circles  —  surrounds  the 
equilibria  P±.  (The  limits  of  the  axes  are:  xmin  =  —0.5,  xmax  =  0.5;  zm in  =  —0.5,  zmax  =  0.5.) 
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Fig.  4.  Stable  limit  cycle  (one  trajectory  in  yellow  for  color  picture)  surrounding  the  three  equilibria  for  a  —  0.9133561, 
p  =  0.88920,  and  c$  =  —0.065.  The  unstable  limit  cycles  are  not  shown  in  the  figure.  (The  limits  of  the  axes  are:  a?mm  =  —0.5, 
#max  —  0.5;  Zmin  =  0.5,  Zmax  =  0.5.) 


Fig.  5.  Stable  limit  cycle  surrounding  the  three  equilibria  for  a  =  0.9133561,  p  =  0.8950,  and  C3  =  —0.065.  The  unstable 
limit  cycles  are  not  shown  in  the  figure  but  they  are  closer  to  the  stable  limit  cycle  compared  to  the  situation  shown  in  Fig.  4. 
(The  limits  of  the  axes  are:  xmin  =  —0.5,  xmax  =  0.5;  zm\n  =  —0.5,  zmax  —  0.5.)  (For  color  picture:  yellow  and  white  dots 
indicate  contracting  trajectories;  red  dots  indicate  expanding  trajectories.) 
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Fig.  6.  Degenerate  Hopf  bifurcation  curve  (Hopf  plus  first  Lyapunov  index  equal  to  zero).  On  this  curve,  on  its  top  right 
there  is  a  point  having  an  extra  condition:  The  second  Lyapunov  index  is  also  equal  to  zero  (not  shown  in  the  figure).  (The 
limits  of  the  axes  are:  amin  =  0.98,  amax  =  1*05;  /3m *n  =  0.98,  /3max  =  1.05.) 


Fig.  7.  Stable  limit  cycle  surrounding  the  three  equilibria  for  a  =  1.006382,  /3  —  0.9995,  and  cz  —  —0.04561432  (in  black 
for  color  picture).  The  unstable  limit  cycles  surround  the  symmetrical  equilibria.  (The  limits  of  the  axes  are:  xmin  =  —0.1, 
Zmax  —  0.4;  £min  ”  0.4,  Zmax  =  0.1.) 
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Fig.  8.  Stable  limit  cycle  surrounding  the  three  equilibria  for  a  —  0.99515,  f3  —  0.9916,  and  C3  —  0.02896491  (in  black  for 

color  picture).  The  unstable  limit  cycles  surround  the  symmetrical  equilibria  (in  red  for  color  picture).  (The  limits  of  the  axes 
are:  Xmin  —  — 0.3,  Xmax  '  0.3;  2min  =  0.3,  2max  0.3.) 


looking  for  more  complex  structures  of  multiple 
limit  cycles  (excluding  period-doubling  bifurcations 
and  chaotic  attractors),  we  observed  that  the  mul¬ 
tiple  cycles  (more  than  two  nested  cycles)  belong  to 
a  narrow  band  in  the  parameter  setting,  as  it  was 
observed  before  in  other  systems  [Planeaux,  1993; 
Moiola  &  Chen,  1996],  using  AUTO  [Doedel,  1986]. 
Since  the  accuracy  of  computer  simulations  using 
LOCBIF  is  limited,  AUTO  software  should  be  used 
for  this  task. 


3.  Discussions  and  Concluding  Remarks 

The  formulas  for  the  amplitude  equations  of  the 
limit  cycles  arising  in  Chua’s  circuit  are  obtained 
using  a  frequency  domain  approach.  Moreover,  an 
expression  of  the  first  Lyapunov  index,  which  de¬ 
termines  the  stability  of  the  emerging  periodic  so¬ 
lutions,  is  computed  in  terms  of  the  system  pa¬ 
rameters.  This  preliminary  step  is  important  in 
order  to  study  multiple  limit  cycles  arising  from 
degenerate  Hopf  bifurcations  in  this  circuit.  This 
frequency  domain  approach  (also  called  Graphical 
Hopf  Theorem,  GHT  for  short)  for  analyzing  pe¬ 
riodic  solutions  has  provided  very  useful  results  in 


dealing  with  degenerate  Hopf  bifurcations  [Moiola 
k  Chen,  1996].  Very  recently,  this  approach  has 
been  adapted  to  handle  approximate  detection  of 
the  first  period-doubling  bifurcation  [Berns  et  al., 
1998]  in  the  time-delayed  version  of  Chua’s  circuit, 
by  considering  a  higher-order  expansion  of  the  peri¬ 
odic  solutions.  Other  related  research  using  a  uni¬ 
fied  formulation  for  both  Hopf  and  period-doubling 
bifurcations  were  given  by  Rand  [1989]  and 
Belhaq  and  Houssni  [1995]  for  a  specific  system, 
and  Tesi  et  al.  [1996]  and  Basso  et  al.  [1997]  for 
a  broader  class  of  nonlinear  systems.  Continuous 
efforts  and  progress  made  by  some  researchers  from 
mechanical  engineering  [Szemplinksa-Stupnicka  k 
Rudowski,  1993;  Donescu  k  Virgin,  1996;  Janicki 
k  Szemplinksa-Stupnicka,  1997]  in  characterizing 
accurately  the  birth  of  period-doubling  bifurcations 
(subharmonic  resonances  in  forced  systems)  using 
similar  methods,  had  encouraged  us  to  pursue  a 
simple  methodology  to  handle  several  types  of  pe¬ 
riodic  solutions  and  their  bifurcations.  Since  the 
GHT  provides  also  a  useful  graphical  interpretation, 
it  seems  natural  to  continue  this  effort  in  order  to 
give  better  accurate  results  using  higher-order  har¬ 
monic  balance  approximations  and  a  type  of  con¬ 
vergence  test  for  the  accuracy  of  the  solutions.  A 
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unified  approach  to  treat  both  Hopf  bifurcations 
and  period-doubling  bifurcations  as  well  as  indica¬ 
tion  of  symmetry-breaking  would  be  very  useful.  In 
such  studies,  Chua’s  circuit  dynamics  offers  an  ex¬ 
cellent  vehicle  and  paradigm  for  testing  any  future 
development  in  this  area. 
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In  this  paper  we  present  a  theory  for  control  of  chaotic  systems  using  sampled  data.  The  output 
of  the  chaotic  system  is  sampled  at  a  given  sampling  rate  and  the  sampled  output  is  used  by  a 
feedback  subsystem  to  construct  a  control  signal,  which  is  held  constant  by  a  holding  subsystem. 
Hence,  during  each  control  iteration,  the  control  input  remains  unchanged.  Theoretical  results 
on  the  asymptotic  stability  of  the  resulting  controlled  chaotic  systems  are  presented.  Numerical 
experimental  results  via  Chua’s  circuit  are  used  to  verify  the  theoretical  results. 


1.  Introduction 

The  control  of  chaos  by  sampled  data  has  been 
studied  and  observed  in  experiments  [Yang  & 
Chua,  1997a,  1997b;  Panas  et  al. ,  1998;  Dedieu 
&  Ogorzalek,  1994].  Previous  results  used  the 
sampled  data  to  change  the  state  variables  of 
the  chaotic  system  “impulsively”.  In  this  paper, 
we  redesign  the  controller  such  that  the  control 
signal,  which  is  constructed  from  the  sampling  se¬ 
quence  of  the  output  of  the  chaotic  system,  is  fed 
into  the  chaotic  system  as  a  control  input.  In  this 
sampled-data  feedback  control  scheme,  the  state 
variables  of  the  chaotic  system  are  subject  to  con¬ 
tinuous  changes  instead  of  “impulsive”  changes. 
Unlike  most  of  the  previous  results  where  the 
control  input  is  constructed  by  the  continuous  ob¬ 
servations  of  the  output  of  the  chaotic  system,  the 
controller  presented  in  this  paper  uses  the  samples 
of  the  output  of  the  chaotic  system  to  construct 
control  signals. 

The  main  motivation  for  controlling  chaos 
using  sampled  data  is  to  exploit  well-developed  dig¬ 
ital  control  techniques.  In  a  digital  controller,  the 
output  of  the  chaotic  system  is  sampled  and  the 


sampled  data  is  used  to  construct  the  appropriate 
control  signals.  Assuming  that  a  finite  time  dura¬ 
tion  is  needed  by  a  digital  processor  to  calculate  the 
control  signals,  then  the  sampling  frequency  is  lim¬ 
ited  by  this  time  duration.  On  the  other  hand,  a 
fast  sampling  device  is  usually  more  expensive  than 
a  slow  one.  It  is  important  therefore  to  develop  a 
theory  to  predict  the  performance  of  the  controlled 
chaotic  system  with  a  given  sampling  rate. 

The  authors  of  [Dedieu  &  Ogorzalek,  1994]  had 
presented  some  experimental  results  for  controlling 
chaotic  systems  to  referenced  trajectories  by  using 
only  sampled  values.  Although  it  is  widely  believed 
that  the  control  of  continuous  chaotic  systems  by 
using  digital  controllers  is  possible,  so  far ,  there  ex¬ 
ists  no  theoretical  results  to  guarantee  the  asymp¬ 
totic  stability  of  such  controlled  chaotic  systems. 
In  this  paper,  we  present  theoretical  results  which 
guarantee  the  asymptotic  stability  of  sampled-data 
feedback  control  of  chaotic  systems. 

The  organization  of  this  paper  is  as  follows.  In 
Sec.  2,  the  structure  and  theory  of  the  sampled-data 
feedback  controller  are  presented.  In  Sec.  3,  the 
sampled-data  feedback  control  of  a  typical  chaotic 
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system  (Chua’s  circuit)  is  given.  In  Sec.  4,  some 
concluding  remarks  are  given. 

2.  Control  of  Chaos  Using 
Sampled  Data 

In  this  section  we  present  the  structure  and  the 
theory  of  a  sampled-data  feedback  controller. 

2.1.  Structure  of  control  system 

The  proposed  structure  of  a  chaotic  control  sys¬ 
tem  with  sampled  data  is  shown  in  Fig.  1.  The 
state  variables  of  the  chaotic  system  are  observed 
(measured)  by  transducers  and  the  result  is  used 
to  construct  the  output  signal  y (t)  =  Dx(t)  where 
D  is  a  constant  matrix  to  be  defined  below.  The 
output  y (t)  is  then  sampled  by  the  sampling  block 
to  obtain  y(k)  =  Dx(k )  at  discrete  moments  A; A, 
where  k  =  0,  1,  2, ,  and  A  is  the  sampling  du¬ 
ration.  Then  Dx(k)  is  used  by  the  controller  to 
calculate  the  control  signal  u(k).  During  the  time 
interval  [kA,  (k  +  1)A),  the  output  of  the  holding 
block  is  u(fc),  which  is  fed  back  into  the  chaotic  sys¬ 
tem  as  a  fixed  control  input  during  the  entire  time 
slot  [A;A,  ( k  +  1)A). 

2.2.  Theory  of  stability 

Consider  a  chaotic  dynamic  system  modeled  by  the 
state  equation 

*  =  fW  (i) 


where  x  G  9ftn  is  the  state  variable,  f:  9f”  is 

a  nonlinear  function  and  f(0)  =  0. 

The  controlled  chaotic  system  is  defined  by 

(  x.{t)  =  f(x(i))  +  Bu(k),  t  G  [&A,  ( k  +  1)A) 

( u (k  +  1)  =  Cu(k)  +  Dx(k),  k  =  0,  1,  2, . . . 

(2) 

where  u  G  9?m,  B  G  5Rn  x  9?m,  C  G  x 
D  G  5Rm  x  5Rn,  and  t  G  9J+;  x(k)  is  the  sampled 
value  of  x(i)  at  t  =  kA ;  A  is  the  sampling  dura¬ 
tion.  Observe  that  since  f(0)  =  0,  ^  j  is 

an  equilibrium  point  of  the  system  in  Eq.  (2).  The 
asymptotic  stability  of  this  equilibrium  point  can 
be  determined  from  that  of  the  trivial  solution  of 
the  associated  linearized  system: 

j  x  =  Ax  +  Bu(k),  t  G  [fcA,  ( k  +  1)A) 

(  u(A:  +  1)  =  C'u(fc)  +  Dx(k ),  k  =  0,  1,  2, . . . 

(3) 


where  A  G  x  is  given  by 

A  a  af(Q) 

dx  ' 


(4) 


Definition  1.  An  n  x  n  matrix  V  is  said  Schur 
stable  if,  and  only  if,  all  eigenvalues  of  V  lie  in  the 
unit  disc  centered  at  the  origin. 


Fig.  1.  Structure  of  a  proposed  sampled-data  chaotic  control  system. 


Lemma  1.  Suppose  f  €  C*[9?n,  9Jn],  then  the 
equilibrium  point  (x,  u)  =  (0,  0)  of  the  controlled 
chaotic  system  (2)  is  uniformly  asymptotically 
stable  if  the  associated  matrix 


\D  C  ) 


is  Schur  stable. 

Proof.  The  proof  follows  directly  from  Theorem  5.1 
of  [Ye  et  al. ,  1998],  which  assumes  that  A  =  1. 
The  generalization  for  arbitrary  A,  hence,  follows 
easily.  ■ 


Lemma  1  is  not  practical  because  it  involves 
integration  of  matrices.  The  following  theorem 
gives  a  more  explicit  criterion  for  the  stability  of 
the  controlled  chaotic  system. 


Theorem  1.  Suppose  f  £  C*[3f£n,  9?n]  and  A  is 
nonsingular,  then  the  equilibrium  point  (x,  u)  = 
(0,  0)  of  the  controlled  chaotic  system  ( 2 )  is  uni¬ 
formly  asymptotically  stable  if  the  spectral  radius 
p(T)  of  the  matrix 

(6) 

is  less  than  unity;  i.e.  p(T )  <  1. 


Proof.  Observe  that 


AA~Td{  A  —  t)\B 


Aldt  B 


=  (A- V‘1*)  B 

=  A~x(eAA  -  I)B  (7) 

where  t  =  A  -  r  and  7  <E  x  $Rn  is  the  identity 
matrix.  Substituting  (7)  into  (5),  obtain  T  =  H. 
Since  the  spectral  radius  p(T)  <  1,  we  know  that  T 
is  Schur  stable,  and  the  theorem  therefore  follows 
from  Lemma  1.  ■ 


3.  Control  of  Chua’s  Circuit 
with  Sampled  Data 

In  this  example,  we  use  Chua’s  oscillator  [Madan, 


Control  of  Chaos  Using  Sampled-Data  Feedback  Control  2435 


1993],  which  is  shown  in  Fig.  2(a),  as  the  chaotic 
system.  The  state  equation  of  the  Chua’s  oscillator 
is  given  by 


“  ui)  “  /M 

^  =  ^[G(vi-v2)  +  i3} 


(8) 


where  G  =  l/R  and  f(v i)  is  the  piecewise  linear  v-i 
characteristic  of  Chua’s  diode,  as  shown  in  Fig.  2(b) 
and  can  be  expressed  explicitly  by 


f(v i)  =  GbV i  +  -(Ga  ~  +  -^1  —  lui  -®l) 

(9) 


where  E  is  the  breakpoint  voltage  of  Chua’s  diode. 

In  this  example,  let  us  assume  i?o  =  0  in  (8). 
The  dimensionless  version  of  the  resulting  Chua’s 
circuit  is  given  by 

'  x  =  a(y-x-  f(x)) 

<  y  =  x  -  y  +  z  (10) 

k  *  =  -Pv 

where  x  =  v\/E,  y  =  i>2 /E,  z  =  is/ (EG),  a  = 
C2/C1,  (d  =  C2R2/L,  and 

f(x)  =  bx  +  -(a  —  6)(|rc  +  1|  —  \x  —  1|)  (11) 

where  a  =  RGa  and  b  =  RGb.  To  control  Chua’s 
circuit  to  the  origin,  let  us  calculate 


2B|. 

II 

( -a(l  +a) 

a 

°\ 

_ 

f 

1 

-1 

1  •  (12) 

dx 

x=0 

l  0 

~P 

0/ 

Let  us  choose  the  parameters  as  follows:  a  = 
10,  f)  =  14.87,  a  =  -1.27  and  b  =  -0.68,  and 


n  ° 

0.8 

0 

o\ 

B  = 

0  0 

0 

> 

c  = 

0 

0 

0 

\0  0 

0 ) 

0 

0 

0/ 

/— 0.6 

0 

D  = 

0 

0 

0 

,  A: 

=  5  x  10' 

-3 

0 

0 

oj 

(13) 
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R 


(a) 


(b) 


Fig.  2.  (a)  Chua’s  circuit,  (b)  Nonlinear  v-i  characteristic  of  Chua’s  diode. 


Using  the  above  parameters,  the  controlled  chaotic 
system  is  given  by 

'  x  =  a(y  -  x  -  f(x))  +  Ui(k) 

<  y  =  x  —  y  +  z 

,  z  =  ~Pv 

ui(k  +  1)  =  0.8ui(fc)  -  0.6x(A;),  k  =  0,  1,  2, . . . 

(14) 

The  corresponding  matrix  T  in  (6)  is  given  by 


1.0137 

-0.0502 

0.0001 

0.0050 

0 

0.0050 

-0.9950 

0.0050 

0.0000 

0 

-0.0002 

-0.0742 

0.9998 

0.0000 

0 

-0.6000 

0 

0 

0.8000 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

The  eigenvalues  and  their  norms  of  the  above 
matrix  T  are  listed  in  Table  1. 
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(c) 


Fig.  3.  ( Continued ) 


Table  1.  The  eigenvalues  and  their  norms 
of  matrix  T. 


Real  Part 

Imaginary  Part 

Norm 

-0.994689 

0.000000 

0.994689 

0.815117 

0.000000 

0.815117 

0.998448 

0.000000 

0.998448 

0.999623 

0.000000 

0.999623 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

Since  p(T)  =  0.999623  <  1,  the  controlled  system  is 
uniformly  asymptotically  stable  at  the  origin.  The 
simulation  results  are  shown  in  Fig.  3.  The  initial 
condition  for  Chua’s  circuit  is  (z(0),  y(0),  z(0))  = 
(0.2,  —0.1,  -0.01).  The  initial  condition  for  the 
controller  is  (^i(0),  ^(O),  U3(0))  =  (0,  0,  0).  The 
sampling  rate  is  200  Hz.  Figure  3(a)  shows 
the  trajectory  of  Chua’s  circuit  without  control. 
Figure  3(b)  shows  the  controlled  trajectory,  which 
tends  to  the  origin  asymptotically.  Figure  3(c) 
shows  the  details  of  the  control  signal  u\(k). 

4.  Concluding  Remarks 

In  the  chaotic  control  community,  it  has  been  known 
for  a  long  time  that  to  control  a  chaotic  system, 
the  sampled  data  of  the  output  is  enough  for  con¬ 
structing  the  control  signals.  This  paper  provides 
the  theory  of  the  stability  of  this  method  and  also 
provides  some  constructive  guidelines  on  the  de¬ 
sign  of  the  controller.  Since  digital  controllers  are 
much  more  flexible  than  analog  controllers,  digital 


controllers  had  been  widely  used  in  industry.  The 
results  presented  in  this  paper  give  a  theoretical 
basis  for  designing  digital  controllers  for  controlling 
chaotic  systems. 
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Synthesizing  Arbitrary  Driving-Point 
and  Transfer  Characteristics 

Leon  0.  Chua,  Fellow,  IEEE,  Chai  Wah  Wu,  Guo-Qun  Zhong,  and  Luis  Franscisco  Liu 


Abstract — The  property  of  any  two-terminal  resistive  device 
is  characterized  by  its  driving-point  (DP)  characteristic,  and 
any  two-port  resistive  device  with  zero  input  current  and  a 
load-independent  output  voltage  is  described  by  its  transfer  char¬ 
acteristic  (TC).  Synthesizing  a  two-port  device  with  a  prescribed 
transfer  characteristic  is  usually  easier  than  synthesizing  a  two- 
terminal  device  with  a  prescribed  driving-point  characteristic. 
In  this  paper  we  propose  an  approach  to  synthesize  a  driving- 
point  characteristic  of  a  two-terminal  device  from  the  transfer 
characteristic  of  a  two-port  device,  so  that  the  resulting  DP  plot 
of  the  two-terminal  device  is  exactly  the  same  as  the  TC  plot  of  the 
two-port  device.  We  also  illustrate  the  Use  of  digital  circuitry  to 
synthesize  arbitrary  transfer  characteristics.  This  technique  will 
benefit  the  design  and  analysis  of  complex  nonlinear  electronic 
circuits  and  systems.  A  variety  of  characteristics  synthesized 
using  this  approach  are  presented. 

Index  Terms — Driving-point  characteristics,  nonlinear  circuit 
synthesis,  transfer  characteristics. 

I.  Introduction 

TWO-TERMINAL,  or  one-port,  devices  play  a  major  role 
in  electrical  circuits  and  systems.  A  two-terminal  resistive 
device  is  characterized  by  a  relation  between  the  branch 
voltage  and  the  branch  current,  so-called  v~~i  characteristic, 
or  by  its  driving-point  (DP)  characteristic  relating  its  port 
voltage  and  its  port  current  [1],  a  fundamental  concept  in 
the  study  of  electrical  circuits.  The  DP  characteristics  of 
commercially  available  devices  can  usually  be  found  in  data 
books.  However,  there  are  other  applications  where  a  specific 
DP  characteristic  must  be  used.  For  example,  in  the  synthesis 
of  a  nonlinear  network  which  realizes  a  prescribed  dynamical 
behavior  the  optimal  v—i  characteristics  of  the  synthesized  non¬ 
linear  resistors  are  seldom  available  from  existing  commercial 
devices.  Several  approaches  for  synthesizing,  in  particular  non¬ 
monotonic  characteristic,  have  been  reported  in  the  literatures 
[2]-[6].  Unfortunately,  synthesizing  a  device  with  an  arbitrary 
v-i  characteristic  is  cumbersome,  or  even  not  applicable  using 
these  techniques. 
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The  class  of  two-port  resistive  devices  with  zero  input  cur¬ 
rent  and  a  load-independent  output  voltage  is  characterized  by 
their  transfer  characteristic  (TC)  between  the  input  voltage  v\ 
and  the  response  (output)  voltage  v2  [l].1  Usually  synthesizing 
a  two-port  device  with  a  prescribed  transfer  characteristic  is 
easier  than  synthesizing  a  one-port  device  with  a  prescribed 
DP  characteristic. 

In  this  paper  we  propose  an  approach  for  synthesizing  a 
prescribed  DP  characteristic  of  a  nonlinear  resistor  from  the 
TC  of  a  two-port  resistive  element.  The  implementation  of  the 
TC-to-DP  characteristic  converter  is  described  in  Section  II.  A 
digital  technique  for  synthesizing  a  two-port  resistive  element 
with  an  arbitrary  TC  is  presented  in  Section  III.  In  Section 
IV  we  demonstrate  a  variety  of  DP  characteristics  synthesized 
using  the  method  proposed  in  this  paper. 

II.  Implementation  of  the  TC-to-DP 
Characteristic  Converter 

The  block  diagram  of  the  TC-to-DP  characteristic  converter 
is  shown  in  Fig.  1.  The  TC-to-DP  characteristic  converter  is 
a  three-port  device  that  when  connected  as  in  Fig.  1  would 
have  a  DP  characteristic  in  the  input  port  equal  to  the  TC  of 
the  two-port  under  consideration.  There  are  two  realizations 
for  the  proposed  conversion  as  described  below. 

Realization  l 

The  block  diagram  of  realization  I  is  shown  in  Fig.  2.  This 
realization  simply  consists  of  a  linear  R  connected  across  the 
two-port.  Assume  that  the  TC  of  the  two-port  device  is 

«2  =  f(v  l)-  (l) 

According  to  the  Kirchhoff  s  laws,  we  have 

Vl-V2  Vl-f(Vl) 

,  =  -R~  =  —R—  ® 

Defining 

=  (3, 

we  obtain 

i  =  g(v  i).  (4) 

,The  concept  of  a  transfer  characteristic  (TC)  plot  is  well  defined  even  if 
the  input  current  is  not  zero  [1].  However,  the  synthesis  procedure  is  easier 
if  i‘i  =  0. 
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Fig.  I.  Block  diagram  of  TC-to-DP  characteristic  converter  connected  to  a 
two-port.  The  TC-to-DP  characteristic  converter  is  a  three-port  device  which 
when  connected  as  shown  would  generate  a  DP  characteristic  in  the  input  port 
equal  to  the  TC  of  the  two-port  under  consideration. 


R 


Fig.  2.  Block  diagram  of  realization  /  for  the  converter. 


i 


(b) 

Fig.  3.  (a)  Block  diagram  of  realization  II  for  the  converter,  (b)  Physical 
implementation  of  the  voltage  controlled  current  source  (VCCS). 

The  only  difference  between  the  TC  and  the  resulting  DP 
characteristic  is  the  linear  term  vi/R  in  (2)  corresponding  to 
a  straight  line  with  the  slope  1/R  in  the  v-4  plane.  This  needs 
to  be  taken  into  account  in  the  design  of  the  TC  characteristic 
to  obtain  the  correct  DP  characteristic. 

Realization  II 

The  block  diagram  of  realization  II  is  shown  in  Fig.  3(a). 
In  the  converter  circuit  we  use  a  voltage-controlled  current 
source  (VCCS)  instead  of  the  linear  resistor  R  in  Fig.  2.  The 
implementation  of  the  VCCS  is  shown  in  Fig.  3(b). 


Assume  also  that  the  TC  of  the  two-port  device  is  defined  by 
(1).  The  defining  equation  for  the  voltage  controlled  current 
source  (VCCS)  implies  that 

i2  =  lev 2  (5) 

where  k  is  the  scale  factor  of  the  VCCS,  thus  we  obtain 

i  =  i2  =  kv  2-  (6) 

Obviously,  the  resulting  DP  characteristic  is 

i  =  kf(vi).  (7) 

Thus  the  DP  characteristic  is  a  scaled  version  of  the  TC. 

III.  A  Digital  Technique  for  Synthesizing 
Prescribed  TC’s  of  Two-Port  Devices 

In  this  section  we  describe  an  implementation  of  arbitrary 
transfer  characteristics  using  digital  hardware.  The  use  of 
digital  hardware  allows  for  more  flexibility  and  precision 
in  synthesizing  transfer  characteristics,  although  operating  at 
lower  frequencies  than  analog  hardware.  This  system,  coupled 
with  the  TC-to-DP  converter  in  the  last  section,  results  in  a 
flexible  platform  for  synthesizing  arbitrary  DP’s,  which  are 
useful  in  prototyping  complex  nonlinear  circuits. 

In  particular,  we  construct  a  two-port  with  an  arbitrary 
transfer  function  between  the  port  voltages,  with  zero  current 
into  the  input  port. 

The  voltage-to-voltage  (V-V)  transfer  function  generator  is 
built  using  digital  hardware  coupled  between  necessary  A/D 
and  D/A  converters,  so  that  it  appears  as  an  analog  device. 
The  analog  V-V  mapping  is  performed  in  three  distinct  steps. 
First,  the  input  analog  voltage  is  sampled  by  the  A/D  converter 
and  converted  into  a  digital  representation.  Then,  the  digital 
representation  is  used  by  the  digital  hardware  to  map  to  the 
correct  digital  output.  The  conversion  of  the  digital  output  into 
an  analog  output  voltage  completes  the  analog  V-V  mapping. 
Beyond  selecting  which  D/A  and  A/D  converters  to  use,  most 
of  the  design  work  centers  on  how  the  digital  output  is  chosen 
or  calculated  based  on  the  digital  input  and  the  desired  transfer 
characteristic. 

We  implemented  two  versions  of  the  V-V  transfer  function 
generators,  a  two-port  representation  and  a  four-port  represen¬ 
tation.  Different  methods  are  utilized  for  these  two  versions 
to  yield  the  correct  output  digital  number  given  some  input 
digital  number.  The  two-port  version  finds  the  correct  output 
using  a  table  lookup  with  the  inputs  as  the  indexes.  Since  no 
actual  calculations  are  done,  for  any  desired  transfer  function, 
the  output  values  will  have  to  be  precalculated  and  loaded 
into  some  type  of  digital  memory,  in  this  case  EPROM’s, 
prior  to  the  operation  of  the  circuit.  This  limits  the  flexibility 
of  the  one-port  V-V  function  generator  somewhat  since  each 
new  function  requires  a  new  set  of  data.  The  four-port  version 
manages  to  get  around  this  limitation  by  using  a  DSP  chip 
for  the  real-time  calculation  of  the  proper  output  values.  This 
approach  offers  greater  flexibility  since  new  functions  can 
be  implemented  by  simply  reprogramming  the  DSP  chip. 
Furthermore,  the  amount  of  data  required  for  a  table  lookup 
of  a  four-port  TC  will  be  too  large  to  be  practical.  On  the 
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(b) 


Fig.  4.  (a)  Top  level  block  diagram  of  one-port  arbitrary  V-V  transfer  function  generator 

is  used  to  compute  the  corresponding  output  voltages  given  two  input  voltages. 


.  (b)  Component  level  schematic  of  logic  controller.  A  DSP  chip 


other  hand,  in  a  table  lookup  approach,  the  time  required  to 
compute  the  output  is  independent  of  the  complexity  of  the 
transfer  characteristic,  whereas  this  time  can  vary  in  a  DSP 
implementation. 


A.  Two-Port  V-V  Transfer  function  Generator 

Fig.  4(a)  depicts  the  top-level  block  diagram  of  the  two-port 
V-V  transfer  function  circuit.  A  small  logic  controller  regulates 
input  sampling,  EPROM  table  lookup,  and  conversion  into 
analog  output.  Any  desired  V-V  transfer  function  can  be 
•achieved  by  simply  loading  the  EPROM’s  with  the  correct 


data.  All  digital  representations  in  this  circuit  have  16  bits  of 
precision. 

Logic  Design:  The  logic  controller  is  built  as  a  finite  state 
machine  using  one-hot  encoding  (one  state  per  flip-flop)  in 
order  to  simplify  debugging.  The  controller  provides  a  timing 
mechanism  for  the  A/D  and  D/A  converters.  The  specifics  of 
this  design  are  dependent  on  the  actual  A/D  and  D/A  convert¬ 
ers  employed,  and  Fig.  4(b)  gives  a  component  level  schematic 
of  the  logic  controller.  Fig.  4(c)  shows  the  corresponding  state 
transition  diagram. 

EPROM  Programming:  Data  for  the  EPROM’s  are  calcu- 
lated  using  a  simple  C  program  implementing  the  transfer 
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Fig.  4.  ( Continued .)  (c)  State  transition  diagram,  (d)  Block  diagram  of  the  four-port  V-V  transfer  function  generation.  A  DSP  chip  is  used  to  compute 
the  corresponding  output  voltages  given  two  input  voltages. 


function.  The  program  takes  all  possible  input  digital  values 
and  finds  all  respective  output  digital  values  depending  on 
what  transfer  function  is  desired.  This  data  is  stored  in  a 
file  so  that  an  EPROM  programmer  can  be  used  to  load  the 
information  into  the  actual  EPROM  chips. 

Circuit  Performance:  The  resulting  implementation  runs  at 
an  overall  sampling  rate  of  80.14  ksamples/s  (kilosamples  per 
second).  The  delay  between  the  correct  analog  voltage  being 
output  after  latching  an  analog  voltage  on  to  the  analog  input 
is  18  ms.  Input  and  output  voltage  ranges  have  16  bits  of 
resolution. 

4)  Analysis:  There  are  some  issues  associated  with  this 
design  of  the  two-port  V-V  arbitrary  function  generator  that 
require  further  investigation.  Due  to  the  digital  nature  of  this 
realization,  further  study  is  required  to  study  how  aliasing. 


distortion,  quantization  error,  and  overall  delay  affect  the 
behavior  of  nonlinear  circuits  utilizing  this  system. 


B.  Four-Port  V-V  Transfer  Function  Generator 

A  DSP  board  is  at  the  heart  of  the  physical  implementation 
of  the  four-port  V-V  arbitrary  function  generator,  replacing 
the  EPROM  table  lookup  in  the  two-port  version.  We  use 
a  commercially  available  DSP  board  with  two  sets  of  A/D 
and  D/A  converters,  which  provides  the  ideal  hardware  for 
four-port  representations.  In  a  manner  similar  to  the  two-port 
design,  input  analog  voltages  from  both  ports  are  latched  by  the 
A/D  converters.  The  proper  corresponding  output  values  are 
computed  in  real-time  by  the  DSP  chip  and  the  D/A  converters 
then  output  the  analog  voltages  [Fig.  4(d)]. 
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Fig.  5.  (a)  TC  of  a  two-port  device  described  by  a  sinusoidal  function  «*  =  « *>(*).  0».  W  DP  characteristics  i  =  ksinM  converted  by 

Realizations  /  and  //,  respectively. 


DSP  Board:  The  heart  of  the  DSP  board  consists  of  a 
TMS320C30  floating  point  DSP  chip.  The  board  also  provides 
low-pass  filters  for  the  inputs  and  outputs  along  with  16-bit 
D/A/D  converters.  All  digital  representation  and  calculations 
are  performed  in  16  bits  precision  and  the  maximum  rate  of 
sampling  is  200  kHz. 

Real-Time  Calculation  of  Output  Values:  The  DSP  chip  is 
programmed  using  either  C  or  Assembly.  The  desired  transfer 
function  is  written  in  the  chosen  language.  The  program  is 
compiled  and  downloaded  to  the  DSP  chip,  and  the  DSP 
chip  will  perform  the  necessary  calculations  by  running  the 
compiled  programs.-  When  the  desired  transfer  characteristic 
is  so  complicated  that  it  takes  the  DSP  chip  longer  than  a 
sample  period  to  finish  the  computation,  some  samples  will 
be  discarded.  The  use  of  DSP’s  is  more  flexible  than  the 
use  of  lookup  tables  since  a  different  transfer  function  can 
be  realized  by  simply  altering  the  program.  Furthermore,  with 
16  bits  of  precision,  the  V-V  transfer  characteristics  for  a 
four-port  will  require  too  much  memory  for  a  practical  table 
look-up  approach. 

Performance:  The  circuit  runs  at  the  maximum  rate  of  200 
kHz  with  16  bits  of  resolution  for  input  and  output  voltages 
given  simple  transfer  functions.  Delay  between  the  desired 
analog  output  voltage  after  a  given  input  analog  voltage  is 
much  less  than  the  two  port  version  if  the  circuit  is  run  at  this 
high  sampling  rate.  The  operation  and  reprogramming  of  the 
circuit  is  achieved  interactively  by  running  a  TMS320  interface 
application  on  a  personal  computer. 


4)  Analysis:  The  four-port  representation  of  the  V-V  trans¬ 
fer  function  generator  has  many  of  the  same  limitations 
associated  with  the  two-port  version  discussed  earlier,  due  to 
its  inherent  digital  nature.  The  most  important  issue  here  is 
speed  of  operation,  which  is  less  than  what  can  be  achieved 
with  analog  parts.  ^  - 

IV.  Examples  of  DP  Characteristics 
Synthesized  from  TC’s 

By  using  the  approach  proposed  in  this  paper,  a  vaijety 
of  DP  characteristics  of  two-terminal,  or  one-port,  devices 
synthesized  from  TC’s  of  two-port  devices  are  shown  in  Figs. 
5-9.  A  TC  of  a  two-port  device,  described  by  a  sinusoidal 
function  v<i  =  asin(vi)  shown  in  Fig.  5(a),  is  synthesized 
using  the  digital  technique  presented  in  Section  III.  Fig.  5(b) 
and  (c)  shows  the  DP  characteristics  i  =  A:sin(ui)  converted 
by  realization  /  shown  in  Fig.  2  (after  compensation  of  the 
linear  term)  and  realization  II  shown  in  Fig.  3(a),  respectively, 
from  the  TC  shown  in  Fig.  5(a).  Next  we  choose  a  two- 
port  device  with  a  square  function  V2  —  avi  TC.  The 
circuit  implementation  using  an  analog  multiplier  and  its  TC 
described  by  a  square  function  1/2  =  a>v\  are  shown  in  Fig. 
6(a)  and  (b),  respectively.  The  DP  characteristic  i  =  kv± 
converted  by  realization  II  from  the  TC  in  Fig.  6(b)  is  shown 
in  Fig.  6(c).  Figs.  7(a)  and  8(a)  show  two-port  devices,  which 
are  operational  amplifiers  operating  in  a  saturation  region 
(Fig.  7)  and  a  linear  region  (Fig-  8),  respectively.  The  TC’s, 
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Fig.  6.  (a)  Circuit  diagram  of  an  analog  square  multiplier,  (b)  TC  described  by  a  square  function  i’2  =  avf.  (c)  DP  characteristic  i  —  kvf  converted 

by  Realization  II  from  the  TC  in  (b). 


(c) 

Fig.  7.  (a)  Circuit  diagram  of  an  amplifier  operating  in  a  saturation  region,  (b)  TC  of  the  two-port  device  shown  in  (a),  (c)  DP  characteristic  converted 
by  Realization  II  from  the  TC  in  (b). 
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Fig.  8.  (a)  Circuit  diagram  of  an  amplifier  operating  in  a  linear  region, 

by  Realization  II  from  the  TC  in  (b). 


(a) 


(b)  TC  of  the  two-port  device  shown  in  (a),  (c)  DP  characteristic  converted 


Fig.  9.  (a)  A  low-power  transformer  driven  by  the  outlet  voltage  110  V,  /  =  60  Hz.  <b>  TC  with  a  hysteresis  of  the  two-port  device  shown  in  (a), 

(c)  DP  characteristic  converted  by  Realization  II  from  the  TC  in  (b). 


1232  IEEE  TRANSACTIONS  ON  CIRCUITS  AND  SYSTEMS— I:  FUNDAMENTAL  THEORY  AND  APPLICATIONS.  VOL.  45.  NO.  12,  DECEMBER  1998 


and  the  DP  characteristics  converted  by  Realization  II  from 
the  TC’s  shown  in  Figs.  7(b)  and  8(b)  and  Figs.  7(c)  and 
8(c),  respectively.  To  validate  the  robustness  of  the  converter 
presented  in  this  paper,  a  low-power  transformer  is  chosen  as 
a  two-port  device,  as  shown  in  Fig.  9(a).  Its  TC  with  hysteresis 
and  the  resulting  DP  characteristic  converted  by  realization  II 
are  shown  in  Fig.  9(b)  and  (c),  respectively. 

V.  Concluding  Remarks 

In  this  paper  we  propose  an  approach  to  synthesize  pre¬ 
scribed  DP  characteristics  of  two-terminal,  or  one-port,  devices 
from  the  transfer  characteristics  of  two-port  devices.  A  variety 
of  the  resulting  DP  characteristics  experimentally  measured 
validate  the  robustness  of  the  method. 

Using  the  mutator  nonlinear  network  element  reported  in 
[7],  an  inductor  with  any  prescribed  <j>-i  characteristic,  or  a 
capacitor  with  any  prescribed  q-v  characteristic  can  be  realized 
by  connecting  a  nonlinear  resistor  with  an  appropriate  v-i 
characteristic  across  one  port  of  the  mutator,  and  the  problem 
of  realizing  a  nonlinear  inductor,  or  capacitor,  reduces  to 
that  of  realizing  a  nonlinear  resistor  with  an  appropriate  v-i 
characteristic.  Therefore,  the  approach  proposed  in  this  paper 
will  benefit  the  synthesis  not  only  of  resistors,  but  also  of 
inductors  and  capacitors  with  prescribed  characteristics. 

The  proposed  implementation  of  arbitrary  one-ports,  two- 
ports,  and  four-ports  allows  us  to  design  hybrid  analog-digital 
circuits,  where  the  digital  part  is  responsible  for  synthesizing 
the  complex  nonlinear  part,  whereas  the  analog  part  is  respon¬ 
sible  for  synthesizing  the  linear  part.2  This  results  in  a  system 
which  is  faster  than  simulating  the  entire  system  in  digital 
hardware,  yet  offers  a  degree  of  flexibility  and  complexity 

2  Or  simple  nonlinear  parts  which  can  be  readily  synthesized  using  available 
analog  components. 


due  to  the  digital  hardware.  Thus  the  system  exploits  the 
advantages  of  both  analog  and  digital  circuits. 
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Abstract — In  a  digital  communications  system,  data  are  trans¬ 
mitted  from  one  location  to  another  by  mapping  bit  sequences  to 
symbols,  and  symbols  to  sample  functions  of  analog  waveforms. 
The  analog  waveform  passes  through  a  bandlimited  (possibly 
time-varying)  analog  channel,  where  the  signal  is  distorted  and 
noise  is  added.  In  a  conventional  system  the  analog  sample 
functions  sent  through  the  channel  are  weighted  sums  of  one 
or  more  sinusoids;  in  a  chaotic  communications  system  the 
sample  functions  are  segments  of  chaotic  waveforms.  At  the 
receiver,  the  symbol  may  be  recovered  by  means  of  coherent 
detection,  where  all  possible  sample  functions  are  known,  or  by 
noncoherent  detection,  where  one  or  more  characteristics  of  the 
sample  functions  are  estimated.  In  a  coherent  receiver,  synchro¬ 
nization  is  the  most  commonly  used  technique  for  recovering 
the  sample  functions  from  the  received  waveform.  These  sample 
functions  are  then  used  as  reference  signals  for  a  correlator. 
Synchronization-based  coherent  receivers  have  advantages  over 
noncoherent  receivers  in  terms  of  noise  performance,  bandwidth 
efficiency  (in  narrow-band  systems)  and/or  data  rate  (in  chaotic 
systems).  These  advantages  are  lost  if  synchronization  cannot 
be  maintained,  for  example,  under  poor  propagation  conditions. 
In  these  circumstances,  communication  without  synchronization 
may  be  preferable.  In  Part  I,  the  theory  and  operation  of  conven¬ 
tional  communications  systems  were  surveyed  and  possible  fields 
of  application  of  chaotic  communications  were  identified.  In  Part 
n,  the  theory  of  conventional  telecommunications  is  extended 
to  chaotic  communications,  chaotic  modulation  techniques  and 
receiver  configurations  are  surveyed,  and  chaotic  synchronization 
schemes  are  described.  In  Part  HI,  examples  will  be  given  of 
chaotic  communications  schemes  with  and  without  synchroniza¬ 
tion,  and  the  performance  of  these  schemes  is  evaluated  in  the 
context  of  noisy,  bandlimited  channels. 

Index  Terms — Chaos,  communication  systems,  digital  commu¬ 
nication,  digital  modulation,  spread  spectrum  communication. 


L  Introduction 

RESEARCH  into  applications  of  chaos  in  communications 
has  been  motivated  by  the  observation  that  chaotic  sys¬ 
tems  can  be  synchronized.  The  basic  idea  is  that  information 
can  be  conveyed  to  a  remote  receiver  by  means  of  a  wideband 
chaotic  signal.  Since  1992,  a  number  of  chaotic  synchroniza- 
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tion  and  modulation  schemes  have  been  proposed,  most  of 
which  have  been  developed  using  heuristic  arguments,  without 
reference  to  conventional  communications  measures  [1], 

The  objectives  of  this  work  are  threefold: 

1)  to  provide  a  theoretical  context  in  which  the  performance 
of  modulation  schemes  based  on  chaotic  synchronization 
can  be  evaluated; 

2)  to  develop  a  unified  framework  for  discussing  and 
comparing  conventional  and  chaotic  communication  sys¬ 
tems; 

3)  to  highlight  the  special  problems  that  arise  when  chaotic 
basis  functions  are  used. 

In  Part  I  of  this  three-part  paper  [2],  we  described  the  major 
components  of  a  digital  communications  system,  identified  the 
role  of  synchronization  in  coherent  receivers,  and  motivated 
the  use  of  chaotic  rather  than  periodic  basis  functions. 

In  Section  II  of  this  part,  we  describe  two  digital  chaotic 
modulation  schemes — chaos  shift  keying  (CSK)  and  differ¬ 
ential  chaos  shift  keying  (DCSK)— and  identify  appropriate 
coherent,  noncoherent,  and  differentially  coherent  receiver 
architectures. 

The  theoretical  performance  of  chaotic  communications 
receivers  with  and  without  synchronization  is  examined  in 
Section  III.  We  conclude  that  the  synchronization-based  re¬ 
covery  of  chaotic  basis  functions  from  noisy  received  sample 
functions  offers  a  potential  advantage  over  noncoherent  detec¬ 
tion  in  terms  of  noise  performance  and  data  rate,  but  only  if 
synchronization  can  be  maintained.  Under  poor  propagation 
conditions,  where  synchronization  cannot  be  maintained,  the 
advantages  of  coherent  detection  are  lost.  In  such  circum¬ 
stances,  a  noncoherent  receiver  offers  a  more  robust  and  less 
complex  solution. 

In  Section  IV,  we  consider  the  state  of  the  art  in  synchro¬ 
nization  of  chaotic  systems  in  the  context  of  digital  com¬ 
munications  and  highlight  the  weaknesses  of  current  chaotic 
synchronization  techniques. 

In  Part  IH  of  the  paper  [34],  the  performance  of  representa¬ 
tive  coherent  and  noncoherent  chaotic  communication  schemes 
is  evaluated  in  the  context  of  a  noisy  and  bandlimited  channel. 

n.  Survey  of  Chaotic  Modulation 
and  Demodulation  Techniques 

The  basic  idea  of  digital  communication  using  a  chaotic 
carrier  is  that  the  bits  (binary  modulation)  or  symbols  (M- 
ary  modulation)  are  mapped  to  sample  functions  of  chaotic 
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Fig.  1.  Block  diagram  of  coherent  correlation  CSK  receiver  for  M  -  2. 

signals  emanating  from  one  or  more  chaotic  attractors.  In  order 
to  avoid  periodicity,  the  symbols  are  mapped  to  the  actual 
nonperiodic  outputs  of  chaotic  circuits  and  not  to  parameters 
of  certain  known  sample  functions. 

The  principal  difference  between  a  chaotic  carrier  and  a 
conventional  periodic  carrier  is  that  the  sample  function  for  a 
given  symbol  is  nonperiodic  and  is  different  from  one  symbol 
interval  to  the  next.  Thus,  the  transmitted  waveform  is  never 
periodic,  even  if  the  same  symbol  is  transmitted  repeatedly. 

As  in  the  case  of  conventional  digital  communications,  we 
consider  four  categories  of  modulation  techniques. 

1)  coherent  correlation  receiver  with  chaotic  synchroniza¬ 
tion; 

2)  coherent  matched  filter  receiver; 

3)  noncoherent  detection  techniques, 

4)  differentially  coherent  reception. 


i  =  j.  Furthermore,  assume  that  the  autocorrelation  of  each 
g  (t)  with  itself  in  each  symbol  interval  T  is  larger  than  the 
cross  correlation  with  any  of  the  other  basis  functions.  In  this 
case,  a  correlation  receiver  may  be  used  to  identify  the  attractor 
which  is  most  likely  to  have  produced  the  received  signal  [2]. 

As  in  the  case  of  a  conventional  correlation  receiver  based 
on  synchronization,  a  local  synchronized  copy  of  each  basis 
function  gAt)  has  to  be  produced  in  the  receiver  using  appro¬ 
priate  synchronization  circuitry1.  In  the  case  of  chaotic  basis 
functions,  this  topic  is  called  chaotic  synchronization.  We  will 
deal  with  chaotic  synchronization  in  more  detail  in  Section  IV, 
but  first  let  us  consider  the  conceptual  process. 

Synchronizable  counterparts  of  the  circuits  which  produce 
the  basis  functions  9j{t)  in  the  transmitter  are  used  to  recover 
the  basis  functions  in  a  coherent  correlation  receiver,  as  shown 
in  Fig.  1.  Here,  the  received  signal  n(t)  tries  simultaneously 
to  synchronize  all  of  the  “synchronizable  chaotic  circuits”  in 


A.  Coherent  Correlation  Receiver  with 
Chaotic  Synchronization 

1)  Coherent  Detection  of  CSK:  Chaos  shift  keying  (CSK) 
[3],  [4]  is  a  digital  modulation  scheme  where  each  symbol 
is  mapped  to  a  different  chaotic  attractor.  The  number  of 
attractors  is  equal  to  the  size  of  the  signal  set  in  this  case.  The 
attractors  may  be  produced  by  the  same  dynamical  system  for 
different  values  of  a  bifurcation  parameter  or  by  completely 
different  dynamical  systems. 

Note  that  the  information  to  be  transmitted  is  earned  no 
by  the  shape  of  the  sample  function  but  by  the  attractor 
which  produces  the  sample  function.  The  objective  of  me 
demodulator  is  to  decide,  on  the  basis  of  a  received  noisy 
and  distorted  sample  function,  which  attractor  is  most  likely 
to  have  produced  this  waveform. 

Using  the  notation  introduced  in  Part  I  [2],  assume  that  each 
attractor  produces  a  basis  function  gj(t)  and  that  the  elements 
of  the  signal  set 

Sj(t)  =  j  =  l,2,---,N 


the  receiver.  .  .  . 

For  example,  assume  that  the  signal  Si(t)  —  g lW 
transmitted.  After  a  synchronization  time  Ts,  which f 
ogous  to  the  pull-in  time  in  a  phase-locked  loop  (PLL)  the 
output  gi{t)  converges  to  gi(t).  By  contrast,  g2(t)  fai  s  ° 
synchronize  with  gi(t).  Hie  decision  as  to  which  symbol 
was  transmitted  is  made  on  the  basis  of  the  go  ness 
synchronization.  In  the  ideal  case,  gi{t)  is  more  strongly 
correlated  with  n(t)  than  &(*)  during  the  interval  [TS,T\. 
Hence,  za  >  zi2  and  the  decision  circuit  decides  that  symbol 

1  was  transmitted.  . 

In  any  realistic  situation,  the  received  signal  is  always 
corrupted  by  noise  n(t).  Even  in  the  case  of  perfect  syn¬ 
chronization,  the  instantaneous  value  of  the  received  sign 
may  differ  considerably  from  the  recovered  chaotic  signal. 
This  is  why  correlators  must  be  used  for  the  detection,  i  e.,  to 
determine  the  “goodness”  of  synchronization.  Because  of  the 
time-averaging  involved  in  correlation,  the  use  of  correlators 
also  tolerates  loss  of  synchronization  for  short  penods  of  time. 

In  any  practical  communications  system,  not  only  an  iso¬ 
lated  single  symbol,  but  a  sequence  of  symbols,  has  to  be 
transmitted. 


are  given  by  «<(*)  =  gi(t)  for  all  i. 

In  terms  of  the  components  of  the  signal  vector,  this 
corresponds  to  the  case  si}  =  0  if  i  ^  j  and  Sij  =  1  if 


'Recall  that  the  weights  s,j  are  recovered  by  computing  s„  - 
/oT  Ti(t)gj(t)dtf<xj  =  l,2,-  -,NV)- 
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Fig.  2.  Block  diagram  of  a  noncoherent  receiver  for  COOK  or  CSK. 

Even  in  a  linear  channel,  interference  among  the  successive 
symbols  may  appear,  i.e.,  intersymbol  interference  (ISI)  [5] 
may  occur.  One  source  of  ISI  can  be  the  integrator  used  in 
the  correlator.  If  the  initial  value  of  the  integrator  is  reset  to 
zero  at  the  beginning  of  each  observation  period,  by  means  of 
an  integrate-and-dump  circuit  [5],  for  example,  then  this  kind 
of  ISI  can  be  avoided. 

We  assume  in  the  following  that  the  timing  information  is 
available  in  the  receiver.  The  initial  value  of  the  integrator(s) 
is  reset  to  zero  at  the  beginning  of  every  observation  period 
and  the  observation  vector  is  generated  at  the  end  of  each 
symbol  interval.  In  Figs.  1-4,  the  start  and  end  of  each 
observation  period  are  indicated  by  the  limits  of  integration 
and  the  decision  time  instants  are  represented  schematically 
by  sampling  switches. 

2)  Data  Rate  of  a  Coherent  Correlation  Receiver  with 
Chaotic  Synchronization  for  CSK:  The  disadvantage  of  a 
coherent  correlation  CSK  receiver  is  that  synchronization 
is  lost  and  recovered  every  time  the  transmitted  symbol  is 
changed  [4].  The  symbol  duration  is  therefore  equal  to  the 
sum  of  the  synchronization  time  Ts  plus  the  estimation  time 
of  the  observation  vector.  The  synchronization  time  puts  an 
upper  bound  on  the  symbol  rate  and  thus  the  data  rate. 

To  maximize  the  data  rate  in  conventional  digital  systems, 
synchronization  is  always  maintained.  If  the  transmitted  signal 
does  not  contain  a  signal  that  can  be  used  as  a  reference  for 
synchronization  (in  the  case  of  suppressed  carrier  modulation 
schemes,  for  example)  then  a  nonlinear  operation  is  used 
to  regenerate  the  reference  signal  in  the  receiver  [5],  [6]. 
This  idea  could  also  be  exploited  in  chaotic  communications 
if  a  synchronization  technique  could  be  found  which  was 
sufficiently  insensitive  to  some  parameter  of  the  chaotic  basis 
functions.  In  that  case,  a  selected  parameter  could  be  varied 
according  to  the  modulation  and  synchronization  could  be 
maintained  continuously.  The  symbols  to  be  transmitted  would 
then  be  mapped  to  the  selected  parameter  of  the  chaotic  sample 
function  and  only  one  attractor  would  be  necessary;  this  is 
analogous  to  a  conventional  modulation  technique  where  the 
attractor  is  a  periodic  trajectory  whose  amplitude,  frequency, 
or  phase  might  be  controlled  by  the  modulation. 

If  synchronization  of  a  chaotic  circuit  could  be  maintained  in 
the  presence  of  other  chaotic  signals,  then  it  would  be  possible 
to  increase  the  size  of  the  signal  set  by  generating  Si(t)  as  a 
weighted  sum  of  basis  functions  with  more  than  one  nonzero 
weight,  as  discussed  in  Part  I  of  this  paper  (see  [2,  Section  III- 
B.l]).  To  our  knowledge,  none  of  the  chaotic  synchronization 
techniques  which  exist  in  the  literature  is  sufficiently  robust  to 
permit  augmentation  of  the  signal  set  in  this  way  [7]. 


B.  Coherent  Matched  Filter  Receiver  for  CSK 

Matched  filters  can  be  used  only  if  the  waveforms  cor¬ 
responding  to  each  symbol  are  known  in  advance  and  pre¬ 
programmed  as  the  impulse  responses  of  filters.  In  the  case  of 
CSK  modulation,  the  symbols  are  mapped  to  chaotic  attractors 
and  a  different  sample  function  is  generated  each  time  a 
symbol  is  transmitted2.  Therefore,  coherent  matched  filter 
receivers  simply  cannot  be  used  in  chaotic  communications. 

C.  Noncoherent  Detection 

1)  Noncoherent  Detection  of  COOK:  Chaotic  on-off-keying 
(COOK)  offers  the  simplest  solution  to  chaotic  communica¬ 
tion.  In  COOK,  the  chaotic  signal  is  multiplied  directly  by  the 
bit  sequence  to  be  transmitted,  i.e.  radiation  of  a  chaotic  signal 
is  disabled  for  bit  0  and  enabled  for  bit  1  [8]. 

The  COOK  receiver  shown  in  Fig.  2  estimates  the  signal 
energy  per  bit  Eb  carried  by  the  transmitted  signal  and 
performs  the  decision  by  means  of  a  level  comparator, 

2)  Noncoherent  Detection  of  CSK:  Signals  generated  by 
different  chaotic  attractors  generally  have  different  statistical 
attributes,  such  as  the  mean  of  the  absolute  value,  variance, 
and  standard  deviation.  This  observation  suggests  that  CSK 
signals  can  also  be  demodulated  by  noncoherent  receivers  [9]. 

Let  us  consider  chaotic  sample  functions  generated  by  the 
same  attractor  but  originating  from  different  initial  conditions 
as  a  chaotic  stochastic  process  (for  a  more  precise  definition, 
see  Part  HI  of  this  paper).  Let  the  binary  information  to  be 
transmitted  be  mapped  to  the  variances  of  chaotic  stochastic 
processes.  Chaotic  stochastic  processes  with  different  vari¬ 
ances  may  be  obtained  by  using  two  different  chaotic  attractors 
or  by  multiplying  the  sample  functions  of  one  attractor  by 
distinct  weights. 

The  block  diagram  of  a  noncoherent  CSK  receiver  is  shown 
in  Fig.  2.  For  the  sake  of  simplicity,  let  us  assume  that  the 
mean  of  the  received  signal  is  zero.  In  this  case,  the  receiver 
can  estimate  the  variance  of  the  received  signal  using  a 
correlator.  The  decision  is  made  by  a  simple  level  comparator. 
If  a  parameter  of  the  chaotic  attractor  other  than  its  variance  is 
to  be  evaluated  in  the  demodulation  process,  the  appropriate 
operation  may  be  substituted  for  the  multiplier  in  Fig.  2. 

Not  just  statistical  attributes  but  any  robust  characteristic 
of  a  chaotic  signal  may  be  exploited  in  order  to  implement 
a  noncoherent  CSK  communication  system.  For  example,  in 
[10],  the  basis  functions  are  two  chaotic  signals  which  have 
different  average  frequencies;  these  may  be  distinguished  at  the 

2  Because  a  chaotic  waveform  is  not  periodic,  each  sample  function  of  length 
T  is  different. 
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Fig.  3.  Block  diagram  of  a  DCSK  receiver. 
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Pig  4.  General  block  diagram  of  a  CSK  receiver. 

receiver  by  measuring  the  average  value  of  the  zero-crossing 
rate  of  the  received  signal. 

Other  modulation  techniques  have  also  been  proposed. 
In  [11],  the  autocorrelation  function  of  a  chaotic  signal  is 
modified  according  to  the  symbols  to  be  transmitted.  By 
measuring  the  autocorrelation  function  of  the  received  signal, 
the  transmitted  symbol  can  be  identified. 

D.  Differentially  Coherent  Reception 

One  or  more  chaotic  basis  functions  gj(t)  must  be  recovered 
in  order  to  implement  a  coherent  correlation  receiver.  When 
propagation  conditions  are  so  poor  that  it  is  impossible  to 
recover  basis  fiinctions  by  chaotic  synchronization,  a  differen¬ 
tial  modulation  scheme  ( differential  chaos  shift  keying  (DCSK) 
[9])  and  a  differentially  coherent  correlation  receiver  may  be 
used  [12]. 

In  DCSK,  every  symbol  to  be  transmitted  is  represented 
by  two  sample  functions.  The  first  sample  function  serves  as 
a  reference  while  the  second  one  carries  the  information.  In 
the  case  of  binary  transmission,  bit  1  is  sent  by  transmitting 
a  reference  signal  provided  by  the  chaos  generator  twice  in 
succession.  For  bit  0,  the  reference  chaotic  signal  is  transmit¬ 
ted,  followed  by  an  inverted  copy  of  the  same  signal.  The  two 
sample  functions  are  correlated  in  the  receiver  and  the  decision 
is  made  by  a  level  comparator,  as  shown  in  Fig.  3  . 

tit  Theoretical  Comparison  of  Chaotic 
Modulation  Techniques 

Noise  performance  is  the  most  important  characteristic  of  a 
modulation  scheme  and  receiver.  Since  all  of  the  chaotic  mod- 

3  Note  that  a  DCSK  receiver  differs  fundamentally  from  a  conventional 
DPSK  receiver  [6].  Because  a  reference  signal  is  transmitted  in  every  symb° 
period,  the  data  rate  is  halved  and  the  required  energy  per  bit  is  doubled  in 
DCSK  compared  to  DPSK.  However,  the  error  propagation  problem  associated 
with  differential  encoding  does  not  arise. 


illation  techniques  discussed  in  this  paper  can  be  considered 
as  variants  of  CSK  modulation,  we  consider  only  the  noise 
performance  of  CSK. 

In  the  previous  section,  we  saw  that  CSK  transmissions  can 
be  demodulated  in  one  of  three  ways: 

1)  a  coherent  correlation  receiver,  where  the  elements  of 
the  signal  set  are  recovered  by  synchronization; 

2)  a  noncoherent  receiver  (in  this  section,  we  assume 
that  the  demodulation  is  performed  by  estimating  the 
variance  of  the  received  chaotic  signal  or  the  COOK 
technique  is  used);  or 

3)  a  differentially  coherent  receiver. 

Note  that  similar  circuitry  is  used  to  estimate  the  observation 
vector  in  Figs.  1-3.  Each  receiver  configuration  contains  one 
or  more  correlators;  the  difference  between  the  schemes  is 
in  the  manner  in  which  the  reference  signals  are  generated. 
Therefore,  we  will  analyze  all  three  receiver  configurations 
using  the  common  block  diagram  shown  in  Fig.  4.  Because 
the  channel  (selection)  filter  plays  an  important  role  in  the 
DCSK  receiver,  it  is  also  included  explicitly  in  this  figure. 

For  simplicity,  let  the  elements  Si{t)  of  signal  set  be  die 
basis  functions  gftt).  We  denote  by  y(t)  and  sft)  +  n{t) 
respectively,  the  reference  signal  and  the  filtered  version  of  the 
noisy  received  signal  which  emerges  from  the  channel  filter. 
The  decision  is  performed  based  on  the  observation  vector. 
The  probability  of  wrong  decisions,  and  therefore  the  BER, 
depends  on  the  mean  value  and  variance  of  the  observation 

vector  [6]. 

A.  Coherent  Correlation  Receiver  with 
Chaotic  Synchronization 

In  a  coherent  correlation  receiver,  the  elements  of  the  signal 
set  are  recovered  by  synchronization  from  the  noisy  filtered 
received  signal.  The  chaotic  synchronization  techniques  which 
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have  been  published  to  date  are  sensitive  to  both  noise  and 
distortion  in  the  channel  (see  Section  IV).  In  particular,  the 
signal  s*(£)  cannot  be  recovered  exactly  when  ri(£)  #  Si(t). 

Therefore,  let  s;(*)  denote  the  recovered  chaotic  signal, 
where  §i{t)  »  Si(t)  if  t>Ts4.  This  corresponds  to  our 
reference  signal  y{t)  in  Fig.  4. 

As  explained  in  Section  II-A.l,  we  assume  that  synchro¬ 
nization  is  lost  and  recovered  at  the  beginning  of  every  new 
symbol.  Since  the  synchronization  transient  cannot  be  used  to 
transmit  information,  the  observation  vector  must  be  estimated 
during  the  interval  Ts<t<T.  Let  Si(t)  and  sj(t)  denote  the 
elements  of  the  signal  set  for  binary  CSK  modulation.  Then 
the  elements  of  the  observation  vector  are  given  by 


where  Si(t)  and  sj(t)  correspond  to  gx(t)  and  52(f),  respec¬ 
tively,  in  Fig.  1. 

Note  that  zu  and  Zi 2  are  random  variables ,  whose  mean 
value  depends  on  the  bit  energy  of  the  chaotic  signal  and  the 
“goodness”  of  synchronization  [see  the  first  term  in  (1)]. 

The  variance  of  the  estimation  is  determined  by  the  chaotic 
signal5  and  the  filtered  noise.  Note  that  the  noise  has  no 
direct  influence  on  the  variance  of  estimation.  As  shown  by 
the  second  terms  of  (1)  and  (2),  the  variance  of  estimation 
is  influenced  only  by  the  cross  correlation  of  noise  and  the 
recovered  chaotic  signal. 

For  a  given  chaotic  signal  and  bandwidth  of  the  channel 
filter,  the  variance  of  estimation  is  inversely  proportional  to 
the  observation  time  (T  —  2$).  The  mean  value  of  estimation 
does  not  depend  on  the  noise;  thus,  the  receiver  is  an  unbiased 
estimator.  In  particular,  this  means  that  the  threshold  level 
required  by  the  level  comparator  does  not  depend  on  the 
channel  noise. 

As  in  the  case  of  a  conventional  receiver  and  periodic  basis 
functions,  the  noise  performance  of  a  coherent  correlation 
receiver  using  chaotic  basis  functions  is  theoretically  excel¬ 
lent.  However,  the  BER  also  depends  on  the  “goodness”  of 
synchronization  [equivalently,  the  closeness  of  the  reference 
signal  y{t)  to  the  desired  chaotic  basis  function  gj(t)].  Any 
synchronization  error,  especially  loss  of  synchronization,  re¬ 
sults  in  a  large  degradation  in  the  noise  performance  of  a 
correlation  receiver. 

Loss  of  synchronization  causes  the  bit  error  rate  (BER)  to 
rise  significantly.  Recall  that  a  digital  communications  link  is 
automatically  severed  at  the  system  level  if  the  BER  increases 

4  Recall  that  Ts  is  the  synchronization  time. 

5  The  parameter  required  for  demodulation  must  be  estimated  from  sample 
functions  of  finite  length.  In  the  case  of  periodic  sample  functions,  this 
estimation  has  zero  variance  if  the  observation  interval  is  an  integral  number 
of  periods.  When  chaotic  basis  functions  are  used,  the  estimation  has  a  nonzero 
variance  which  results  from  the  nonperiodicity  of  the  underlying  signals;  this 
increases  the  overall  variance  of  the  observation  vector  [13].  This  problem 
will  be  discussed  in  detail  in  Part  III. 


above  a  predetermined  threshold.  Therefore,  synchronization- 
based  receivers  are  not  suitable  for  noisy  propagation  envi¬ 
ronments. 

Let  us  consider  next  a  noncoherent  receiver. 

B.  Noncoherent  Correlation  Receiver 

Here,  we  assume  that  decisions  in  the  noncoherent  receiver 
are  made  by  estimating  the  variance  of  the  received  signal. 
The  reference  signal  y(t )  is  equal  to  the  noisy  filtered  signal 
Si(t)  +  n(t)  in  this  case,  and  the  observation  variable  can  be 
expressed  as 

*  =  fT[si(t)  +  n(f)]2  dt  =  [T s2i(t)  dt 

Jo  Jo 

rT  rT 

+2  /  Si(t)h(t)  dt  +  /  h2(t)  dt  (3) 

Jo  Jo 

where  a  new  term,  which  depends  only  on  the  filtered  noise, 
appears. 

The  mean  value  of  estimation  depends  on  both  the  bit  energy 
of  the  chaotic  signal  and  the  filtered  noise  (see  the  first  and 
third  terms  in  (3),  respectively).  In  this  case  the  receiver  is  a 
biased  estimator,  the  threshold  level  of  the  comparator  used  as 
a  decision  circuit  now  depends  on  the  noise  level.  In  addition, 
the  variance  of  estimation  becomes  much  greater  than  in  the 
previous  case  due  to  the  third  term  in  (3). 

Imagine  that  a  histogram  of  the  observed  values  of  zi  is 
plotted  for  a  large  number  of  transmitted  symbols.  Because 
binary  modulation  is  used,  the  histogram  will  have  two  distinct 
peaks.  For  a  given  noise  level,  channel  filter  and  chaotic  signal, 
the  best  noise  performance  can  be  achieved  if  the  distance 
between  the  two  peaks  is  a  maximum.  The  separation  of  the 
peaks  is  determined  by  the  distance  between  the  elements 
of  the  signal  set.  For  the  case  of  noncoherent  CSK,  COOK 
ensures  the  maximum  distance.  In  this  case,  the  distance 
between  the  elements  of  the  signal  set  is  equal  to  twice  the 
mean  value  of  the  energy  per  bit. 

Is  there  a  way  to  produce  an  unbiased  estimator  with 
antipodal  signals  [12]  which  ensures  the  maximum  distance 
between  the  elements  of  a  binary  signal  set?  The  answer  is 
yes;  DCSK  offers  a  potential  solution. 

C.  Differentially  Coherent  Reception 

In  a  DCSK  receiver,  the  reference  signal  y(t)  is  a  delayed 
version  of  the  filtered  noisy  signal.  Note  that  different  sample 
functions  of  filtered  noise  corrupt  the  inputs  of  the  correlator. 
If  the  time-varying  channel  varies  slowly  compared  to  the 
symbol  rate,  then  the  observable  element  is 
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where  the  sign  of  the  first  and  second  terms  depends  on 
the  binary  modulation.  The  signals  m(t)  and  n{t  -  1/Z) 
denote  the  sample  functions  of  filtered  noise  that  corrupt  the 
reference  and  information-bearing  parts  of  the  received  signal, 
respectively 

By  proper  design  of  the  channel  filter6,  the  two  sample 
functions  of  the  noise  become  uncorrelated  and  (4)  can  be 
simplified  as  follows 


Note  that  the  receiver  is  an  unbiased  estimator  in  this  case. 
This  means  that  the  threshold  level  of  the  decision  circuit  is 
zero  and  is  independent  of  the  noise  level. 

The  mean  value  of  the  estimation  depends  on  the  bit  energy 
of  the  chaotic  signal;  the  variance  of  estimation  is  determined 
by  the  chaotic  signal  and  the  filtered  noise.  The  application 
of  antipodal  signals  ensures  the  maximum  distance  between 
the  elements  of  the  signal  set  for  DCSK  [see  the  first  term 
in  (5)].  As  in  the  case  of  a  coherent  correlation  receiver 
with  synchronization,  the  noise  has  no  direct  influence  on  the 
variance  of  estimation.  However,  in  contrast  with  (1),  nvo 
cross-correlation  terms  appear  in  (5).  For  correct  operation, 
we  need  to  ensure  that  the  first  term,  corresponding  to  die  bit 
energy,  dominates  the  two  cross-correlation  terms  contributed 
by  the  noise. 


D.  Coherent  CSK  versus  DCSK 

The  main  advantage  of  DCSK  over  CSK  is  that  both  the 
reference  and  information-bearing  components  of  the  trans¬ 
mitted  signal  pass  through  the  same  channel  so  they  undergo 
the  same  transformation.  This  transformation  does  not  change 
the  correlation  that  carries  the  information,  provided  that  the 
time-varying  channel  remains  almost  constant  for  the  symbol 

duration.  ,  ^ 

Because  there  is  no  need  for  synchronization,  the  DCbK. 
technique  can  be  used  even  under  poor  propagation  condi¬ 
tions.  However,  the  symbol  rate  is  halved  compared  with  a 
synchronization-based  receiver  in  which  synchronization  is 
maintained. 

Recall,  however,  that  the  synchronization  time  Is  ot  a 
coherent  receiver  is  wasted — no  information  can  be  carried 
during  this  interval.  If  each  symbol  must  be  synchronized 
independently  and  the  synchronization  time  Ts  is  comparable 
to  the  correlation  time  (T  -  Ts),  then  a  DCSK  system  can  m 
principle  operate  at  the  same  symbol  rate  as  a  synchronization- 
based  coherent  receiver,  with  the  added  advantage  of  superior 
performance  under  poor  propagation  conditions. 

Thus,  synchronization-based  recovery  of  chaotic  basis  func¬ 
tions  from  a  noisy  received  signal  offers  superior  performance 
to  DCSK  in  terms  of  data  rate  only  if  synchronization  can  be 
maintained.  This  advantage  is  lost  if  the  modulation  technique 


*  Let  the  channel  filter  be  an  ideal  bandpass  filter  with  bandwidth  BVKrf. 
The  cross-correlation  of  ni(t)  and  h(t  —  T/2)  becomes  zero  if  B  nr 
n,n  =  1,2,3,  •  *  •  [6]. 


requires  the  loss  and  recovery  of  synchronization  at  the  begin- 
ning  of  every  new  symbol  or  if  poor  propagation  conditions 
make  it  impossible  to  maintain  synchronization. 

IV.  Synchronization  in  Chaotic 
Communications  Systems 

As  explained  in  Part  I  of  this  paper,  the  primary  use 
of  synchronization  in  digital  communications  systems  is  for 
recovering  basis  function(s)  in  coherent  correlation  receivers, 
as  illustrated  for  binary  CSK  in  Fig.  1.  In  a  real  system, 
the  signal  which  is  received  differs  from  that  which  was 
transmitted.  At  the  very  minimum,  the  signal  is  corrupted 
by  additive  noise  as  it  passes  through  the  channel;  usually, 
it  is  also  bandpass  filtered.  The  transformation  may  be  more 
severe  if  the  channel  is  nonlinear,  time-varying,  or  suffers  from 
multipath  effects. 

Thus,  the  objective  of  the  synchronization  process  is  to 
recover  basis  functions  from  the  noisy  received  signal  in 
order  to  maximize  the  probability  of  correctly  identifying 
the  transmitted  symbols.  In  this  section,  we  examine  chaotic 
synchronization  techniques  from  this  perspective. 

A.  Chaotic  Synchronization  Schemes 

Chaotic  steady-state  solutions  are  characterized  by  sensitive 
dependence  on  initial  conditions:  trajectories  of  two  identical 
autonomous  continuous-time  dynamical  systems  started  from 
slightly  different  initial  conditions  quickly  become  uncorre¬ 
lated  [14].  Surprisingly  perhaps,  it  is  nevertheless  possible  to 
synchronize  these  systems  in  the  sense  that  a  trajectory  of  one 
asymptotically  approaches  that  of  the  other. 

Several  notions  of  synchronization  have  been  proposed  for 
chaotic  systems,  the  strongest  and  most  widely-used  of  which 
is  identical  synchronization,  where  the  state  of  the  receiver 
system  converges  asymptotically  to  that  of  the  transmitter  [1  J- 
More  recently,  two  weaker  notions  of  synchronization,  calle 
generalized  synchronization  [15],  [16]  and  phase  synchroniza¬ 
tion  [17],  [18]  have  been  introduced. 

1)  Identical  Synchronization:  Two  continuous-time  dy- 


namical  systems 

x  =  fix) 

(6) 

and 

x'  =  fix') 

(7) 

are  said  to  synchronize  identically  if 

lim  ||x'(t)-*(f)ll  =° 

t— ►  OO 

for  any  combination  of  initial  states  x(0)  and  x  (0). 

From  a  communications  perspective,  we  may  think  o 
system  (6)  as  the  transmitter  and  (7)  as  the  receiver.  The 
signal  Si(t)  which  is  transmitted  is  a  linear  combination  ot 
basis  functions  9j(t).  For  simplicity,  we  consider  the  case 
where  only  one  basis  function  g(t)  is  used  and  we  assume  that 
s  (t)  =  g{t).  At  the  receiver,  we  must  recover  the  scalar  basis 
function  g(t)  =  h(x(t))  which  has  been  derived  from  the  state 
of  the  transmitter  (6).  By  synchronizing  the  state  of  the  receiver 
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identically  with  that  of  the  transmitter,  and  applying  the  same 
readout  function  h(-),  the  basis  function  can  be  recovered.  In 
particular,  if  x'(t)  can  be  made  to  converge  to  x{t)  then  the 
estimate  g(t)  =  h(x'(t))  will  converge  to  g(t). 

2)  Generalized  Synchronization:  Systems  (6)  and  (7)  are 
said  to  exhibit  generalized  synchronization  if  there  exists  a 
transformation  M  such  that 

lim  ||a:/(<)  —  M(x(t))\\  =  0 

t—+OC 

where  the  properties  of  the  transformation  are  independent  of 
the  initial  conditions  x(0)  and  :r'(0). 

Generalized  synchronization  occurs,  for  example,  in 
unidirectionally-coupled  chaotic  systems  where  the  driven 
system  (the  “synchronizable  chaotic  circuit”  block  in  Fig.  1) 
is  asymptotically  stable  [21]. 

If  the  transformation  M  is  invertible,  then 

g(t)  =  h(M~1(x'm 

approaches  g(t ).  However,  the  transformation  M  is  not  nec¬ 
essarily  invertible,  so  recovering  the  state  x\t)  in  a  coherent 
receiver  does  not  necessarily  permit  one  to  recover  the  required 
basis  function. 

3)  Phase  Synchronization:  Phase  synchronization  of  two 
coupled  systems  occurs  if  the  difference  |<£'(£)-0(t)|  between 
the  “phases”  of  the  two  systems  is  bounded  by  a  constant  [19], 
where  the  “phase”  is  some  suitably  chosen  monotonically 
increasing  function  of  time.  For  example,  in  the  case  of  a 
spiral  Chua  attractor  [22],  the  angle  of  rotation  about  the 
unstable  equilibrium  point  in  a  two-dimensional  projection  of 
the  attractor  would  be  a  suitable  choice. 

In  this  work,  we  are  concerned  with  recovering  basis  func¬ 
tions  exactly ,  so  we  focus  exclusively  on  identical  synchro¬ 
nization.  Since  we  are  dealing  with  one-way  communication 
between  a  transmitter  (the  drive  system)  and  a  receiver  (the 
response  system),  we  consider  only  unidirectional  coupling 
between  two  systems.  This  is  called  a  “drive-response”  or 
“master-slave”  configuration.  In  the  following  subsections,  we 
present  two  classical  approaches  to  identical  drive-response 
synchronization  of  unidirectionally-coupled  systems:  Pecora- 
Carroll  synchronization  and  error-feedback  synchronization.  In 
the  language  of  control  theory,  Pecora-Carroll  synchronization 
corresponds  to  open-loop  state  estimation,  and  error-feedback 
synchronization  corresponds  to  asymptotic  state  estimation. 

B.  Pecora-Carroll  Synchronization 

In  the  drive-response  synchronization  scheme  proposed  by 
Pecora  and  Carroll  [23],  a  chaotic  dynamical  system 

x  =  f(x)  (8) 

with  scalar  output  g{t)  =  /i(x),  as  shown  in  Fig.  5,  is 
decomposed  into  two  subsystems  with  states  x\  and  x2) 
respectively: 

x1=f1{xi,x2)  (9) 

x2=f2{x2,g{t))  (10) 


Fig.  5.  Block  diagram  of  drive  system  described  by  (8). 


Subsystem  1  Subsystem  2 

Fig.  6.  Pecora-CaiToll  decomposition  of  (8)  into  two  subsystems  described 
by  (9)  and  (10). 
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Fig.  7.  Pecora-Carroll  drive-response  synchronization.  The  response  system 
is  a  copy  of  the  second  subsystem  in  the  drive  system  shown  in  Fig.  6. 

where  x  =  (xi,x2),  and 

g(t)  =  h(xi{t),x2(t)) 

is  the  scalar  output  signal,  as  before;  this  is  illustrated  in  Fig.  6. 

The  system  is  partitioned  in  such  a  way  that  the  conditional 
Lyapunov  exponents7  (CLE’s)  [23]  of  the  second  subsystem 
(10)  are  negative. 

Qualitatively,  the  CLE’s  characterize  the  stability  of  the 
second  subsystem  (10)  when  driven  by  g(t).  If  all  CLE’s  are 
negative,  the  trajectory  x2(t)  is  asymptotically  stable  [23]. 
This  means  that  the  states  of  two  or  more  copies  of  the 
second  subsystem  will  synchronize  identically  when  driven 
by  the  same  input  g(t).  This  is  the  basis  of  Pecora-Carroll 
drive-response  synchronization. 

In  particular,  consider  “Subsystem  2”  in  Fig.  7.  This  system 
is  described  by 

X2  =  f2(X2,r(t)).  (11) 

If  the  CLE’s  of  this  subsystem  (called  the  “response  sys¬ 
tem”)  are  all  negative  and  ±2(0)  is  sufficiently  close  to  2:2(0), 

7  Lyapunov  exponents  (LE’s)  [24]  quantify  the  average  exponential  rate  of 
separation  of  trajectories  in  a  dynamical  system  under  steady-state  conditions. 
If  one  or  more  LE’s  is  positive,  then  there  is  a  ’‘direction”  in  the  system  along 
which  trajectories  are  stretched  apart  exponentially.  In  this  case,  the  system  is 
said  to  be  chaotic.  Conditional  Lyapunov  exponents  (CLE’s)  are  a  measure  of 
the  average  local  exponential  rate  of  separation  of  trajectories  in  a  dynamical 
system  along  a  reference  trajectory  which  is  defined  by  a  prescribed  input. 
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Fie.  9.  Chua’s  circuit  consists  of  a  linear  inductor  L,  two  linear  capacitors  Power  spectrum  of  chaotic  basis  function  g(t )  from  Chua’s  circuit. 

(C2,  Ci),  a  linear  resistor  R,  and  a  voltage-controlled  nonlinear  resistor  Nr.  H*rizontal  ^  f  (kHz);  vertical  axis  P(f)  (dB). 


and  r(t)  =  g(t ),  then  the  state  x2  of  the  response  system 
converges  asymptotically  to  x2 ,  i  e. 

lim  \\x2 (f)  “  ^2  WII  = 

t— >00 

In  terms  of  a  communications  system,  the  drive  system 
(8)  produces  a  chaotic  basis  function  g(t )  which  we  assume, 
for  simplicity,  is  transmitted  directly  through  the  channel  and 
received,  noisy  and  distorted,  as  v(t). 

Recall  that  the  objective  of  synchronization  in  a  coherent 
receiver  is  to  estimate  g(t),  given  r(t)  ^  g{t).  Therefore  the 
response  system  must  play  the  role  of  basis  function  recovery. 
It  is  not  sufficient  to  recover  ar2;  we  need  to  recover  both 
xi  and  *2-  This  can  be  accomplished  using  cascaded  drive- 
response  synchronization.  A  second  subsystem  is  added  which 
is  driven  by  the  first,  as  shown  in  Fig.  8.  Here, 

X2  =  f2{x2,r(t))  (12) 

Xl  =  fl(xi,X2). 

If  the  CLE’s  of  (12)  are  all  negative,  and  x2(0)  is  suffi¬ 
ciently  close  to  x2(0),  and  r(t)  =  g(t),  then  x2(f)  converges 
asymptotically  to  x2(t).  If,  in  addition,  the  CLE’s  of  (13)  are 
negative,  then  xj  converges  asymptotically  to  xu  i.e. 

lim  ||xi(f)  -xi(£)||  =  0, 

t— +oo 

and  the  output  g(t)  =  h(xl(t),x2(t))  converges  asymptoti¬ 
cally  to  g{t).  In  this  way,  a  basis  function  g(t)  may  m  principle 
be  recovered  from  the  received  signal  r(t). 

I)  Example:  Pecora-Carroll  Synchronization  in  Chua’s 
Circuit:  We  illustrate  basis  function  recovery  using  Pecora- 
Carroll  cascaded  drive  response  synchronization  in  Chua  s 
circuit  [25].  This  widely-studied  circuit,  shown  in  Fig.  9, 
consists  of  a  Unear  inductor,  a  linear  resistor,  two  linear 
capacitors,  and  a  single  nonlinear  resistor  Nr. 


The  dynamical  behavior  of  the  circuit  is  described  by  three 
ordinary  differential  equations: 

v1  =  £(r,-v,)-i/(Vi),  <M) 

V4=f(V.-l y+gj/s.  05) 

05) 

where  G  =  1  /R  and  /(Vr)  =  GbVR+\{Ga-Gb){\VR+E\- 
\yR  _  £|)  is  the  piecewise-linear  driving-point  characteristic 

of  the  nonlinear  resistor  Nr. 

This  system  may  be  partitioned  into  two  subsystems  in  a 
number  of  different  ways.  Since  the  subcircuit  consisting  of 
R,  L,  and  C2  [described  by  (15)  and  (16)]  is  passive,  and  there¬ 
fore  has  negative  CLE’s,  we  choose  this  as  “Subsystem  2. 
“Subsystem  1”  is  described  by  (14)  and  the  drive  signal  g{t) 

When  L  =  18  mH,  Ci  =  10  nF,  C2  =  100  nF,  R  « 
1800  0,Ga  =  -50/66  mS,  Gb  =  -9/22  mS,  and  £  =  IV, 
the  circuit  shown  in  Fig.  10  produces  a  chaotic  basis  function 
g(t)  whose  power  spectrum  is  shown  in  Fig.  11;  this  is  our 

drive  system. 

The  response  system  contains  a  cascaded  drive-response 
configuration.  The  first  section,  denoted  “Subsystem  2,”  and 
described  by 

h=-  \v2  (18> 

is  a  copy  of  Subsystem  2.  As  shown  in  Fig.  12,  this  circuit 
is  followed  by  a  copy  of  subsystem  1,  which  we  label 
“Subsystem  i:” 

*,  =  £((/,- Vi) -i/(V.)  (19) 
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Subsystem  2  Subsystem  i 

Recovery  of  g(t)  from  r(t)  using  Chua’s  circuit  in  a  Pecora-Carroll  cascaded  drive-response  configuration. 


Fig.  12. 

If  r(t)  «  g{t),  then  V2  approaches  V2  asymptotically. 
If  V2  fs  V2  and,  in  addition,  Vi(0)  is  sufficiently  close  to 
Vi(0)  and  the  CLE’s  of  “Subsystem  1”  are  negative,  then  Vi 
approaches  Vx  asymptotically  and  g(t)  «  g(t). 

In  this  way,  a  basis  function  can  be  recovered  from  the 
received  signal  if  r(t)  «  g(t)  and  the  parameters  of  the  drive 
and  response  system  are  matched. 

C.  Robustness  of  Pecora-Carroll  Synchronization 

In  the  discussion  above,  we  have  assumed  that  the  param¬ 
eters  of  the  drive  and  response  systems  are  identical,  that  a 
single  basis  function  g(t)  is  transmitted,  that  r(t)  ~  g(t), 
that  the  CLE’s  of  the  response  subsystems  are  negative,  and 
that  the  initial  conditions  of  the  systems  are  close;  this  rather 
extensive  set  of  assumptions  allows  us  to  recover  g{t). 

However,  we  pointed  out  in  Part  I  of  this  paper  that  the 
minimum  channel  nonidealities  which  must  be  considered  in 
a  practical  communications  system  are  additive  white  Gaussian 
noise  and  linear  bandpass  filtering.  Therefore,  we  must  con¬ 
sider  carefully  the  robustness  of  the  modulation/demodulation 
scheme.  How  well  can  we  recover  g{t)  using  synchronization 
from  the  noisy  distorted  version  r(f)? 

In  every  practical  implementation  of  a  telecommunications 
system,  the  transmitter  and  receiver  circuits  operate  under 
different  conditions,  so  it  is  necessary  to  consider  the  case 
of  a  mismatch  between  the  parameters  of  the  transmitter  and 
receiver.  The  parameter  mismatch  also  depends  on  temper¬ 
ature,  aging,  etc.  The  effect  of  parameter  mismatch  on  the 
recovery  of  g(t)  has  not  been  widely  studied;  further  research 
is  required  in  this  area. 

Pecora-Carroll  drive-response  synchronization  is  fundamen¬ 
tally  an  open-loop  state  estimation  technique,  the  objective  of 
which  is  to  reconstruct  the  state  x  of  the  transmitter,  given 
a  noisy  observation  r(t)  of  a  basis  function  g(t).  Open- 
loop  state  estimators  are  sensitive  to  noise  and  parameter 
mismatch.  Consequently,  identical  synchronization  using  the 
Pecora-Carroll  technique  is  not  robust,  as  we  shall  demonstrate 
by  example  in  Part  III  of  the  paper. 

CLE’s  are  a  local  concept  which  characterize  the  behavior 
of  a  system  close  to  a  prescribed  reference  trajectory.  If  a 
driven  system  is  nonlinear,  then  different  inputs  may  drive  the 
system  through  different  regions  of  its  state  space  and  produce 
different  CLE’s.  If  a  synchronization  scheme  relies  on  negative 
CLE’s  to  recover  g(t),  then  the  CLE’s  should  be  negative  for 
all  possible  inputs  under  expected  operating  conditions. 


Fig.  13.  Error-feedback  synchronization. 

One  way  to  guarantee  that  the  CLE’s  of  the  response 
subsystem  are  negative  is  to  make  that  subsystem  passive, 
as  we  did  in  our  Chua’s  circuit  example  above.  In  this 
case,  generalized  synchronization  always  occurs,  even  if  the 
parameters  of  the  drive  and  response  subsystems  are  mis¬ 
matched.  In  this  sense,  generalized  synchronization  is  a  robust 
phenomenon.  However,  identical  synchronization,  which  is 
required  for  recovering  chaotic  basis  functions,  occurs  only 
if  the  parameters  are  matched. 

Here,  we  have  discussed  a  continuous-time  state  estimator. 
Variations  on  this  theme  which  estimate  the  state  by  means  of 
Takens-type  delay  reconstructions  [26]  are  also  possible. 

The  performance  of  the  receiver  in  a  drive-response  config¬ 
uration  may  be  improved  significantly  by  adding  feedback  in 
the  state  estimator.  This  technique,  which  we  discuss  in  the 
next  section,  is  called  error-feedback  synchronization. 

D.  Error-Feedback  Synchronization 

The  goal  of  the  “synchronizable  chaotic  circuit”  block  in 
a  receiver  (see  Fig.  1)  is  to  estimate  the  basis  function  g(t), 
given  a  noisy  observation  r(f)  of  the  signal.  Error-feedback 
synchronization  is  a  technique  whereby  the  instantaneous 
difference  between  the  estimate  g(t)  and  the  received  signal 
r(t)  produces  a  scalar  error  signal  e(t)  which  modifies  the 
state  of  the  receiver  so  as  to  minimize  the  error. 

Assuming  that  the  basis  function  g(t)  has  been  generated 
by  the  system  shown  in  Fig.  5,  theft  the  corresponding  error- 
feedback  synchronizable  system  has  the  structure  given  in 
Fig.  13. 

Here, 

x  =  /(£)  4-  e(e(t)),  (20) 

where  e(t)  =  r(t)  -  g(t)  and  g(t)  =  h(x),  as  before.  : 
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Fig.  14.  Error-feedback  synchronization  in  Chua’s  circuit. 


With  appropriate  choices  for  h(-)  and  e(-), 
lim  ||x(t)  -x(i)||  =  0. 

t— ►  CO 

If  x,  converges  to  x,  then  g(t)  converges  to  g(t). 

1 )  Example:  Error-Feedback  Synchronization  in  Chua’s 
Circuit:  Consider  again  the  drive  system  formed  by  a  Chua’s 
circuit  shown  in  Fig.  10  which  produces  a  chaotic  basis 
function  g(t).  Error-feedback  synchronization  using  Unear 
feedback  may  be  implemented  by  the  circuit  configuration 


given  in  Fig.  14. 

Here, 

ri  =  -*)-£*•(*) +  |U 

(21) 

h=£(«t)-v a  +  T/3 

(22) 

>3  =  - 

(23) 

where  Ge  —  1  /Re  and  e(t)  —  r(t )  —  Vj  (t). 

For  a  sufficiently  small  value  of  the  coupling  resistor  Re,  Vi 

synchronizes  with  V\  and  g(t)  ~  g(t)- 
E.  Proof  of  Synchronization 

Synchronization  in  Pecora-Carroll  drive-response  systems 
may  be  estabUshed  by  numericaUy  calculating  the  CLE’s  of 
the  system.  This  approach  is  unsatisfactory  in  two  respects: 
extensive  simulation  is  required  to  calculate  the  CLE  s.  More¬ 
over,  the  synchronization  theorem  is  vaUd  only  for  trajectories 
in  the  receiver  which  come  sufficiently  close  to  the  reference 
trajectory  in  the  transmitter. 

Although  one  may  justifiably  argue  that  because  the  basis 
function  g(t)  belongs  to  an  attractor  and  that  ergodicity  on  this 
attractor  ensures  that  the  trajectory  x2(f)  will  eventually  come 
close  to  X2  and  “pull-in,”  there  is  no  a  priori  upper  bound  on 
the  pull-in  time  [4],  For  a  practical  communications  system, 
this  is  unacceptable.  Worse  still,  local  stability  of  the  reference 
trajectory  x2(t)  is  not  sufficient  to  guarantee  that  x2(f)  will 
remain  close  to  x2(t)  when  random  perturbations  are  added  to 
the  drive  signal,  as  happens  in  a  reaUstic  channel  model. 

Recent  work  has  highUghted  the  qualitative  difference  be¬ 
tween  “weak”  and  “strong”  forms  of  chaotic  synchronization 
in  systems  which  have  identical  transversal  Lyapunov  expo¬ 
nents  [27].  In  the  case  of  strong  synchronization,  additive  noise 
produces  a  small  synchronization  error  which  is  related  to  the 


noise  level.  Weak  synchronization  is  characterized  by  intermit¬ 
tent  desynchronization  bursts  of  large  amplitude  when  noise 
or  parameter  mismatches  are  present.  Consequently,  weak 
synchronization  is  not  suitable  for  chaotic  communications. 

By  contrast,  several  examples  exist  in  the  literature  where 
global  stability  can  be  proven  for  the  case  r(t)  =  g(t)  when 
strong  error- feedback  synchronization  is  used  [28]- [30].  This 
can  be  accomplished  by  using  Lyapunov  s  direct  method  [31] 
to  prove  that  the  error  system  (x(t)  -  x(t))  has  a  globally 
asymptotically  stable  equilibrium  point  at  the  origin. 

In  the  case  of  error-feedback  synchronization,  design  of 
the  feedback  and  analysis  of  the  stability  of  the  error  system 
reduces  to  a  nonlinear  observer  design  problem  [32],  Syn¬ 
chronization  performance  in  the  presence  of  noise  can  also  be 
improved  by  filtering  the  error  signal  eft)  before  applying  it 
to  the  summing  node  in  Fig.  13  [33]. 


V.  Concluding  Remarks 

Much  of  the  recent  research  in  chaotic  communications  has 
focused  on  synchronization.  Our  objectives  in  this  work  have 
been: 

1)  To  provide  a  theoretical  context  in  which  the  perfor¬ 
mance  of  modulation  schemes  based  on  chaotic  syn¬ 
chronization  can  be  evaluated, 

2)  To  develop  a  unified  framework  for  discussing  and 
comparing  conventional  and  chaotic  communications 
systems,  and 

3)  To  highlight  the  special  problems  that  arise  when  chaotic 
basis  functions  are  used. 

In  Part  I,  we  surveyed  the  theory  and  operation  of  the 
conventional  digital  communications  systems  and  identified 
the  minimum  requirement  for  a  realistic  channel  model.  The 
use  of  chaotic  carrier  signals  was  motivated  by  highlighting 
the  limitations  of  narrowband  communications. 

In  Section  II  of  Part  n,  we  described  the  CSK,  COOK,  and 
DCSK  modulation  techniques. 

We  compared  the  theoretical  performance  of  a  coherent 
correlation  receiver  with  synchronization,  a  noncoherent  corre¬ 
lation  receiver,  and  a  DCSK  correlation  receiver  in  Section  ffl. 

We  concluded  that  synchronization-based  recovery  of 
chaotic  basis  functions  from  noisy  received  sample  functions 
offers  potential  advantages  in  terms  of  data  rate  and  noise 
performance,  but  only  if  synchronization  can  be  maintained. 
If  synchronization  cannot  be  maintained,  then  noncoherent 
detection  represents  a  better  choice. 

In  Section  IV  we  surveyed  the  state-of-the-art  in  syn¬ 
chronization  of  chaotic  systems  in  the  context  of  digital 
communications. 

In  Part  III,  performance  targets  for  chaotic  communica¬ 
tions  techniques  are  summarized  and  examples  (CSK  with 
synchronization,  noncoherent  CSK  and  COOK,  and  DCSK 
correlation  receiver)  are  given.  We  evaluate  the  performance 
of  these  systems  in  the  context  of  a  noisy  and  bandlimited 
channel.  We  also  highlight  a  fundamental  problem  in  chaotic 
communications  of  minimizing  the  variance  of  the  estimation 
in  the  correlator. 
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Chaotic  digital  code-division  multiple  access  ((CD)2MA)  systems  are  new  types  of  communi¬ 
cation  systems  using  chaotic  carriers.  (CD)2MA  had  found  applications  in  both  wireless  and 
other  communication  systems.  In  this  paper  we  study  the  error  performance  of  chaotic  digi¬ 
tal  code-division  multiple  access  ((CD)2MA)  systems  used  in  both  wireless  environment  and 
cable  networks.  We  present  first  the  details  of  the  interleave  mode  of  the  (CD)2MA.  When  a 
(CD)2MA  system  works  in  the  interleave  mode,  each  of  its  transmitters  only  transmits  signals 
during  a  portion  of  the  bit  duration  of  the  message  signal.  The  total  interference  level  is  thus 
reduced  which  in  turn  increases  the  channel  capacity.  The  relationship  between  the  bit  error 
rate  (BER)  and  the  interleave  rate  is  studied  in  both  the  synchronous  (CD)2MA  system  used 
in  cable  systems,  and  the  asynchronous  (CD)2MA  system  used  in  wireless  environments.  Our 
simulation  results  show  that  in  a  cable  system  the  synchronous  (CD)2MA  system  can  support 
1.5  times  more  channel  capacity  than  synchronous  CDMA  systems,  and  double  the  channel 
capacity  of  CDMA  systems  in  wireless  environments. 


1.  Introduction 

A  digital  information  source  produces  a  finite  set 
of  possible  messages  while  an  analog  information 
source  produces  messages  that  are  defined  on  a  con¬ 
tinuum.  A  digital  communication  system  transfers 
information  from  a  digital  source  to  a  sink  while  an 
analog  communication  system  transfers  information 
from  an  analog  source  to  a  sink.  A  digital  waveform 
is  defined  as  a  function  of  time  that  can  have  only 
a  discrete  set  of  values  while  an  analog  waveform 
is  a  function  of  time  that  has  a  continuous  range  of 
values.  An  electronic  digital  communication  system 
usually  has  voltages  and  currents  that  have  digital 
waveforms.  In  some  cases,  the  digital  information 
is  transmitted  to  a  sink  by  use  of  analog  waveforms. 
In  such  cases,  the  system  is  still  called  a  digital  com¬ 
munication  system.  If  the  analog  waveforms  used 
are  chaotic,  we  call  it  a  chaotic  communication  sys¬ 
tem.  A  chaotic  digital  communication  system  has 
therefore  a  digital  information  source,  and  a  chaotic 


carrier.  The  classical  communication  systems  use 
sinusoidal  carriers,  which  are  not  chaotic. 

In  view  of  the  wide  and  continuous  spec¬ 
trum  of  chaotic  carriers,  a  chaotic  digital  commu¬ 
nication  system  is  a  spread  spectrum  system  in 
nature.  Before  spread  spectrum  communication 
systems  become  widely  used  in  commercial  wireless 
markets,  there  is  little  motivation  to  use  chaotic 
carriers  in  view  of  their  low  efficiency  in  send¬ 
ing  narrow  band  information  sources.  An  exami¬ 
nation  of  previous  chaotic  communication  systems 
[Yang  &  Chua,  1996a,  1996b;  Wu  et  a/., 

1996]  will  show  that  the  chaotic  carrier  has  a 
much  wider  bandwidth  than  that  of  the  message 
signal.  This  low  channel  efficiency  of  chaotic 
communication  system  in  narrow  band  commu¬ 
nication  settings  may  pose  a  serious  disadvan¬ 
tage  in  commercial  applications.  This  weakness 
was  partially  the  reason  why  the  study  of  past 
chaotic  communication  systems  has  focused  on 
security  issues  rather  than  on  commercial  issues 
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[Yang  et  al.,  1997;  Yang  &  Chua,  1997b].  In  a 
secure  communication  system,  the  most  important 
issue  is  security  rather  than  the  channel  efficiency. 
However,  in  commercial  applications,  where  chaotic 
communication  systems  could  have  a  large  poten¬ 
tial  market,  channel  efficiency  is  always  the  first 
consideration. 

When  we  consider  the  application  of  chaotic 
carriers  in  spread  spectrum  communication  sys¬ 
tems,  the  situation  is  quite  different.  There  are 
at  least  three  reasons  for  studying  chaotic  commu¬ 
nication  systems  from  a  theoretical  point  of  view. 
Firstly,  the  success  of  nonlinear  sciences,  nonlin¬ 
ear  mathematics  and  nonlinear  engineering  since 
the  1980’s  had  set  a  solid  basis  for  chaotic  com¬ 
munication  systems.  Secondly,  the  development  of 
the  digital  communication  technology  had  made  the 
efficiency  of  the  spectrum  resource  the  first  prior¬ 
ity  over  the  price  of  the  system.  Besides  these 
two  reasons  note  also  the  rapid  development  of 
micro-electronics  had  followed  the  so  called  Moore ’s 
Law  [Schaller,  1997],  thereby  offering  a  very  high 
performance  to  price  ratio  to  IC  chips.  So  far, 
GaAs  and  silicon  bipolar  and  BiCMOS  technologies 
have  contributed  a  major  portion  of  the  RF  mar¬ 
ket.  As  a  promising  contender,  the  RF  CMOS  may 
also  contribute  to  this  market  in  the  near  future. 
Thirdly,  the  commercial  spread  spectrum  commu¬ 
nication  systems  had  made  use  of  chaotic  carriers 
which  occupy  much  more  bandwidth  than  that  of 
linear  carriers. 

So  far,  there  are  at  least  two  approaches 
for  applying  chaos  to  spread  spectrum  communi¬ 
cation  systems,  especially  CDMA  systems.  The 
first  approach  uses  a  chaotic  sequence  to  serve 
as  chip  sequences  [Mazzini  et  al.,  1997].  Since 
the  chip  sequences  used  in  the  classical  CDMA 
systems  are  designed  in  a  theoretically  orthogo¬ 
nal  way,  the  improvement  that  chaotic  chip  se¬ 
quences  can  achieve  is  very  limited  if  the  orthog¬ 
onality  of  the  chaotic  chip  sequences  can  not  be 
guaranteed.  Instead  of  fitting  into  the  old  frame¬ 
work,  our  chaotic  digital  code-decision  multiple  ac¬ 
cess  ((CD)2MA)  systems  [Yang  &  Chua,  1997a, 
1997c]  introduced  revolutionary  changes  to  the  old 
communication  framework,  which  is  based  on  lin¬ 
ear  carriers,1  by  using  chaotic  ( nonlinear )  carriers.2 


The  relation  between  the  carrier  and  the  mes¬ 
sage  signal  in  linear  and  chaotic  communication  sys¬ 
tems  is  depicted  in  Fig.  1  in  the  frequency  space 
(spectrum).  Figure  1(a)  shows  the  case  where  the 
linear  carrier  is  a  single  sinusoidal  tune  while  the 
message  signal  has  a  given  bandwidth.  Then,  a 
modulation  process  spreads  the  bandwidth  around 
the  center  frequency  of  the  carrier.  This  method 
was  originally  designed  for  narrow-band  communi¬ 
cation  systems.  It  has  recently  been  used  in  com¬ 
mercial  spread  spectrum  communication  systems. 
The  advantage  of  this  method  is  the  simplicity  of 
the  carrier,  which  can  be  generated  by  a  limit  cycle 
in  a  dynamic  system,  such  as  an  electronic  oscilla¬ 
tor.  Figure  1(b)  shows  the  case  where  the  nonlin¬ 
ear  carrier  is  already  a  wide-band  signal,  such  as  a 
chaotic  signal.  We  can  see  that  in  this  case  the  mes¬ 
sage  signal  has  a  much  smaller  bandwidth  than  the 
nonlinear  carrier.  This  implies  that  chaotic  commu¬ 
nication  system  should  be  a  spread  spectrum  com¬ 
munication  system.  In  other  word,  chaotic  commu¬ 
nication  systems  are  specially  designed  for  spread 
spectrum  applications. 

The  main  challenge  in  chaotic  communica¬ 
tion  systems  is  the  design  of  nonlinear  carriers, 
which  are  (hyper-)chaotic  signals.  One  disadvan¬ 
tage  of  a  chaotic  carrier  is  the  lack  of  study  of 
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Fig.  1.  Difference  between  the  relations  of  carriers  and  mes¬ 
sage  signals  in  linear  and  chaotic  communication  systems, 
(a)  Linear  communication  system,  (b)  Chaotic  communica¬ 
tion  system. 


1  Sometimes  we  can  view  the  chip  sequence  used  in  CDMA  as  a  nonlinear  sub-carrier.  However,  since  the  chip  sequence  is 
finally  transmitted  by  a  linear  carrier  to  the  sink,  we  can  not  lump  CDMA  into  nonlinear  communication  framework. 

2Strictly  speaking,  the  concept  of  a  nonlinear  carrier  is  wider  than  the  concept  of  a  chaotic  carrier.  For  example,  the  solitons 
used  in  optical  fiber  communication  systems  is  a  kind  of  nonlinear  carrier  but  not  a  chaotic  one. 
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RF  chaotic  circuits  in  electrical  engineering  because 
nonlinearities  were  always  suppressed  as  “undesir¬ 
able”  properties  in  previous  RF  circuit  designs  [Lee, 
1998].  For  example,  a  very  common  nonlinearity 
in  RF  circuits  called  gain  compression,  can  cause 
desensitization  and  blocking  when  a  weak,  desired 
signal  along  with  a  strong  interference  is  processed. 
However,  in  chaotic  communication  systems,  we 
usually  use  gain  compression  to  restrict  the  en¬ 
ergy  growth  rate  of  chaotic  trajectories  and  reshape 
chaotic  attractors.  This  simple  example  shows  the 
difference  between  the  standpoints  of  linear  commu¬ 
nication  systems  and  chaotic  communication  sys¬ 
tems.  The  former  tries  to  avoid  the  unavoidable 
nonlinearity  while  the  latter  exploits  the  benefits  of 
nonlinearities. 

The  organization  of  this  paper  is  as  follows.  In 
Sec.  2,  theoretical  results  for  evaluating  bit-error- 
rate  (BER)  performance  of  (CD)2MA  systems  are 
given.  In  Sec.  3,  details  of  interleave  mode  of 
(CD)2MA  systems  are  presented.  In  Sec.  4,  the 
BER  performance  of  synchronous  (CD)2MA  in  ca¬ 
ble  communication  systems  is  presented.  In  Section 
5,  the  BER  performance  of  asynchronous  (CD)2MA 
in  wireless  environment  is  presented.  Finally,  some 
concluding  remarks  are  given  in  Sec.  6. 


2.  BER  Performance  of  (CD)2MA 
Systems 

To  compare  the  performance  of  CDMA  and 
(CD)2MA  systems,  which  modulate  binary  signals 
using  linear  and  chaotic  carriers,  respectively,  we 
must  analyze  their  bit-error-rate  (BER)  perfor¬ 
mances.  This  section  is  restricted  to  the  coherent 
detection  of  binary  phase  shift  keying  (BPSK)  mod¬ 
ulation  because  BPSK  is  used  to  modulate  the  sub¬ 
carrier  (chip  sequence)  in  CDMA  systems  [Viterbi, 
1995],  and  the  chaotic  carrier  in  (CD)2MA  sys¬ 
tems  [Yang  Sz  Chua,  1997c],  respectively.  We  as¬ 
sume  that  when  a  signal  s*i(f)  (resP)  Si2(t))  is 
transmitted,  the  received  signal,  rj(t),  is  equal  to 
sn(t)  +  n(t)  +  Ii(t)  (resp.  si2(t)  +  n(t)  +  /j(t)). 
While  the  noise  n(f )  is  always  modeled  as  an  addi¬ 
tive  white  Gaussian  noise  (AWGN),3  which  gives  us 
a  mathematically  tractable  model,  the  interferences 
Ii(t)  from  the  other  users  in  the  same  base  station 
in  wireless  systems  (or,  from  the  same  fiber  node 


and  headend  in  hybrid  optical-coax  cable  networks) 
cannot  be  modeled  by  AWGN  because  they  are  sim¬ 
ply  not  AWGN.  Based  on  this  consideration,  we 
use  simulation  to  model  the  interferences  which  are 
in  fact  “man-made”  noises  and  model  the  channel 
noise  as  AWGN  processes. 

The  “opposite-sign”  signals,  sa(t)  and  Si2(t) 
can  be  defined  by 

Sil(t)  =  VEa(t),  si2{t)  =  -VEa(t),  0  <t<T 

(1) 

By  using  a  [0,  T]  correlator  as  the  matched  filter, 
the  decision  state  of  the  detector  will  choose  the 
Si =  1,2  with  the  largest  correlator  output 
Z{T,  or  in  the  case  of  equal-energy  opposite-sign  sig¬ 
nals,  the  detector’s  decision  is  based  on  the  follow¬ 
ing  criterion: 

sa{t)  if  Zi(T)  >  0  ^ 

Si2(t)  otherwise 

As  shown  in  Fig.  2,  two  kinds  of  errors  can  be 
output  by  the  detector:  the  first  one  takes  place 
if  sn(t)  is  transmitted  but  the  noise  and  interfer¬ 
ence  is  such  that  the  detector  measures  a  nega¬ 
tive  value  of  Zi{T)  and  chooses  Hi2  (the  hypothesis 
that  Si2(t)  was  sent).  The  second  one  takes  place  if 
Si2(t)  is  transmitted  but  the  noise  and  interference 
is  such  that  the  detector  measures  a  positive  value 
of  Zi(T)  and  chooses  Hu  (the  hypothesis  that  sa(t) 
was  sent).  These  two  types  of  errors  are  shown  as 
shadowed  regions  in  Fig.  2. 

The  BER  is  then  given  by 

BER  =  P(ff2|si)P(si)  +  P(Hx\s2)P(s2)  (3) 


Fig.  2.  Schematic  plot  of  the  probability  of  misclassification 
in  the  outputs  of  the  decision  rule  of  the  detector. 


3It  should  also  be  noted  that  in  some  channels  noises  cannot  be  modeled  as  AWGN.  For  example,  in  the  5-40  MHz  band  of 
cable  TV  systems,  the  channel  noises  are  impulses  picked  up  from  home  electronic  devices  and  from  narrow-band  interferences 
picked  up  by  the  cable  networks  from  other  RF  broadcast  sources. 
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For  a  message  signal,  we  can  suppose  that  P(s\)  = 
P(s2)  =  0.5,  and  we  have 

BER  =  0.5P(tf2|si)  +  0.5P(tfi|s2)  (4) 

In  view  of  the  complexities  of  the  chaotic  car¬ 
riers,  P(Zi\sa)  and  P(Zi\si2)  are  two  very  complex 
functions,  which  depends  on  the  type  of  chaotic  car¬ 
rier,  the  interleave  rate  (see  Sec.  3),  and  the  chan¬ 
nels.  Instead  of  trying  to  model  them  by  formulas, 
in  this  paper,  we  use  well-designed  simulations  to 
determine  these  two  functions. 


3.  Details  of  Interleave  Technology 
used  in  (CD)2MA  Systems 

Just  as  CDMA  systems,  (CD)2MA  systems  are 
interference-limited  but  not  dimension-limited  as 
TDMA  and  FDMA.  The  main  error  source  is  not 
the  channel  noise  but  the  interference  from  the 
other  (CD)2MA  users.  There  are  many  tricks  such 
as  power  control  and  speech  active  rate,  which  have 
been  used  to  reduce  global  interference  energy  in 
a  cell  in  CDMA  systems.  Besides  these  tricks, 
the  (CD)2MA  can  play  one  more  trick  to  reduce 
global  interference  dramatically;  namely,  interleave 
technology. 

We  use  the  following  example  to  demonstrate 
the  interleave  technology  of  (CD)2MA  systems. 
Suppose  each  user  in  a  6  MHz  band  uses  a  32  kbps 
modem,4  so  that  the  processing  gain  is  given  by 
Gp  =  60000/32  «  188.  In  a  CDMA  system,  since 
a  chip  sequence  around  6  MHz  is  used,  the  trans¬ 
mitter  must  send  a  continuous  waveform  to  allow 
the  receiver  to  recover  the  chip  sequence.  However, 
in  a  (CD)2MA  system,  it  is  not  necessary  to  keep 
a  transmitter  working  all  the  time  during  a  symbol 
duration  because  the  redundancy  in  transmitting  1 
bit  can  generate  much  interference  energy.  It  is  in¬ 
deed  remarkable  that  a  (CD)2MA  system  directly 
modulates  the  rather  slow  symbol  sequence  in  its 
chaotic  carrier  instead  of  modulating  a  very  fast 
chip  sequence  in  a  linear  carrier  as  in  the  CDMA 
systems.  This  enables  the  (CD)2MA  system  to  work 
under  a  so-called  interleave  mode. 

The  block  diagram  of  the  interleave  mode  of 
(CD)2MA  is  shown  in  Fig.  3.  In  this  figure  only 
the  duration  of  one  symbol  bit  2]  is  shown.  Ob¬ 
serve  that  this  time  interval  is  divided  into  small 
time  fragments  of  length  Ta  called  an  active  dura¬ 
tion.  For  sending  a  message  bit  in  the  bit  duration 
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Fig.  3.  Block  diagram  of  the  interleave  mode  in  (CD)2MA 
systems. 


(kTb,(k  +  1)2]],  each  transmitter  only  becomes 
active  during  a  prescribed  active  duration  located 
randomly  within  ( kTb ,  (k  +  1)2],].  The  ratio  Rj  = 
Tb/Ta  is  called  the  interleave  rate ,  which  is  a 
very  important  parameter  for  designing  a  good 
(CD)2MA  system.  Since  exploiting  the  interleave 
mode  in  (CD)2MA  systems  is  a  new  concept,  the 
main  purpose  of  this  paper  is  to  analyze  how  the 
interleave  rate  affects  the  BER  performance  of  a 
(CD)2MA  system. 

The  principle  of  assigning  an  active  duration  to 
a  certain  active  user  is  to  reduce  the  overall  inter¬ 
ference  level  within  a  cell  in  wireless  systems,  or  a 
headend  controller  in  cable  systems.  The  assign¬ 
ment  of  active  duration  is  made  at  the  base  station, 
or  at  the  headend  controller  by  checking  the  num¬ 
ber  of  active  users,  the  data-link  load  of  each  user, 
and  the  total  data-link  load.  At  least  two  typical 
cases  must  be  considered. 

1.  All  users  have  the  same  data-link  load. 

This  is  the  typical  case  in  today’s  cellular  phone 
systems,  where  each  cellular  phone  has  a  9.6  kbps 
data-link  load.  In  this  case,  the  active  durations  are 
distributed  uniformly  over  the  entire  2].  If  the  user 
number  is  less  than  Rj,  then  the  active  duration 


4This  example  provides  a  typical  setting  of  a  coaxial  cable  TV  systems  designed  for  accessing  the  Internet  [Yang  &  Chua, 
1998]. 
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Fig.  4.  Comparison  of  (CD)2MA  interleave  mode,  TDMA  and  CDMA. 
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can  be  either  separated  from  each  other  by  empty 
time  slots,5  or  enlarged  to  support  a  bigger  data- 
link  speed.  If  the  user  number  is  around  i?j  then 
the  active  durations  should  be  arranged  consecu¬ 
tively  one  after  the  other  to  avoid  overlaps.  If  the 
user  number  is  much  bigger  than  Ri,  the  overlap  be¬ 
tween  different  active  durations  is  unavoidable.  Our 
strategy  in  this  case  is  to  let  the  overlaps  distribute 
uniformly  over  the  duration  Tf,.  In  this  case,  two 
possible  actions  may  be  taken.  The  first  is  to  keep 
Rj  unchanged  while  allowing  the  BER  performance 
to  degrade  to  some  degree;  namely,  a  soft  degra¬ 
dation  which  is  tolerable  in  speech  communication. 
The  second  is  to  increase  Ri  thereby  resulting  in 
a  decrease  of  the  maximum  data-link  load  for  each 
user  but  keeping  the  BER  performance  unchanged. 
This  is  important  in  the  Internet  applications.  How¬ 
ever,  in  both  cases,  the  quality  of  service  (QoS)  is 
unavoidably  degraded. 

2.  Users  have  different  data-link  loads. 

In  future  Internet  or  other  Information  Super¬ 
highway  frameworks,  the  QoS  is  closely  linked  to 
the  user  subscribing  fee.  In  each  framework,  differ¬ 
ent  QoS  levels  (of  course,  different  fee  rates)  will  be 
supported  to  exploit  the  spectrum  resources  more 
efficiently.  Both  high-speed  data-links  (such  as 
high-resolution  real-time  images  in  telesurgery,  tele¬ 
conference  and  tele-robotic)  and  low-speed  data- 
links  (such  as  normal  Internet  users  and  cellular 
phone  users)  will  coexist  in  the  same  local  base  sta¬ 
tion.  The  difference  between  different  QoS  levels 
is  very  large.  For  example,  a  10-second  delay  to 
a  tele-surgery  system  is  much  more  critical  than 
a  30-second  delay  to  a  casual  Internet  user.  The 
dynamical  range  of  the  data-link  speed  may  vary 
from  1  Mbps  to  9.6  kbps.  The  current  CDMA  sys¬ 
tems  cannot  support  this  big  dynamical  range  be¬ 
cause  step  switches  are  used  to  change  the  bit-rate. 
On  the  other  hand,  by  assigning  active  durations,  a 
(CD)2MA  system  can  support  any  dynamical  range 
that  a  bandwidth  can  support.  This  can  easily  be 
achieved  by  assigning  different  active  durations  to 
different  QoS  levels.  For  high-speed  data-links,  long 
active  durations  are  assigned.  For  low-speed  data- 
links,  short  active  durations  are  assigned.  Since 
different  active  durations  and  bit-rates  are  used  in 
the  same  bandwidth,  the  overall  assignment  of  du¬ 
rations  should  distribute  the  overlaps  uniformly 


with  respect  to  time.  In  this  case,  the  active  du¬ 
ration  assigning  process  is  not  a  trivial  one  because 
some  dynamical  algorithms  must  be  used  to  mon¬ 
itor  the  overall  interference  level.  However,  since 
this  happens  at  the  base  station,  this  technical  com¬ 
plexity  can  be  solved  without  modifying  the  mobile 
stations. 

Although  at  first  sight  the  interleave  mode  ap¬ 
pears  somewhat  similar  to  TDM  A,  they  are  in  fact 
quite  different.  The  main  distinction  of  (CD)2MA 
from  TDMA  and  CDMA  is  shown  in  Fig.  4  where 
only  four  transmitters  and  Rj  =  2  are  shown  for 
clarity.  Observe  that  in  a  TDMA  system,  the  “ac¬ 
tive  duration”  for  each  user  is  fixed.  Once  a  TDMA 
system  is  set  up  a  prescribed  “active  duration”  will 
always  be  reserved  for  a  certain  user  even  if  this 
user  transmits  nothing  during  this  time  slot.6  In 
(CD)2MA  systems,  the  active  duration  for  a  cer¬ 
tain  user  is  dynamically  assigned  at  any  location 
within  the  symbol  bit  duration  to  achieve  a  mini¬ 
mum  peak  interference  at  all  times.  This  dynamical 
assignment  results  in  a  maximum  usage  efficiency  of 
the  spectrum  resources.  For  example,  if  an  active 
user  is  detected  to  be  silent  in  a  symbol  bit  dura¬ 
tion,  the  base  station  will  reassign  the  active  du¬ 
rations  such  that  the  total  overlap  will  be  reduced. 
A  (CD)2MA  system  is  also  different  from  a  CDMA 
system  because  each  CDMA  user  must  transmit  a 
modulated  carrier  continuously. 

The  reader  should  also  note  that  synchroniza¬ 
tion  in  the  interleave  mode  is  the  same  as  that  pre¬ 
sented  before  [Yang  &  Chua,  1997c].  This  means 
that  in  the  interleave  mode  the  synchronization  of 
the  chaotic  carrier  is  continuous. 

4.  Synchronous  (CD)2MA  for  Cable 

Networks 

Application  of  (CD)2MA  to  cable  networks  is 
very  promising  because  cable  networks  can  pro¬ 
vide  much  a  larger  bandwidth  than  telephone  lines. 
Figure  5(a)  shows  the  outline  of  a  typical  current 
cable  communication  system.  The  central  node  of 
a  cable  TV  system  is  the  headend.  Signals  from 
different  sources,  such  as  satellite  and  terrestrial 
broadcast,  Internet,  as  well  as  locally  originating 


sAn  empty  time  slot  is  defined  as  a  time  duration  within  which  no  user  is  active  in  this  local  central  cell.  However,  the 
interference  from  other  cells  and  noise  still  exists. 

6This  is  one  of  the  drawbacks  of  TDMA  systems  where  resources  are  wasted  by  idle  users. 
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programming,  are  modulated  onto  radio  frequency 
carriers  and  combined  together  for  distribution  over 
the  cable  system.  Supertrunks  (high-quality  mi¬ 
crowave,  fiber  optic,  or  cable  links)  connect  the 
head-end  to  local  distribution  centers,  known  as 
hubs.  Several  trunks  may  originate  from  a  hub 
to  provide  coverage  over  a  large  contiguous  area. 
Figure  5(b)  shows  a  single  trunk  of  a  typical  cable 
TV  system.  Trunk  amplifiers  axe  installed  along 
the  trunk  to  maintain  the  signal  level  and  com¬ 
pensate  for  cable  transmission  characteristics.  The 
bridge  amplifier  serves  as  a  high-quality  tap,  provid¬ 
ing  connection  between  the  main  trunk  and  multi¬ 
ple  high-level  branches.  The  fine  extender  is  a  type 
of  amplifier  that  maintains  the  signal  level  along 
the  branch.  The  splitter  connects  a  subbranch  to  a 
branch.  Subscriber  drops  are  connected  to  passive 
taps  along  the  subbranch. 

In  a  cable  system,  (CD)2MA  can  be  syn¬ 
chronous.  In  this  case,  perfect  power  control  is 
assumed  and  the  delay  from  each  path  can  be  mea¬ 
sured  and  compensated  at  the  headend  controller. 
In  this  section,  the  BER  of  a  synchronous  (CD)2MA 
system  is  given  under  different  conditions,  such 
as  different  modem  speed,  or  different  number 
of  users. 

The  chaotic  carrier  for  the  ith  user  is  mod¬ 
eled  as 

N 

Ci(t)  =  “i.nW  COS (<jJi>nt  +  0i,n ) 

71=1 

=Re  j Xj  ai>n(t)  exp(;Kn*  +  A«)|  ,N  ->oo 

(5) 

where  aitTl(t)  €  3?,  a>i,n  €  [prescribed  spectral  band], 
and  0t,n  €  (— 7r,7r]  are,  respectively,  the  amplitude, 
frequency  and  phase  of  the  nth  component  of  the 
chaotic  carrier.  In  the  simulations,  Ui>n  is  not  nec¬ 
essarily  equal  to  Uj>n  for  i  j.  In  our  model  u>iiTl 
is  chosen  randomly  in  a  small  sub-band  of  the  pre¬ 
scribed  spectrum  band. 

4.1.  Performance  with  low-speed 
data  links 

Let  us  investigate  first  the  BER  performance 
of  (CD)2MA  systems  with  low-speed  modems. 


100  subcarriers  are  used  to  model  the  chaotic 
carrier  and  we  suppose  that  each  user  uses  a  32 
kbps  modem.  The  bandwidth  is  6  MHz.  The  in¬ 
terleave  rate  is  Ri  =  10.  Figure  6(a)  shows  the 
case  when  470  users  are  active  in  the  network  un¬ 
der  a  headend  controller.  In  this  figure,  the  blue 
curve  and  the  green  curve  are  the  probability  den¬ 
sity  functions  of  the  outputs  of  the  LPFs  for  bit-1 
and  bit-0,  respectively.  The  red  vertical  line  de¬ 
notes  the  decision  line.  The  overlap  between  the 
blue  curve  and  the  green  one  results  in  a  0.0089 
BER.  Figure  6(b)  shows  the  case  when  300  users  are 
active.  Observe  that  the  blue  and  the  green  curves 
do  not  overlap  each  other.  In  this  case  the  BER 
is  0.7 

The  interleave  rate  can  affect  the  BER  perfor¬ 
mance  significantly.  To  show  this  we  also  give  the 
simulation  results  for  an  interleave  rate  of  Ri  =  5. 
Figure  6(c)  shows  the  case  of  470  users.  Comparing 
the  results  in  Figs.  6(a)  and  (c)  we  find  that  the 
overlap  is  much  larger  in  the  latter.  This  results  in 
a  very  big  BER  of  0.1072.  Figure  6(d)  shows  the 
case  of  300  users.  Similarly,  a  decrease  in  the  in¬ 
terleave  rate  increases  the  overlap  and  in  turn  the 
BER  significantly.  In  this  case,  the  BER  is  0.0178, 
which  is  still  larger  than  the  case  of  470  users  with 
an  interleave  rate  of  10. 

The  results  of  the  BER  performances  with 
different  interleave  rates  are  shown  in  Fig.  7.  The 
blue  curve  and  the  red  curve  show  the  BER  perfor¬ 
mances  with  Ri  —  10  and  5,  respectively.  Observe 
that  by  using  only  a  low  interleave  rate  the  BER 
performance  is  already  comparable  to  traditional 
S-CDMA  systems  [Yang  &  Chua,  1998].  With 
larger  interleave  rates  the  BER  performance  of 
(CD)2MA  systems  is  much  better  than  that  of 
the  traditional  S-CDMA  systems.  The  technical 
restriction  on  increasing  the  interleave  rate  is  that 
the  outskirts  of  the  switching  processes  may  be 
bigger  than  the  active  duration  itself.  In  this 
case,  strong  interferences  are  introduced  by  the 
transient  processes,  rather  than  by  the  active 
duration.  This  in  turn  decreases  the  usage  effi¬ 
ciency  of  the  spectrum.  The  impulsive  noises  in 
cable  TV  systems  also  imposes  a  restriction  on  the 
decrease  of  Ta.  The  active  duration  Ta  should  be 
large  enough  compared  to  the  largest  duration  of 
impulsive  noises. 


7In  fact,  theoretically  the  BER  cannot  be  zero.  Our  observation  of  zero  value  in  Fig.  6(b)  is  due  to  the  short  length  of 
our  samples.  However,  the  actual  BER  can  be  guaranteed  to  be  less  than  10“ 6  whenever  a  zero  BER  is  observed  in  the 
simulations. 
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Fig.  7.  The  BER  performance  of  synchronous  (CD)2MA 
systems  with  different  interleave  rates  in  the  low-speed  modes 
of  cable  systems. 


Fig.  8.  The  BER  performance  of  synchronous  (CD)2MA 
systems  with  different  interleave  rates  in  the  high-speed 
modes  of  cable  systems. 


4.2.  Performance  with  high-speed 
data  links 

Next  let  us  study  the  case  where  each  user  uses  a 
high-speed  modem.  The  shapes  of  the  probability 


density  functions  are  qualitatively  the  same  as  those 
in  the  low-speed  cases.  The  results  of  the  BER  per¬ 
formances  with  different  interleave  rates  are  shown 
in  Fig.  8.  The  blue  curve  and  the  red  curve  show 
the  BER  performances  with  Rj  =  10  and  5,  respec¬ 
tively.  Comparing  the  results  in  Figs.  7  and  8  we 
can  see  that  the  capacity  that  the  (CD)2MA  can 
provide  for  high-speed  links  is  smaller  than  that 
for  low-speed  links.  This  result  shows  that  in  ca¬ 
ble  networks,  a  synchronous  (CD)2MA  system  can 
efficiently  support  a  large  number  of  distributed 
low-speed  links.  This  is  just  the  case  of  digital 
personal  communication  systems  (PCS).  Since  the 
channel  capacity  that  can  be  provided  under  the 
low-speed  condition  is  almost  twice  of  that  under 
the  high-speed  condition,  another  method  to  exploit 
the  channel  capacity  is  to  subdivide  the  high-speed 
data  streams  into  low-speed  data  sub-streams  and 
then  transmit  the  sub-streams. 

5.  (CD)2MA  for  Wireless 

Communication  Systems 

The  outline  of  a  (CD)2MA  system  in  a  wireless  en¬ 
vironment  is  shown  in  Fig.  9.  A  service  region  is 
usually  divided  into  small  regions  called  cells.  In 
the  downtown  of  a  big  city  the  radius  of  a  cell  may 
be  as  small  as  2  km.  The  core  of  a  cell  is  called  a 
base  station,  which  controls  and  monitors  all  users 
called  mobile  stations.  A  mobile  station  may  be  a 
cellular  phone,  or  a  mobile  lap-top  personal  com¬ 
puter  (PC). 

In  wireless  applications  of  (CD)2MA  systems, 
the  channels  are  much  more  complicated  than  those 
in  cable  systems.  The  most  significant  difference  is 
the  multipath  fading,  which  is  depicted  in  Fig.  10. 
Observe  that  different  buildings  at  different  dis¬ 
tances  and  directions  can  introduce  different  prop¬ 
agating  paths  between  the  mobile  station  and  the 
base  station. 

The  multipath  channel  is  characterized  by  a 
set  of  equivalent  complex-valued  low-pass  impulse 
responses 

L  I* 

hk{t)  =  (3ki5(t  -  rki)  exp(—j</>ki)  >  (6) 

i=i  >  k= l 

where  K  denotes  the  number  of  active  users.  Here 
we  assume  that  every  link  has  a  fixed  number, 
L,  of  resolvable  paths.  The  path  gains  {Pki}i=\, 
path  delays  {tm}iLv  and  path  phases  {<f>kl)iLi  are 
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Fig.  9.  Outline  of  a  (CD)2MA  system  in  a  wireless  environment. 


three  random  variables.  For  a  given  k,  {Pkl}iLi 
is  modeled  as  a  set  of  independent  Rayleigh  ran¬ 
dom  variables  whose  probability  density  functions 
are  given  by 


ak  >  0,  k  =  1,  2, .. . ,  L 


We  assume  that  the  L  multi-path  components 
are  Rayleigh  random  variables  of  equal  average 
strength,  so  that 

a2kr  =  a2,  for  all  A:  =  1,  2,...,  L  (8) 

Following  [Wu  et  al.,  1995],  we  choose  aT  =  4  dB. 
The  set  {m}^  of  random  variables  are  mutually 
independent  and  uniformly  distributed  over  [0,  A], 
where  A  has  an  average  value  of  0.5  ps  in  sub¬ 
urban  areas  and  3  ps  in  urban  areas.  In  certain 
mountain  areas,  A  can  be  up  to  100  ps  [Lee,  1989, 
1991].  The  set  {4>kl}iLi  of  random  variables  are  in¬ 
dependent  uniform  random  variables  over  [0, 2n), 
all  of  which  Eire  also  statistically  independent  from 
each  other. 

To  simulate  the  Rayleigh  random  variable  ak, 
we  first  calculate  the  corresponding  cumulative 


distribution  function  as 

F(ak)  =  l-e-^r  (9) 

and  obtain 

F~1(x)  =  J-a*log(l-x)  (10) 

If  x  has  the  uniform  distribution  on  [0,1],  then 
F~1(x)  has  the  probability  density  function  as  in 
Eq.  (7).  This  is  the  basis  for  simulating  Rayleigh 
random  variables  in  our  simulations,  whose  valid¬ 
ity  is  guaranteed  by  Theorem  4.6.1  on  page  148  of 
[Groeneveld,  1979]. 

With  the  above  model,  the  received  composite 
signal  at  the  central  node  is  given  by 

{K  L 

^2  Pkick(t-Tkl)  exp {-j4>ki)+p{t) 
k= 1 Z=1 

{K  L  N 

S  Pkiak,n(t-Tkl)  exp{ju>k,n(t-Tkl) 
fc=l  Z=1  n=l 

+j6k,n-j<fikl]+P(t)}  C11) 

where  p(t)  is  a  complex-valued  white  Gaussian 
noise  with  one-sided  power  spectral  density  2Nq. 


loglO(BER) 
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Fig.  10.  Multipath  fading  in  wireless  (CD)2MA  systems. 


The  conditions  for  our  simulation  are  the  same 
as  those  of  the  industrial  standard  IS-95:  the  band¬ 
width  is  1.25  MHz,  the  message  signal  bit-rate  is 
9.6  kbps.  Since  the  message  bit  duration  Tb  is  much 
bigger  than  that  used  in  cable  systems,  Rj  can  also 
be  increased. 

The  results  of  the  BER  performance  with  dif¬ 
ferent  interleave  rates  are  shown  in  Fig.  11.  The 
blue  curve  and  the  red  curve  show  the  results  of 
Rj  =  30  and  Ri  =  20,  respectively. 


The  (CD)2MA  system  can  work  under  the  inter¬ 
leave  mode,  in  which  the  transmitter  needs  only 


Fig.  11.  The  BER  performance  for  different  interleave  rates 
of  (CD)2MA  systems. 


6.  Concluding  Remarks 
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to  be  active  for  a  small  portion  of  the  message  bit 
duration.  To  ensure  that  the  activity  duration  of 
each  user  is  distributed  uniformly  over  each  symbol 
bit  duration,  the  base  station  needs  to  send  a  con¬ 
trol  signal  whenever  a  mobile  station  is  activated  in 
the  cell.  , 

Since  a  big  interleave ;  rate  can  only  support 
many  users  with  low  speed  data  links,  a  (CD)2MA 
system  may  work  in  a  hybrid  mode  under  which 
some  users  use  small  interleave  rates  to  support  high 
speed  data-links,  while  others  use  big  interleave 
rates  to  support  a  large  number  of  low  speed  data- 
links.  This  provides  the  (CD)2MA  system  with  a 
very  good  property:  in  each  base  station,  we  can 
achieve  high  speed  data  access,  such  as  download¬ 
ing  images  to  a  mobile  computer,  and  low  speed 
data  links,  such  as  cellular  phone  or  text  transmis¬ 
sion  can  be  included  without  changing  the  link  pro¬ 
totype.  This  kind  of  dynamical  load  redistribution 
can  distribute  the  spectrum  resource  efficiently  in  a 
hybrid  region  such  as  the  downtown  of  a  big  city. 

In  the  interleave  modie,  the  transmitted  energy 
from  each  (CD)2MA  user  is  much  smaller  than  that 
used  in  CDMA  systems.  This  contributes  another 
big  advantage  for  mobile  (CD)2MA  users  by  pro¬ 
viding  a  longer  battery  life. 
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In  this  paper  the  technical  details  of  chaotic  digital  code-division  multiple  access  ((CD)  MA) 
communication  systems  used  in  cable  communication  systems  are  presented.  The  cable  com¬ 
munication  system  may  be  a  pure  coaxial  RF  cable  network,  a  hybrid  fiber-coax  network,  or 
a  pure  optical  fiber  network  for  high-capacity  data  link.  As  an  example  of  its  many  poten¬ 
tial  applications  in  cable  communication  systems,  (CD)2MA  is  used  to  support  the  upstream 
digital  data  communications  in  cable  TV  systems  occupying  the  very  noisy  5-40  MHz  portion 
of  spectrum.  Although  the  (CD)2MA  proposed  in  this  paper  is  only  used  to  support  current 
Internet  services  via  cable  TV  networks,  it  can  also  be  used  to  support  the  high-speed  data-hnk 
provided  in  the  550-750  MHz  band  in  hybrid  fiber-coax  networks. 

(CD)2MA  is  a  new  communication  framework  which  uses  band-limited  chaotic  carriers  in¬ 
stead  of  linear  ones.  For  the  purpose  of  generality,  in  this  paper  the  band-limited  chaotic 
are  approximated  by  groups  of  linear  sub-carriers,  which  distribute  within  the  same  bandwidth 
with  a  fixed  amplitude,  random  phases  and  uniformly  distributed  frequencies.  The  theoretical 
result  of  the  performance  of  (CD)2MA  is  given.  We  also  provide  the  simulation  results  of  the 
bit-error-rate  (BER)  performances  of  a  synchronous  (CD)2MA  used  in  cable  communication 
systems.  The  results  show  that  the  (CD)2MA  system  has  a  better  performance  than  the  syn¬ 
chronous  CDMA  system  proposed  for  the  same  cable  communication  system.  Technical  details 
of  (CD)2MA  are  also  presented  for  the  future  design  of  prototype  systems.  We  present  the 
framework  of  the  whole  (CD)2MA  system  including  carrier  synchronization,  timing  recovery 
and  the  details  of  nonlinear  carrier  generators. 


1.  Introduction 

Currently,  the  main  networks  connecting  American 
homes  to  the  Internet  are  telephone  lines.  However, 
the  twisted  pair  copper  telephone  wire  cannot  pro¬ 
vide  much  more  bandwidth  than  56  to  64  kbps.  For 
this  reason,  many  American  families  have  to  install 
separate  telephone  lines  for  their  PCs. 

Cable  television  system  is  a  kind  of  communica¬ 
tion  system  which  was  originally  designed  to  broad¬ 
cast  television  signals  via  coaxial  RF  cables  rather 
than  through  the  air  [Baer,  1974].  More  than  50 


years  older,  the  cable  television  system  has  covered 
almost  every  corner  of  North  America  and  Europe. 
Today,  cable  TV  companies  have  direct  access  to 
more  than  63  million  U.S.  homes.  Recently,  due  to 
the  rapid  growth  of  the  Internet  market,  the  func¬ 
tions  of  cable  television  systems  have  been  changed 
from  sending  only  analog  television  signals  to  send¬ 
ing  both  analog  television  signals  and  digital  Inter¬ 
net  information.  In  view  of  this  conceptual  change 
of  usage  of  the  cable  television  system,  a  brand  new 
television  set  called  WebTV  (shown  in  Fig.  1)  will 
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Fig.  1.  The  outline  of  a  WebTV  system. 


usher  in  a  new  era  of  television  [Tomari  et  al.,  1997], 
where  entertainment  and  information  services  are 
combined  into  single  devices.  The  main  advantage 
of  a  cable  TV  network  is  its  ability  to  transmit  high- 
bandwidth  video,  voice  and  data.  Furthermore,  a 
cable  TV  network  integrated  with  digital  informa¬ 
tion  sources  can  also  create  new  Internet  services 
such  as  interactive  TV  programs,  high-speed  on-line 
services  and  videophone  services. 

Being  a  mature  technical  and  widespread  com¬ 
mercial  service,  it  has  become  very  expensive  to  up¬ 


grade  the  existing  cable  TV  system.  For  example, 
by  using  optical  fibers,  the  bandwidth  of  a  cable  TV 
system  can  be  enlarged  by  50%,  from  40-550  MHz 
to  40-750  MHz.  In  addition,  the  optical  fiber  is 
more  reliable  than  a  coaxial  cable.  However,  even 
for  a  small  city,  it  would  cost  $20  million  to  upgrade 
its  cable  system  to  fiber-optic  lines. 

A  less  costly  approach  is  to  keep  the  hardware 
framework  of  the  cable  TV  systems  unchanged  but 
exploit  optimally  the  channel  capacity  of  existing 
networks.  One  of  these  methods  is  synchronous 
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code  division  multiple  access  (S-CDMA)  proposed 
by  Terayon  Communication  Systems.1  Terayon’s 
S-CDMA  can  provide  a  very  robust  transmission 
with  a  full  10  Mbps  per  6  MHz  channel  upstream 
and  downstream  over  a  fiber-coax  cable  system.  So 
far,  since  only  a  very  small  portion  of  the  band¬ 
width,  namely  5-40  MHz,  can  be  used  to  provide 
two-way,  high-speed  data  links  between  a  subscriber 
and  the  Internet,  the  channel  capacity  of  this  por¬ 
tion  of  spectrum  becomes  very  critical  to  the  service 
quality  for  cable  subscribers  to  access  the  Internet 
via  cable  TV  networks. 

Besides  upgrading  the  cable  TV  network,  a  ca¬ 
ble  modem  for  converting  the  data  stream  to  radio 
frequency  should  be  plugged  into  a  PC.  The  cur¬ 
rent  price  of  a  cable  modem  is  about  $250  to  $600 
[Huffaker,  1995].  Since  today’s  PCs  usually  include 
pre-installed  modems  for  accessing  the  Internet  via 
telephone  lines,  a  user  may  object  to  the  extra  cost 
of  installing  the  cable  modem.  To  overcome  this  ob¬ 
jection,  a  cable  modem  should  be  cheap  enough  for 
the  cable  TV  company  to  provide  each  user  with 
a  .  free  cable  modem  at  the  outset.  In  designing 
the  application  of  (CD)2MA  to  cable  TV  Internet 
services,  we  must  always  bear  this  consideration  in 
mind  such  that  all  costly  and  sophisticated  devices 
are  concentrated  at  the  fiber  node,  or  at  the  head- 
end,  to  reduce  the  expense  of  the  overall  network. 

We  have  shown  in  [Yang  &  Chua,  1997]  that  an 
asynchronous  (CD)2MA  technology  can  double  the 
channel  capacity  of  an  asynchronous  CDMA  system 
in  a  wireless  communication  environment.  In  this 
paper,  we  propose  a  synchronous  (CD)2MA  tech¬ 
nology  and  show  that  better  performance  than  the 
S-CDMA  can  be  achieved.  Instead  of  employing 
a  linear  carrier,  a  (CD)2MA  system  uses  a  chaotic 
carrier.  Whenever  a  chaotic  carrier  is  used  the  non¬ 
linearity  of  the  channel  can  be  exploited  to  make 
the  carriers  more  distinguishable  from  each  other 
by  reducing  the  correlation  of  the  different  chaotic 
carriers  generated  by  the  same  chaotic  generator 
structure  in  different  transmitters.  For  linear  com¬ 
munication  systems,  however,  any  nonlinearity  will 
change  the  waveforms  of  the  linear  carriers  such 
that  it  is  more  difficult  to  recover  the  modulated 
information  because  the  current  design  principle 
is  to  maintain  the  waveform  unchanged  all  along 
the  channel.  Although  beautiful  theoretical  analy¬ 
sis  can  be  formulated  in  view  of  the  simplicity  of 
linearity,  the  price  a  linear  communication  system 


must  pay  is  to  ensure  that  all  devices  along  the 
channel  are  operating  only  in  linear  regions.  This 
makes  the  whole  communication  system  expensive 
because  nonlinearity  is  wasted  as  useless  excess 
baggage. 

The  organization  of  this  paper  is  as  follows. 
In  Sec.  2,  the  layout  of  today’s  cable  TV  system 
with  Internet  service  is  presented.  In  Sec.  3,  The 
layout  of  the  (CD)2MA  system  used  in  upstream 
and  downstream  cable  TV  systems  is  presented. 
In  Sec.  4,  the  theoretical  model  of  our  proposed 
(CD)2MA  scheme  for  cable  TV  systems  is  given.  In 
Sec.  5,  theoretical  results  on  the  performance  of  our 
(CD)2MA  system  are  presented.  In  Sec.  6,  a  com¬ 
parison  between  the  performance  of  the  S-CDMA 
system  and  the  (CD)2MA  system  for  the  5-40  MHz 
band  in  the  same  cable  TV  system  is  presented.  Fi¬ 
nally,  some  concluding  remarks  are  given  in  Sec.  7. 

2.  Cable  TV  Systems 

Figure  2(a)  shows  the  outline  of  a  typical  current  ca¬ 
ble  communication  system,  which  is  not  only  a  two- 
way  analogue  TV  broadcast  system  but  a  two-way 
information  network.  However,  unlike  telephone 
networks,  a  cable  TV  network  is  very  asymmetric, 
with  over  90%  capacity  used  for  downstream  and 
the  rest  for  the  upstream.  The  functional  change  of 
cable  communication  systems  from  one-way  to  two- 
way  is  driven  by  the  rapid  growth  of  the  demand  for 
bandwidth  on  the  Internet.  The  central  node  of  a 
cable  TV  system  is  the  headend.  Signals  from  differ¬ 
ent  sources,  such  as  satellite  and  terrestrial  broad¬ 
cast,  Internet,  as  well  as  local  originating  program¬ 
ming,  are  modulated  onto  radio  frequency  carriers 
and  combined  together  for  distribution  over  the  ca¬ 
ble  system.  Supertrunks  (high-quality  microwave, 
fiber  optic,  or  cable  links)  connect  the  head-end  to 
local  distribution  centers,  known  as  hubs.  Several 
trunks  may  originate  from  a  hub  to  provide  cov¬ 
erage  over  a  large  contiguous  area.  Figure  2(b) 
shows  a  single  trunk  of  a  typical  cable  TV  system. 
Trunk  amplifiers  are  installed  along  the  trunk  to 
maintain  the  signal  level  and  compensate  for  ca¬ 
ble  transmission  characteristics.  The  bridge  ampli¬ 
fier  serves  as  a  high-quality  tap,  providing  connec¬ 
tion  between  the  main  trunk  and  multiple  high-level 
branches.  The  line  extender  is  a  type  of  amplifier 
that  maintains  the  signal  level  along  the  branch. 


*At  the  URL:  http://www.terayon.com 
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Fig.  2.  The  outline  of  typical  current  cable  communication  systems,  (a)  Block  diagram  of  a  typical  cable  communication 
system,  (b)  The  block  diagram  of  a  single  trunk. 
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The  splitter  connects  a  subbranch  to  a  branch.  Sub¬ 
scriber  drops  are  connected  to  passive  taps  along 
the  subbranch.  Many  cable  TV  companies  support 
500  subscribers  per  fiber  node  in  hybrid  fiber-coax 
networks  [Huffaker,  1995].  If  each  subscriber  has 
a  64  kbps  modem  for  its  PC,  then  a  32  Mbps  per 
fiber  node  should  be  designed  for  peak  hours.  How¬ 
ever,  the  available  bandwidth  is  always  swamped  by 
more  advanced  Internet  services  such  as  teleconfer¬ 
ence  where  real  time  audio  and  video  data  streams 
are  sent. 

Technical  limitations  on  channel  capacity  are 
set  principally  by  cable  amplifiers.  The  coaxial  ca¬ 
ble  service  occupies  the  40-550  MHz  portion  of  the 
spectrum,  while  the  hybrid  fiber-coax  cable  service 
occupies  the  40-750  MHz  portion  of  the  spectrum. 
Since  each  commercial  analog  TV  channel  occu¬ 
pies  a  6  MHz  bandwidth,  a  cable  TV  system  may 
provide  up  to  100  TV  channels.  In  the  future,  a 
fully  upgraded  hybrid  optical-coax  cable  network 
may  use  the  550-750  MHz  band  to  provide  digi¬ 
tal  video,  high-speed  data  and  telephone  services. 
In  this  spectrum  band,  (CD)2MA  can  also  find 


applications.  For  a  two-way  cable  TV  system,  the 
spectrum  slot  located  at  5-40  MHz  provides  sub¬ 
scribers  with  an  upstream  data-link  to  the  outside 
world  through  the  fiber-coax  cable  system.  For¬ 
mally,  this  upstream  link  can  only  provide  a  low 
speed  data-link  due  to  two  main  noise  sources  in 
this  spectral  slot  (shown  in  Fig.  3).  The  first  is 
impulsive  noise  from  the  electrical  devices  in  PCs, 
TV  sets,  hair  dryers,  vacuum  cleaner  and  etc.,  as 
well  as  vehicle  emission  systems.  The  second  is 
narrowband  interference  picked  up  by  the  cable  net¬ 
work  itself  such  as  Ham  radio  and  Voice  of  America 
broadcasts. 

In  the  Terayon  S-CDMA  system,  it  was  re¬ 
ported  that  a  total  capacity  of  10  Mbps  per  6  MHz 
channel  can  be  achieved  in  the  5-40  MHz  band. 
While  this  represents  a  big  advance  in  technology, 
this  channel  capacity  may  be  too  small  to  match 
the  rapid  future  growth  of  demand  of  the  Inter¬ 
net  service,  accompanied  by  the  occupation  of  PCs 
and  WebTVs  in  subscriber  homes.  Although  the 
soft-degradation  of  the  service  quality  of  current 
CDMA  systems  can  provide  a  barely  satisfactory 
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service  to  each  subscriber  during  peak  periods,  such 
degradation  of  service  can  still  be  felt  by  subscribers 
if  they  are  in  the  process  of  downloading  image 
files,  or  some  other  data-intensive  services,  such  as 
teleconferencing. 

3.  (CD)2MA  for 

Cable  Communication  System 

The  main  problems  in  using  the  5-40  MHz  band 
in  cable  TV  systems  are  impulsive  and  narrowband 
noises.  The  multipath  fading  problem  in  wireless 
environments  [Viterbi,  1995]  does  not  occur  in  cable 
systems  and  the  delay  from  each  link  can  be  mea¬ 
sured  a  priori.  Since  the  price  that  a  subscriber  is 
willing  to  pay  for  updating  his  cable  service  is  rel¬ 
atively  low,  the  transmitter  and  the  receiver  of  the 
(CD)2MA  system  at  the  subscriber’s  end  should  be 
as  simple  as  possible.  The  layout  of  the  (CD)2MA 
transmitter  for  upstream  communication  is  shown 
in  Fig.  4.  Since  the  hardware  structure  of  a  ca¬ 
ble  communication  system  is  fixed  during  its  opera¬ 
tion,  each  head-end  controller  can  broadcast  a  local 
clock  signal  to  synchronize  the  local  clocks  of  all 
subscribers  under  the  same  headend.  The  timing 
recovery  in  a  cable  communication  system  is  thus 
solved. 

The  chaotic  carrier  used  in  the  (CD)2MA  sys¬ 
tem  can  be  generated  by  an  array  of  chaotic  digital 
circuits,  such  as  a  “chaotic”  (pseudo-chaotic)  cel¬ 
lular  automata  [Toffoli,  1987],  or  a  reversible  cel¬ 
lular  neural  network  [Crounse  et  al.,  1996;  Yang 
et  al,  1996].  For  manufacturing  convenience,  the 


hardware  for  each  chaotic  digital  circuit  is  chosen 
to  be  the  same  in  every  transmitter.  To  ensure  that 
at  every  moment  the  chaotic  carriers  in  the  same 
channel  are  orthogonal  to  each  other,  the  headend 
controller  must  dynamically  assign  each  transmitter 
a  user  ID  number  as  the  initial  states  of  the  digi¬ 
tal  chaotic  generator  whenever  a  subscriber  begins 
sending  information.  Then,  the  output  of  the  dig¬ 
ital  chaotic  generator  (which  may  be  8  or  12  bits) 
is  fed  into  a  D/A  converter,  whose  output  is  sent 
to  a  frequency  step-up  for  transferring  the  chaotic 
carrier  to  a  different  spectral  band.  Since  the  D/A 
converter  may  work  at  a  clock  speed  of  1  MHz,  we 
may  have  to  shift  this  output  to  some  prescribed 
6  MHz  channel  within  the  5-40  MHz  band. 

A  frequency  step-up  is  used  to  transfer  the  non¬ 
linear  carrier  to  an  appropriate  spectral  band.  This 
is  accomplished  by  a  frequency  multiplier ,  which 
consists  of  a  nonlinear  circuit  followed  by  a  band¬ 
pass  filter,  as  shown  in  Fig.  5(a).  While  there  are 
many  choices  for  the  nonlinear  device,  the  simplest 
one  is  a  transistor  biased  in  the  nonlinear  region. 
The  frequency  multiplier  based  on  a  transistor  is 
shown  in  Fig.  5(b).  If  a  bandpass  signal  v, a(t)  is  fed 
into  a  frequency  multiplier,  the  output  t>out(i)  will 
appear  in  a  frequency  band  at  the  nth  harmonic 
of  the  input  frequency(range) .  However,  the  mul¬ 
tiplication  factor  n  that  can  be  provided  by  this 
circuit  is  usually  small  with  a  typical  value  of  3 
or  5  because  the  nonlinearity  of  a  transistor  is  too 
“smooth” .  To  get  a  large  gain,  we  need  to  find  some 
device  which  has  much  more  irregular  nonlinearities 
such  as  breakpoints. 


Fig.  4.  The  block  diagram  of  the  upstream  transmitter  at  subscriber’s  end. 
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Fig.  5.  A  frequency  multiplier  used  for  the  frequency  step- 
up.  (a)  The  block  diagram  of  a  frequency  multiplier,  (b)  The 
circuit  implementation  of  a  frequency  multiplier. 
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The  block  diagram  of  the  receiver  at  the  head- 
end  controller  for  retrieving  the  digital  signal  from 
the  ith  user  is  shown  in  Fig.  6.  Since  the  delay  of 
the  ith  subscriber  has  been  previously  measured, 
the  receiver  in  the  headend  controller  can  find  the 
pre-measured  time  delay  from  a  lookup  table  and 
generate  the  corresponding  chaotic  carrier  with  the 
corresponding  delay.  The  signal  received  by  the  ca¬ 
ble  network  is  a  mixture  of  noises  and  interferences 
from  the  other  subscribers.  The  received  signal  is 
then  multiplied  by  the  regenerated  carrier  at  the 
receiver.  The  result  is  low-pass  filtered  by  a  [0,  T ] 
integrator  and  then  thresholded  and  sampled  to  give 
the  recovered  digital  signal.  The  timing  signal  used 
in  sampling  is  provided  by  the  local  clock  signal 
at  the  head-end  controller.  This  recovered  signal 
is  then  sent  out  to  the  Internet  from  the  headend 
controller. 

The  downstream  communication  is  almost  the 
same  as  that  of  the  upstream  except  that  before  the 
headend  sends  a  chaotic  carrier  to  user  i,  a  time  de¬ 
lay  is  compensated  at  the  transmitter  end.  By  doing 
this,  the  receiver  at  the  subscriber’s  end  is  almost 
the  same  as  its  transmitter  except  for  an  additional 
[0,  T ]  integrator,  a  thresholding  and  a  sampling 
circuit.  The  block  digram  of  the  receiver  at  the 


thresholding 
&  sampling 


Fig.  6.  The  block  diagram  of  the  receiver  at  the  headend  controller  for  upstream  communication. 
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Fig.  7.  The  block  diagram  of  the  receiver  at  the  subscriber’s  end  for  downstream  communication. 


subscriber’s  end  is  shown  in  Fig.  7.  Observe  that 
the  main  part  of  the  transmitter  is  shared  by  the 
receiver.  Since  the  synchronization  signal  is 
broadcast  through  the  whole  network,  the  expen¬ 
sive  synchronization  circuit  is  not  installed  in  the 
subscriber’s  transmitter/receiver.  Hence,  the  addi¬ 
tional  equipment  in  the  subscriber’s  home  is  rela¬ 
tively  inexpensive. 

Under  ideal  conditions,  the  power  levels  of  the 
chaotic  carriers  from  different  users  at  the  fiber 
node  (or  the  headend)  should  be  the  same.  This 
is  the  power  control  problem,  which  had  been  ex¬ 
tensively  studied  in  wireless  CDMA  systems  [Lee, 
1989].  However,  in  view  of  the  fixed  hardware 
structures  of  cable  TV  networks,  amplifiers  can  be 
designed  to  satisfy  this  condition.  In  this  paper, 
perfect  power  control  is  assumed. 

4.  Model  of  Chaotic  Digital  CDMA 

Communication  Systems 

The  difference  between  classical  CDMA  and 
(CD)2MA  is  that  the  former  uses  a  pseudo-random 
digital  NRZ  signal  as  a  nonlinear  sub-carrier  and 
this  carrier  is  then  used  to  modulate  a  linear  carrier 
for  central  frequency  shift.  The  latter  uses  chaotic 
carriers  directly  in  the  desired  spectral  band.  To 
clarify  the  difference  between  them,  in  this  section 
we  present  examples  to  show  the  different  principles 
used  in  these  two  schemes. 

Since  in  (CD)2MA  systems  many  candidates  of 
chaotic  RF  waveforms  can  be  used  as  chaotic  carri¬ 


ers,  we  give  a  theoretical  model  for  a  chaotic  carrier 
which  has  a  flat  enough  spectrum  in  the  bandwidth 
we  are  interested  in.  The  chaotic  carrier  for  the  ith 
user  is  given  by 

N 

«  «=£  Oi,  n(t)  COS (u)nt  +  0it  n) 
n=  1 

=  Re  j]C  °*>n(*)  exp (Mjf+j&.n)  j  ,  -Af— >00 

(1) 

where  j  =  -/^l,  and  ai>n(t)  €  5ft,  w„  €  [prescribed 
spectral  band]  and  0*,n  €  (-■ Jr,  tt]  are  respectively 
the  amplitude,  frequency  and  phase  of  the  nth  com¬ 
ponent  of  the  chaotic  carrier.  Since  Ci(t )  is  a  non¬ 
linear  wave,  at  least  one  of  a*,  n,  n  =  1, . . . ,  N,  must 
be  time-varying.  Observe  that  the  single  tune  car¬ 
rier  is  a  special  case  of  Ci(t)  with  an  ^  0  and  a^-  =  0 
ii  j  ^  l  for  a  given  l. 

Similarly,  the  carrier  for  the  jth  user  is  modeled 
by 

N 

Cj  (t)  =  Y;  aj,n(t)  COS (Unt  +  Oj,  n ) 

71=1 

=  Re  exp(jw„t+j^,n)| ,  AT->  00 


Since  in  (CD)2MA  systems,  we  usually  use  a  [0,  T] 
integrator  as  the  low-pass  filter  (LPF),  the  moving 
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average  of  the  cross-correlation  between  Ci(t)  and  Cj(t),  i  ^  j  with  time  window  T  is  given  by 

ri:i(t)  =  Jt^a(t)cj(t)dt 

1  ft  N  n 

=  —  /  52  Oi,  n(t)  COS (fOnt  +  Oi, n)  52  H »(*)  COs(wnt  +  6j,  n)dt 

J  Jt—T  n=j  n=l 


l  ft  N 

—  —  I  52  COS (u%£  +  ditn)CLj,n(t )  COs(wnt  +  9j<n)dt 

T  Jt~Tn=l 

1  ft  N  N 

+  —  /  52  Gi.nfa)  COs(a;nt  +  0i,n)  E  CLj,  fn(j^)  C0s(ujjnt  @jyrri)dt 

1  Jt—T  n_Y  771=1 ,  771^71 

l  N  |  N 

—  ——  f  n(^)  COS(0^> 71  @jtn)dt  -t~  _  /  „E  n(^)  COS  (2(1^  t  "h  Oi^yi  "i-  Oj}Yi)dt 

2T  Jt-T^  LX  Jt~Tn=  1 

t  N  iV 

+  —  f  52  ai,n(t)  COS(<Ont  +  0j, n)  52  aj,m{t)  COS(wmt  +  9j>rn)dt ,  N  OO  (3) 

Jt—T  n=j  m=l,  m^n 


Assuming  that  the  phase  of  each  sub¬ 
component  of  a  chaotic  carrier  is  a  random  vari¬ 
able  distributed  uniformly  over  the  interval  ( — vr,  7r], 
then  0i,n  —  9j>n  distributes  over  (-2tt,  2tt).  Hence, 
we  can  choose  T  large  enough  so  that  r#  (f)  will  be 
small  enough. 

In  CDMA  systems,  binary  pseudo-random  se¬ 
quences  (chip  sequences)  are  used  to  spread  the 
bandwidth  of  the  modulated  signals  over  the 
larger  transmission  bandwidth,  and  to  distinguish 
the  different  user  signals  by  using  the  same  trans¬ 
mission  bandwidth.  Then  the  chip  sequence  is  mod¬ 
ulated  by  a  linear  sinusoidal  waveform  using  dif¬ 
ferent  modulation  methods.  The  most  commonly 
used  method  is  QPSK  modulation  [Viterbi,  1995]. 
However,  for  simplicity  and  without  loss  of  general¬ 
ity,  let  us  choose  the  simplest  “phase  shift”  method 
(“bit  1”  shifts  the  0  phase  of  the  linear  carrier  while 
“bit  0”  shifts  the  it  phase)  for  demonstration  pur¬ 
poses.  The  tth  carrier  in  a  CDMA  system  is  given 

by 


d(t)  =  ai  cos 


[t/Tc] 

tot + 9i  +  52 
fc=0 


tpi(k) 


(4) 


where  the  two  constants  Oi  and  to  are  respectively 
the  amplitude  and  frequency  of  the  ith  carrier;  Tc  is 
the  chip  bit  duration  defined  as  the  time  span  of  a 
bit  in  the  chip  sequence;  [ x)  denotes  the  biggest  in¬ 
teger  less  than  x;  and  ipi(k)  is  the  phase  shift  caused 


by  the  kth  chip  value  pc,  namely, 

0,  pfc  =  l 


ipi(k)  = 


(5) 


by 


.7T,  pk  =  0 
Similarly,  the  carrier  for  the  jth  user  is  given 

/  [t/Tc]  \ 

Cj  (t)  =  Qj  cos  ( tot  +  h  +  E  *<*>  1  (6) 


The  moving  average  of  the  cross-correlation  be¬ 
tween  a(i)  and  Cj(t)  with  time  window  T  is  given 

by 

=  7F>  [  Ci(t)cj(t)dt 

1  Jt-T 

t  (  WTc)  \ 

—  —  /  di cos  [  ujt+0i-\-  ^  ]  aj 

T  Jt-T  y  k=0  j 

/  [t/Tc]  \ 

x  cos  J  u>t+0j+  ^2  j  dt 


k= 0 


1  rt  (  \ 

=  —  /  di&j  cos  [  Oi  —  0j+  ^2  dt 

21  Jt-r  \  k= o 


[t/Tc] 


— 1_  f  a,idj  cos  j  2 wt-\-0i+0j  +  ^  j  dt 

271  Jt-T  y  k=o  J 

(7) 
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For  both  chaotic  CDMA  and  linear  CDMA  sys¬ 
tems,  the  main  goal  is  to  make  (t)  -»  0  whenever 
i  ^  j.  Comparing  Eqs.  (3)  and  (7)  we  can  see  that 
the  chaotic  CDMA  and  the  linear  CDMA  achieve 
this  goal  by  using  different  strategies.  In  chaotic 
CDMA,  the  goal  is  to  make  the  term 

——  I  ^  '  di,  n {t)dj, n(t)  COS  n  —  @j, n)  dt  (8) 

lL  Jt~T  n=l 


as  small  as  possible,  but  in  linear  CDMA  the  goal 
is  to  make  the  term 


2  tLt^008 


WTc) 

0i-9j  +  53  A{k)-^0{k) 


k—0 


dt 


(9) 


as  small  as  possible.  To  reduce  the  value  of 
Eq.  (9)  we  can  reduce  the  transmitting  energy 
of  each  carrier  (restricted  by  the  noise  level),  in¬ 
crease  T  (restricted  by  the  bit-rate  of  the  mes¬ 
sage  signal),  increase  the  bit-rate  of  the  chip 
sequence  (restricted  by  bandwidth)  and  make 
rpi(k)  —  ipj(k)  as  random  as  possible  (restricted  by 
the  pseudo-random  algorithm  for  generating  the 
chip  sequence). 

To  reduce  the  value  of  Eq.  (8)  we  can  also  re¬ 
duce  the  transmitting  energy  of  each  carrier  and 
increase  T.  However,  instead  of  increasing  the 
bit-rate  of  the  chip  sequence,  we  need  to  use 
as  many  sub-carrier  components  as  possible;  in¬ 
stead  of  making  xpi(k)  —  tpj  (k)  random,  we  need  to 
make  6i>n  —  6j,n  random  enough.  We  can  then 
conclude  that  the  main  difference  between  a 
linear  CDMA  and  a  chaotic  CDMA  is  that  the 
former  explores  the  spectrum  resource  from  the 
time-domain,  while  the  latter  does  it  in  the 
frequency-domain. 


5.  The  BER  Performance  of  (CD)2MA 

In  this  section  we  study  the  bit-error-rate  (BER) 
performance  of  (CD)2MA.  This  is  a  very  impor¬ 
tant  benchmark  for  measuring  service  performance. 
Throughout  this  section  we  assume  that  all  signals 
are  at  constant  power  throughout  the  transmission 
period. 

Suppose  yi(t)  is  the  output  of  the  demodula¬ 
tor  of  the  *th  user  and  Xi>n{t)  is  the  nth  bit  of 
the  message  signal  of  the  *th  user.  As  with  any 
digital  communication  system,  spread  spectrum  or 
not,  there  are  four  components  in  the  demodulator 
output: 


•  the  desired  output,  which  depends  only  on  xit  „(t); 

•  the  inter-symbol  interference  components,  which 
depend  only  on  n+m(t),  m  /  0; 

•  the  component  due  to  background  noise,  which 
we  assume  to  be  white  with  a  one-side  density 
equal  to  No  watts/Hz; 

•  the  other-user  interference  components,  which 
depend  on  Xjt  n+m{t)  for  all  *  /  j  and  all  m. 

Let  Tb  be  the  bit  duration  of  the  message  signal, 
and  choose  a  [0,  Tb]  integrator  as  the  LPF.  Thus, 

r  =fbVi(t)dt  (io) 

Jo 

The  sign  of  this  measurement  is  used  to  decide 
whether  the  message  bit  is  +1  or  —1.  The  mean  of 
T  is  given  by 

£[r]  =  [  b  E[yi(t)\xi,n(t)}dt 
Jo 

f Tb 

=  v  J 

JO 

=  ±Tby/Pi  (11) 

where  Pi  is  the  power  of  ith  chaotic  carrier.  The  sec¬ 
ond  equality  is  satisfied  because  we  have  assumed 
that  every  signal  has  constant  power  throughout  the 
transmission  period.  Here,  the  sign  depends  on  the 
sign  of  Xi>n(t),  which  is  constant  over  [0,  Tb\- 

Since  the  noise  components  are  essentially 
uncorrelated, 

Var[r]  =  f  b Vav[yi(t)\xitn(t)]dt 
Jo 

=  Tb(V!  +  VN+Vo )  (12) 

where  Vj,-Vn  and  Vo  are  the  variances  of  the  inter¬ 
symbol  interference,  background  noise  and  interfer¬ 
ence  from  all  the  other  users,  respectively. 

Then  the  bit-error-rate  (BER)  is  given  by 


where 

¥(*)  [°°e-s2/2ds.  (14) 

V27T  Jx 
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Assuming  the  inter-symbol  interference  to  be  neg¬ 
ligible  or  zero,  and  since  the  other  two  components 
(background  white  noise  and  other-user  interfer¬ 
ence)  are  independent  of  Xitn(i)  for  all  i,  it  follows 
that  the  variance  due  to  background  noise  is  just 
the  effect  of  a  white  noise  with  one-sided  density 
No  on  the  receiver  filter  whose  transfer  function  is 
and  must  therefore  contribute 

/OO 

\H(f)\2df  =  Nq/2  .  (15) 

-OO 

This  is  because  the  filter  gain  is  normalized,  so  that 

r  \H(f)\2df=i.  as) 

J  —  OO 


To  the  user  i  any  other  user  j  has  a  constant 
carrier  power  Pj  modulated  as  Cj(t)xj>n(t )  which  is 
independent  of  and  generally  unsynchronized  with 
that  of  user  i.  In  addition,  the  carrier  phase  of  the 
jth  user’s  modulator  will  differ  from  that  of  the  ith 
user.  Hence,  the  effect  of  the  jth  user’s  signal  on 
the  fcth  user’s  demodulator  will  be  that  of  a  white 
noise  with  a  two-sided  density  Pj  passing  through 
the  tandem  combination  of  two  filters  in  the  trans¬ 
mitter  and  the  receiver  with  a  combined  transfer 
function  \H(f)\2.  Hence, 


It  follows  from  Eqs.  (13),  (15)  and  (17)  that 


BER  =  ’3' 


\ 

2  TbPi 

No +Y,pi  r 

(18) 


The  numerator  is  just  twice  the  bit  energy,  Eb,  and 
the  denominator  is  the  effective  interference  density. 
Thus, 


BER  =  ’5' 


(19) 


where 


Since  (CD)2MA  systems  are  interference  lim¬ 
ited  rather  than  noise  limited,  let  us  ignore  the 


background  noise  (i.e.  N0  =  0)  and  assume  that 
because  of  perfect  power  control,  all  users  are  re¬ 
ceived  by  the  base  station  (headend  or  fiber  node) 
receiver  at  the  same  power  Pi  —  Pj  =  Pc  for  any 
i  and  j.  Then  for  a  given  Eb/I0  level,  determined 
from  Eq.  (19)  for  the  required  BER,  the  maximum 
number  of  users,  Km3,x,  obtained  from  Eq.  (20),  is 
given  by 


Afmax  1  — 


Tb 


Eb/Io 


\H(f)\ 4d/ 


_1 _ W/R 

Eb/Io  ^  f°°  \H{f)\Adf 

J  —  OO 


(21) 


where  W  is  the  bandwidth,  R  is  the  bit  rate  and 
the  integral  in  the  denominator  is  lower-bounded 
by  unity.  Consequently, 


K, 


max  x  _ 


i  < 


W/R 

Eb/Io 


(22) 


and  the  maximum  bit-rate,  i?max,  that  this  channel 
can  support  is  given  by 


R, 


■max  — 


w 

Eb/Io 


4-  R 


(23) 


For  a  given  BER,  the  actual  Eb/Io  depends  on  the 
system  design  and  error-correction  code.  It  may  ap¬ 
proach  but  is  never  equal  to  the  theoretical  calcula¬ 
tions.  In  the  next  section,  we  use  simulation  results 
to  find  the  performance  of  (CD)2MA  systems. 


6.  Comparison  of  BER  Between 
S-CDMA  and  (CD)2MA  Systems 

In  the  upstream,  the  headend  receives  all  the 
chaotic  carriers  from  active  subscribers,  additive 
impulsive  noises  and  narrowband  noises  from  the 
cable  network.  The  channel  model  of  the  upstream 
data-link  located  at  the  5-40  MHz  band  in  cable 
TV  systems  is  only  a  noisy  channel  with  narrow- 
band  interference  and  random  impulsive  noise  with 
duration  up  to  100  pis.  Since  multipath  fadings 
usually  encountered  in  wireless  mobile  communi¬ 
cation  systems  [Lee,  1989]  do  not  occur  here,  a 
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Fig.  8.  The  BER  performance  of  the  (CD)2MA  system  used 
in  a  cable  communication  system.  The  dashed  line  and 
the  dash-dotted  line  are  the  corresponding  results  of  the  S- 
CDMA  system  under  “normal  mode”  (dashed  line)  and  “fall 
back  mode”  (dashdotted  line),  respectively. 

spread  spectrum  communication  system  can  be 
used  much  more  easily  in  this  channel  than  in 
a  wireless  communication  channel.  Furthermore, 
since  the  delay  in  a  cable  system  is  a  fixed  char¬ 
acteristic  which  can  be  measured,  it  is  possible 
to  use  synchronous  spread  spectrum  communica¬ 
tion  schemes,  such  as  S-CDMA  and  synchronous 
(CD)2MA. 

Our  simulation  results  of  the  (CD)2MA  system 
are  shown  in  Fig.  8.  The  solid  line  shows  the  BER 
performance  when  N  =  200  sub-carriers  are  used  to 
model  the  chaotic  carrier  of  each  subscriber.  The 
parameters  for  the  [0,  T]  integrator  at  the  receivers 
are  chosen  as  T  =  T&  =  1/64  ms.  One  should 
note  that  the  interference  from  the  other  users  in 
the  same  6  MHz  channel  is  also  considered  as  noise 
here.  For  comparison,  the  results  of  the  Terayon’s 
S-CDMA  system  in  both  normal  mode  and  fall  back 
mode  are  also  shown  in  the  same  figure.  We  can  see 
that  the  performance  of  (CD)2MA  systems  is  much 
better  than  the  S-CDMA  scheme  in  its  “fall  back 
mode”,  which  is  the  best  operating  mode  that  the 
Terayon’s  S-CDMA  scheme  can  provide. 

The  quantitative  comparison  of  the  channel  ca¬ 
pacities  of  the  S-CDMA  in  its  fall  back  mode  and 
the  (CD)2MA  is  shown  in  Table  1.  From  Table  1  we 


Table  1.  The  relationship  between  the  channel  capacities 
of  the  (CD)2MA  system  and  the  S-CDMA  system  in  its  fall 
back  mode. 

BER  1(T6  10-5  1(T4  10-3  10~2 

Capacity  rate:  1.50  1.50  1.40  1.35  1.41 


can  see  that  (CD)2MA  can  support  a  much  higher 
bit-rate  than  S-CDMA  when  the  BER  is  smaller 
than  10-5.  A  1.5  times  higher  bit-rate  in  this  case 
means  that  a  (CD)2MA  system  can  support  a  ca¬ 
pacity  of  15  Mbps  per  6  MHz  upstream. 


7.  Conclusions 

In  this  paper,  we  apply  (CD)2MA  to  cable  com¬ 
munication  systems  by  using  the  5-40  MHz  band 
which  is  very  noisy  for  other  narrow  band  com¬ 
munication  schemes,  such  as  the  QPSK  method. 
Time  division  multiple  access  (TDMA)  and  fre¬ 
quency  division  multiple  access  (FDMA)  also  can¬ 
not  be  used  efficiently  in  this  noisy  portion  of  the 
spectrum  because  narrowband  interference  and  long 
duration  impulsive  noises  can  introduce  many  er¬ 
rors  in  TDMA  and  FDMA  systems.  We  also  com¬ 
pare  our  (CD)2MA  system  to  Terayon’s  S-CDMA 
system  and  found  that  the  (CD)2MA  system  can 
perform  much  better  than  the  S-CDMA  system  by 
increasing  the  channel  capacity  1.5  times  more  than 
the  best  performance  by  an  S-CDMA  system. 

In  this  paper,  we  emphasize  the  application  of 
our  (CD)2MA  on  the  almost  “useless”  spectrum 
band  in  today’s  cable  TV  networks  because  its  po¬ 
tential  commercial  benefit  can  easily  be  realized 
even  without  upgrading  existing  cable  TV  networks. 
However,  readers  should  not  form  the  wrong  im¬ 
pression  that  (CD)2MA  can  only  be  used  in  coax¬ 
ial  networks.  In  fact,  the  (CD)2MA  principle  can 
also  be  used  in  future  high-capacity  digital  data 
links  based  on  pure  optical  fibers  to  enable  a  high 
bandwidth  efficiency.  On  the  other  hand,  since 
(CD)2MA  systems  are  interference  limited  but  not 
dimension-limited,  it  can  provide  more  flexible  per¬ 
formance  choices  for  different  services. 
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In  this  paper,  we  use  the  concept  of  practical  stabilization  of  impulsive  differential  equations 
for  controlling  nonautonomous  chaotic  systems.  Instead  of  controlling  a  chaotic  system  to  a 
point  as  in  the  case  of  asymptotic  stabilization,  the  aim  of  practical  control  is  to  stabilize  a 
chaotic  system  into  a  small  region  of  phase  space.  This  method  is  useful  to  control  a  chaotic 
system  into  a  prescribed  region.  We  present  the  theory  of  controlling  a  nonautonomous  chaotic 
system  into  a  small  region  around  the  origin  and  illustrate  the  method  on  Duffing’s  oscillator. 


1.  Introduction 

Often,  some  well  designed  asymptotically  stable 
control  schemes  do  not  work  according  to  the  de¬ 
signer’s  expectations.  The  domain  of  attraction 
may  be  very  small,  some  physical  parameters  may 
not  be  included  in  the  mathematical  model  or  there 
are  implementation  errors  of  the  controller.  A 
method  to  overcome  this  problem  is  to  use  the  con¬ 
cept  of  practical  stability  instead  of  asymptotic  sta¬ 
bility.  In  a  practical  control  problem,  one  aims  at 
controlling  a  system  into  a  certain  region  of  inter¬ 
est  instead  of  an  exact  point.  The  reason  is  that 
measurement  instruments  for  generating  feedback 
signals  only  have  a  finite  accuracy.  If  one  wants  to 
control  a  system  to  an  exact  point,  the  expense  may 
be  prohibitively  high  in  some  cases. 

In  the  case  of  practical  stability  one  stabilizes 
a  system  into  a  region  of  the  phase  space.  From 


a  practical  point  of  view,  the  controlled  system  is 
considered  to  be  stable  if  the  fluctuation  of  states 
remains  within  some  prescribed  bounds.  From  a 
mathematical  point  of  view,  the  equilibrium  point 
may  be  unstable,  but  the  performance  on  the  other 
hand  is  acceptable. 

The  concept  of  impulsive  control  and  synchro¬ 
nization  of  autonomous  chaotic  systems  was  first 
reported  in  [Amritkar  &  Gupte,  1993;  Stojanovski 
et  al.,  1996].  After  that,  this  problem  was  found 
closely  connected  to  the  theory  of  impulsive  differ¬ 
ential  equations  [Yang  et  al.,  1997a,  1997b].  The 
rigorous  theory  of  the  asymptotic  stability  of  im¬ 
pulsive  control  and  synchronization  of  autonomous 
chaotic  systems  was  presented  in  [Yang  et  al., 
1997a,  1997b;  Yang  &  Chua,  1997a,  1997b,  1997c]. 
Applications  of  impulsive  synchronization  of  chaotic 
systems  to  chaotic  secure  communication  were 
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presented  in  [Stojanovski  et  al.,  1996;  Yang  &  Chua, 
1997a,  1997b,  1997c].  An  important  application  of 
impulsive  synchronization  to  chaotic  digital  code¬ 
division  multiple  access  (CDMA)  systems  was  pre¬ 
sented  in  [Yang  &  Chua,  1997d,  1997e].  Impulsive 
control  was  also  used  to  suppress  chaos  into  peri¬ 
odic  motions  [Yang  et  al.,  1997c].  In  this  paper,  we 
study  impulsive  control  of  nonautonomous  chaotic 
systems  by  means  of  practical  stability. 

This  paper  is  organized  as  follows.  In  Sec.  2 
the  basic  theory  of  impulsive  differential  equation 
on  nonautonomous  chaotic  system  is  presented.  In 
Sec.  3,  the  theory  of  impulsive  control  of  Duffing’s 
Oscillator  is  presented.  In  Sec.  4,  the  simulation 
results  are  given  and  in  Sec.  5  the  conclusions  are 
stated. 

2.  Basic  Theory  of  Impulsive 
Differential  Equations 

Consider  a  general  nonautonomous  chaotic  system 

x  =  f(t,  x,  u (£))  (1) 

where  f  :SR+xSnx  9ft771 1-»  is  continuous,  x  €  3Jn 

is  the  state  vector,  x  =  ^  and  u:  3?+  3?m  is  the 

external  input.  Consider  a  set  {t*}  with  discrete 
time  instants  satisfying 

0  <  fi  <  r2  <  •  •  *  <  n  <  Ti+ 1  <  *  •  *  , 

Ti  — >■  oo  as  i  — >  oo  . 

Let 

U ( i ,  x)  =  Ax|t=Ti  =  x(Tj+ )  -  x(t~  )  (2) 

be  a  change  of.  the  state  vector  at  time  instant 
Ti,  then  an  impulsively  controlled  chaotic  system 
is  given  by 

X  =  f (t,  X,  u(t)),  t  /  Ti 

A  x  =  U(i,x),  t  —  t%  (3) 

x(£q" )  ==  x0,  t0  >  0,  *  =  1,2,... 

which  is  called  an  impulsive  differential  equation  in 
[Lakshmikantham  et  al.,  1989].  In  order  to  study 
practical  stability  of  the  impulsive  differential  equa¬ 
tion  in  Eq.  (3)  we  use  the  following  definitions 
[Lakshmikanthan  et  al.,  1989]  and  theorems. 

Since  Lyapunov’s  second  method  is  a  powerful 
tool  for  studying  the  stability  of  dynamic  systems, 
it  is  also  used  to  study  the  stability  of  impulsive 


differential  equations.  However,  since  the  inner  dis¬ 
continuous  properties  of  impulsive  differential  equa¬ 
tions,  we  need  a  special  kind  of  Lyapunov  function 
which  is  described  by  the  following  definition. 

Definition  1.  Let  V:  5R+  x  3?+,  then  V  is 

said  to  belong  to  class  Vo  if 

(1)  V  is  continuous  in  (r^i,  r,]  x  9J"  and  for  each 
x  e  SR”,  i  =  1,2,... 

lim  V(t,y)  =  V(^,x)  (4) 

(<>y)-KTj  >*) 

exists; 

(2)  V  is  locally  Lipschitzian  in  x. 

In  Lyapunov’s  second  method  we  need  to  check 
the  derivative  of  a  Lyapunov  function  along  the  so¬ 
lutions  of  the  dynamic  system.  Since  the  solutions 
of  an  impulsive  differential  equation  are  discontinu¬ 
ous  at  Ti,  we  need  to  choose  some  special  derivatives 
of  a  Lyapunov  function  along  the  solutions  of  an 
impulsive  differential  equation.  One  of  these  deriva¬ 
tives  can  be  given  by  the  following  definition. 

Definition  2.  For  (£,  x)  €  (r,_i,  Tj]  x  SR",  we  define 

D+V(t,  x)  =  lim  sup  y-[V(f  +  h,  x 
o+  n 

+  hf(t,  x,  u(t)))  -  V(t,  x)] .  (5) 

It  is  usually  easy  to  study  the  stability  of  a  first- 
order  impulsive  differential  equation.  However,  the 
nonautonomous  chaotic  systems  are  at  least  two  di¬ 
mensional.  To  simplify  the  study  of  the  stability 
of  a  high  dimensional  impulsive  differential  equa¬ 
tion,  one  usually  reduces  the  problem  to  that  of  a 
corresponding  one  dimensional  impulsive  differen¬ 
tial  equation  called  the  comparison  system,  which 
is  defined  in  the  following  way. 

Definition  3  (Comparison  System).  Let  V  €  Vo 
and  assume  that 

D+V(t,  x)  <  g(t,  V(t,  x),  «(<)),  t  £  T{ 

V(t,  x  +  U(i,  x))  <  ipi(V(t,  x)),  t  =  Ti 

where  g :  5R+  x  3?+  x  3J+  5R  is  continuous  and  ipf. 
SR+  i — ^  $R+  is  nondecreasing.  Then  the  system 

w  =  g(t,  w,  v(t)), 

w(Tt^)  =  ipi(w(Ti)),  i  =  1,2,...  (7) 

w(t o  )  =  wo  >  0 
is  the  comparison  system  of  Eq.  (3). 
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Since  the  solutions  of  impulsive  differential 
equations  are  piecewise  continuous,  the  functions 
of  these  solutions  are  usually  also  piecewise  contin¬ 
uous.  We  need  the  following  definition  to  describe 
this  kind  of  piecewise  continuity. 

Definition  4.  PC(dl+  x  $ft+)  denotes  the  set  of 
functions  x:  x  which  are  continuous 

for  t  G  t^Tk  and  are  continuous  from  the  left 
for  t  G  3R+.  At  points  t*,  x  has  a  discontinuity  of 
the  first  kind. 

Definition  5  (Practical  Stability).  The  impul¬ 
sively  controlled  system  (3)  is  said  to  be  practically 
stable  if,  given  (A,  A)  with  A  >  0  and  A  >  0  are  real 
scalars,  we  have  that  ||x0||  <  A  implies  ||x(t)||  <  A, 
t  >  to  for  some  to  G  5FJ+  and  every  uGfi. 

Remark.  Other  practical  stability  notions  can  be 
defined  based  on  this  definition.  See  [Lakshmikan- 
tham  et  aL ,  1990]  for  details  of  the  standard  prac¬ 
tical  stability  notions. 

We  let 

Sip)  =  {if  »"l  H  <  p}  (8) 

where  ||  •  ||  denotes  Euclidean  norm  on  3Jn. 

A  function  a  is  said  to  belong  to  class  fC  if 
a  G  (7[3i+,  5f+],  a(0)  =  0  and  a(x)  is  strictly  in¬ 
creasing  in  x . 

We  let 

fi  =  {ue  »m|r(t,  u)  <  r(t)y  t  >  to}  (9) 

where  T  G  C'fJft-j-  x  9im,  5R_j_]  and  r(t)  is  the  maximal 
solution  of  the  comparison  system  (7). 

Theorem  1  ([McRae,  1994]  Theorem  3.1,  p.  661). 
Assume  that 

(1)  g  G  x  5?+  x  3?+,  5E+],  g(ty  uy  v)  is  nonde¬ 

creasing  in  u  for  each  (ty  v)  and  nondecreasing 
in  v  for  each  ( t ,  u)\  (2) 

(2)  'ipi  is  nondecreasing  for  each  i\ 

(3)  0  <  A  <  A  ( respectively  0  <  A  <  A)  is  given ; 

(4)  V  G  PC\jR+  x  3fn,  $ft+],  V(ty  x)  is  local  Lips- 
chitzian  in  x,  and  there  exists  a,  f3  G  K  such 
that 

/*(l|x||)  <  v(t,  x)  <  a(||x||),  /  N 

(10) 

(t,  x)  G  &+  x  S(p),  P  >  A ; 

(5)  for  (t,  x)  G  fa,  ri+i]  x  S(p)  and  u(£)  G  Q 

D+V(t,  x)  <  g(t,  V(t,  x ),  r(t,  u)) ;  (11) 


(6)  x  G  S(A)  implies  x  +  U(i,x )  G  S(p )  and 
V(r?,x  +  U(i,  x))  <ipi(V(t,x)),  xGS(p). 

(7)  a( A)  <  (5(A)  (respectively  a(A)  >  (3(A)). 

Then ,  the  practical  stability  properties  of  the 
comparison  system  (7),  with  respect  to  (a(A),  /3(A)), 
imply  the  corresponding  practical  stability  proper¬ 
ties  of  system  ( 3 )  with  respect  to  (A,  A)  for  every 
u(t)  G  ft. 

Remark.  Theorem  1  is  very  powerful  because  it 
translates  the  stable  problem  of  an  nth-order  im¬ 
pulsive  differential  equation  into  that  of  a  first-order 
impulsive  differential  equation.  In  many  cases,  this 
translation  provides  us  an  easy  way  for  studying  sta¬ 
bility  of  a  high-order  impulsive  differential  equation. 
In  the  next  theorem,  we  present  the  stability  crite¬ 
rion  for  a  first-order  impulsive  differential  equation, 
which  is  the  general  form  of  the  comparison  system 
of  impulsively  controlled  chaotic  systems  that  we 
study  in  this  paper. 

Theorem  2.  Suppose  Amax  is  the  maximum  inter¬ 
val  between  any  two  successive  impulses ,  i.e. 

Amax  =  max-{Ti  -  Ti-x}  (12) 

Vt 

For  given  (A,  A ),  (0<A<^4)  or  (0<^4<A), 

(1)  Let 

g(t,  w,  v)  =  (f>w  +  0,  (f>  >  0,  9  >  0,  t^n 

ipi(w)  =  diW,  di  >  0,  t  =  Ti,  i  =  1,2,... 
w(t£)  =w0>0. 

(13) 

oo  00  oo 

A  n  dieW-^  +  e/4>  £  n  di\eW-^ 

l=l  1  i=j 

-  +  \0/<f>(l  -  e^Amax)|  <  A. 

(14) 

Then  the  system  (13)  is  practically  stable  with 
respect  to  (A,  A)  for  every  v(t). 

Proof.  The  solution  of  the  comparison  system  (13) 
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is  given  in  [Samoilenko  &  Perestyuk,  1995] 
k 

w(t,  to,  Wo)  =  wo  fl  die ^  to * 
i—  1 

+  W  E  n  di(eHt-Tj)  -  <**t-Ti~l)) 

j= 1  i=j 

+  9/<j>(  1  -  e^(t_Tfc)) 

<iBof[  die^l~toS> 

»= l 

j=l  <=J 

+  |6»/0(1  -  e^(t-Tfc))|,  t  €  (Tfc,  Tfc+i] . 

(15) 

We  have 

l*/*(i  -  eW-Tk))\  <  \e/<Ki  -  ^Amax)l , 

t  e  (rfc,  Tfc+i]  (16) 

Since  too  <  A  we  have  w(t,  to,  wo)  <  A.  ■ 

3.  Impulsive  Control  of 
Duffing’s  Oscillator 

A  Duffing’s  oscillator  is  given  by 

x  =  y  (17) 

y  =  x-x3-ey  +  9  cos  (wt) . 

In  this  paper,  we  choose  the  parameters  as:  e 
0.25,  6  =  0.3  and  u  =  1.  The  uncontrolled  system 
is  a  chaotic  system  whose  chaotic  attractor  is  shown 
in  Fig.  1. 

The  impulsively  controlled  Duffing’s  oscillator 
is  given  by 

x  =  y 

y  =  x-x3—  ey  +  0  cos  (ut) 
x(r^)  =  dix(ri)l  4>0j(  =  T(  (18) 

y(rt+)  =  diy{Ti )  J 

To  give  conditions  for  practical  stability  of  the 
impulsively  controlled  system  in  Eq.  (18),  we  first 
construct  a  comparison  system  of  (18).  We  then  use 


Proposition  1  to  show  that  the  practical  stability  of 
the  comparison  system  implies  that  of  (18).  Finally, 
we  use  Theorem  3  to  show  that  the  comparison  sys¬ 
tem  is  practically  stable. 

Proposition  1.  The  practical  stability  of  impul¬ 
sively  controlled  Duffing’s  oscillator  in  Eq.  (18)  with 
respect  to  (A,  A)  is  implied  by  that  of  the  following 
comparison  system 

g(t,  w,  v)  =  <fnv  +  0,  <f>  =  max{l  -  e,  1  +  x2},  t^n 
ipi(w)  =  diW,  di  >  0,  t  =  Tj,  i  =  1,2,... 
w(tQ  )  =  wo  >  0 

(19) 

with  respect  to  (\/2A,  A). 

Proof.  Choose  a  Lyapunov  function  as  [Yang  & 
Yang,  1996] 

V(t,  x)  =  \x\  +  \y\ .  (20) 


Then  we  have 

D+V(t,  x)  =  x  sgn(x) + y  sgn(y) 

= y  sgn(x) + x  sgn(y )  -  x3  sgn(y) 
—e\y\+9  sin (wt)  sgn(y) 

<(l-e)|y|  +  (l+x2)|x|  +  |0  sin(wt) | 
<max  (l-e,  l+x2)V(t,  x)+|0|.  (21) 


Hence 

g(t,  w,  v)  =  max(l  -  e,  1  +  x2)w  +  \6\ 

=  </>w  +  9  (22) 

where  <f>  =  max(l  —  e,  1  +  x  ). 

•  Since 

V(rf,  x(r+))  =  diV(n,  x(ri))  (23) 

we  have  ipi(w)  =  d^.  - 

It  is  well  known  that  |x|+|y|  >  \/x2  +  y2-  Since 

2(x2  +  y2)  =  2(|x|2  +  |y|2)  >  M2  +  2|x|  |y|  +  |y|2 

=  (|*|  +  M)2  (24> 

we  have  |x|  +  |y|  <  %/2 +  y2.  We  then  have 
o(x)  =  an(l  fl(x)  —  X-  We  find  that  all  condi- 
tions  in  Theorem  1  are  satisfied.  B 

Theorem  3.  Let  d{  =  d  >  0  be  constant  for  all 
i  =  1,  2,...,  the  impulses  are  equidistant  with  a 


1 


Impulsive  Control  of  Nonautonomous  Chaotic  Systems  1561 


Since  1/5  ln(rf)  +  <f>  <  0  one  has 


lim  £(£)  =  —oo 
£—►00 


(28) 


such  that 

lim  17  de^-to)  =  lim  e[^] 

t — >00  ^  ,  t-+oc 

1=1 

=  lime?(t)=0.  (29) 

t->o o  ' 

From  above,  one  sees  that  the  first  term  in  Eq.  (14) 
becomes  zero  for  any  A  <  oo. 

For  t  €  (r/b,  rjfc+i]  one  has 

lim 

k-> oo  .. 


Fig.  1.  The  chaotic  attractor  of  the  uncontrolled  Duffing’s 
oscillator. 

fixed  interval  S  =  T{+\  —  t*  for  all  i  —  1,  2, , 
and 

(1) 

iln(d)  +  0<O,  (25) 

0 

(2) 

0/<f>\l  -  e*| \d^Y~d^  +  W  "  e^l  <  A  ’ 
i.e. 

(26) 

tfien  the  impulsively  controlled  Duffing’s  oscil¬ 
lator  is  practically  stable  with  respect  to  (A,  A) 
for  any  A  <  oo. 


k  k 

=  e/<f>  Um_  |1  -  C^l  £  n  de<t>{t~Ti) 

j- 1  i=j 


/c— ►  oo 


k  k 


=  8/<t>  lim  |1  -e#lE  II 

k~*°°  j= i  i=j 


<  8/$ |1  -  e^|  Jim^  £ 

1 


fc-K50  .  . 


=  W|l-e«|<f^rr^s. 


(30) 


The  last  equation  is  satisfied  if  de^  <  1,  i.e. 
1/5  ln(d)  +  4>  <  0. 

Since  w0  can  be  any  finite  value,  it  follows 
from  Theorem  2  that  the  comparison  system  is 
practically  stable  with  respect  to  (\/2A,  A)  for  any 
A  <  oo.  It  follows  from  Proposition  1  that  the  im¬ 
pulsively  controlled  Duffing’s  oscillator  (18)  is  prac¬ 
tically  stable  with  respect  to  (A,  A)  for  any  A  <  oo. 


Proof  Let 

m  = 


t  —  to 


6 

t-t0 

6 

+ 

t-to 


ln(d)  +  <p(t  -  to) 

t  —  to 


\n(d)  +  <£  j<5  t—j^  | 

<P  j(<  -  t0)  -5  -  -  | 


(ln(d)  +  6(f>)  +  6(/> 


(27) 


where  (x]  denotes  the  largest  integer  less  that  x- 


Remark.  Since  A  is  used  to  decide  the  range 
of  initial  conditions,  Theorem  3  guarantees  that 
no  matter  how  far  the  initial  condition  is  away 
from  the  origin,  the  impulsively  controlled  Duff¬ 
ing’s  oscillator  can  be  practically  stabilized  around 
the  origin. 


4.  Numerical  Experiments 

We  first  study  the  relation  between  time  interval 
6  and  d  for  given  values  of  A.  If  6/<l>  >  0,  the 
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conditions  in  Eqs.  (25)  and  (26)  are  reduced  to 

d  <  e"^  -  XT  I1  “  e'^l  (31) 

A(f) 

which  specifies  how  an  increasing  value  of  <5  de¬ 
creases  d.  From  Fig.  1  we  see  that  — 1.5  <  x  <  1.5 
such  that  (f>  =  3.25.  By  choosing  9  =  0.3,  the 
boundaries  of  practical  stability  for  different  val¬ 
ues  of  A  are  shown  in  Fig.  2.  In  Fig.  2  we  only 
show  the  cases  of  A  —  0.01,  0.05,  0.1  and  0.5.  The 
region  below  the  corresponding  line  is  the  practi¬ 
cally  stable  region.  We  see  that  the  lines  intersect 
at  the  point  (<5,  d )  =  (0,  1).  This  means  that  if 
d  <  1  is  satisfied,  we  can  impulsively  control  the 
Duffing’s  oscillator  into  any  prescribed  small  re¬ 
gion  around  the  origin  by  choosing  5  small  enough. 
When  A  approaches  0,  the  curves  approach  the 
open  interval  on  the  vertical  axis,  i.e.  d  G  (0,  1)  and 
<5  =  0. 

We  then  present  simulation  results  to  verify  the 
conclusions  shown  in  Fig.  2.  The  simulation  results 
are  show  in  Fig.  3.  The  fourth-order  Runge-Kutta 
method  with  fixed  time  step  0.01s  is  used.  The 
initial  condition  is  (x(0),  y(0))  =  (2,  -2). 

In  Fig.  3(a)  the  practically  stable  result  with 
small  objective  region  is  shown.  We  choose  A  = 
0.05.  By  checking  the  second  curve  in  Fig.  2,  we 


Fig.  3.  The  behaviors  of  the  impulsively  controlled  Duffing  s 
oscillator,  (a)  Practically  stable  result  with  small  objective 
region,  (b)  x-y  plot  of  controlled  trajectories,  (c)  Practically 
stable  result  with  big  objective  region. 


find  the  point  ( 6 ,  d )  ~  (0.1,  0.2)  is  in  the  practically 
stable  region.  It  means  that  under  this  condition, 
the  maximal  amplitudes  of  x  and  y  of  the  impul¬ 
sively  controlled  system  are  less  than  0.05.  The 
dashed  line  and  solid  line  show  x(t)  and  y(t),  respec¬ 
tively.  We  can  see  that  x(t)  approaches  0  though 
y(t)  fluctuates  around  0  with  a  small  amplitude. 
The  two  horizontal  dotted  straight  lines  show  the 
range  of  the  states  of  the  controlled  system  pre¬ 
dicted  by  Fig.  2.  We  see  that  Theorem  3  gives  a 
very  good  estimate  for  the  range  of  the  states  of 
the  controlled  system. 

Although  Theorem  3  guarantees  that  the  con¬ 
trolled  trajectory  will  stay  in  the  neighborhood  of 
the  origin,  in  order  to  give  the  reader  an  idea  of  the 
controlled  attractor,  in  Fig.  3(b)  we  show  the  x- 
y  plot  of  the  controlled  trajectories.  We  find  that 
after  the  trajectory  enters  the  controlled  attractor, 
it  never  escapes. 

In  Fig.  3(c)  a  practically  stable  result  with  large 
objective  region  is  shown.  We  choose  A  =  0.1.  By 
checking  the  third  curve  in  Fig.  2,  we  find  that  the 
point  (5,  d)  =  (0.1,  0.4663)  is  in  the  practically  sta¬ 
ble  region.  It  means  that  under  this  condition,  the 
maximal  amplitude  of  x  and  y  of  the  impulsive  con¬ 
trolled  system  are  smaller  than  0.1.  The  dashed 
line  and  solid  line  show  x(t)  and  y(t),  respectively. 
In  this  case,  we  see  that  x(t )  fluctuates  around  0 
with  a  visible  amplitude  and  y(t)  fluctuates  around 
0  with  a  small  amplitude.  The  two  horizontal 
dotted  straight  lines  show  the  range  of  the  states 
of  the  controlled  system  predicted  by  Theorem  3. 

5.  Conclusions 

In  this  paper,  we  studied  practical  stability  of  im¬ 
pulsively  controlled  nonautonomous  chaotic  sys¬ 
tems.  Potential  applications  of  the  theory  presented 
in  this  paper  are  impulsive  synchronization  and 
secure  communication.  There  exist  two  different 
ways  for  practical  stabilization  of  a  nonautonomous 
chaotic  system.  One  way  is  to  reduce  the  inter¬ 
val  between  control  impulses.  Another  way  is  to 
increase  the  intensity  of  each  impulse.  The  theory 
presented  in  this  paper  may  guide  the  design  of  both 
control  schemes  quantitatively. 
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In  this  paper  we  consider  impulsive  control  of  master-slave  synchronization  schemes  that  consist 
of  identical  Lur’e  systems.  Impulsive  control  laws  are  investigated  which  make  use  of  linear  or 
nonlinear  dynamic  measurement  feedback.  A  sufficient  condition  for  global  asymptotic  stability 
is  presented  which  is  characterized  by  a  set  of  matrix  inequalities.  Synchronization  is  proven 
for  the  error  between  the  output  signals.  The  method  is  illustrated  on  Chua  s  circuit  and  a 
hyperchaotic  system  with  coupled  Chua’s  circuits. 


1.  Introduction 

Recently,  methods  for  synchronization  of  nonlinear 
systems  have  been  proposed  which  make  use  of  im¬ 
pulsive  control  laws  [Yang  k  Chua,  1997a,  1997b; 
Yang  et  al.,  1997;  Stojanovski  et  al.,  1996,  1997]. 
In  this  way  the  error  system  of  the  synchroniza¬ 
tion  scheme  is  stabilized  using  small  control  im¬ 
pulses.  These  methods  are  offering  a  direct  method 
for  modulating  digital  information  onto  a  chaotic 
carrier  signal  for  spread  spectrum  applications  [Wu 
k  Chua,  1997]  and  has  been  applied  to  chaotic  dig¬ 
ital  code-division  multiple  access  (CDMA)  systems 
in  [Yang  k  Chua,  1997c].  The  method  discussed  in 
[Yang  k  Chua,  1997a,  1997b;  Yang  et  al.,  1997]  is 
based  on  a  theory  of  impulsive  differential  equations 
described  in  [Lakshmikantham  et  al.,  1989].  At 
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discrete  time  instants,  jumps  in  the  system’s  state 
are  caused  by  a  control  input.  Global  asymptotic 
stability  of  the  error  system  is  proven  by  means  of  a 
Lyapunov  function  and  is  characterized  by  a  set  of 
conditions  related  to  the  time  instants,  the  time  in¬ 
tervals  in  between  and  a  coupling  condition  between 
these. 

However,  so  far  the  method  has  been  applied  ad 
hoc  to  the  special  cases  of  Chua’s  circuit  [Yang  k 
Chua,  1997a,  1997b]  and  the  Lorenz  system  [Yang 
et  al.,  1997].  Moreover  full  state  information  has 
been  assumed,  which  means  that  knowledge  of  the 
full  state  vector  of  the  system  is  needed  in  or¬ 
der  to  synchronize  the  systems  by  impulses.  The 
aim  of  this  paper  is  to  present  a  general  design 
procedure  for  master-slave  synchronization  schemes 
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which  consist  of  identical  Lur’e  systems  [Khalil, 
1992;  Suykens  et  al.,  1996;  Vidyasagar,  1993].  Ex¬ 
amples  of  chaotic  and  hyperchaotic  Lur’e  systems 
are  Chua’s  circuit  [Chua  et  al.,  1986;  Chua,  1994; 
Madan,  1993],  generalized  Chua’s  circuits  that  ex¬ 
hibit  n-scroll  attractors  [Suykens  et  al.,  1997b]  and 
arrays  which  consist  of  such  chaotic  cells  [Kapita- 
niak  &  Chua,  1994;  Suykens  &  Chua,  1997].  In 
practice  the  full  state  vector  is  often  not  avail¬ 
able,  not  measurable  or  too  expensive  to  measure. 
Therefore  we  investigate  the  case  of  measurement 
feedback  for  which  we  derive  a  sufficient  condition 
of  global  asymptotic  stability  of  the  error  system. 
This  error  is  defined  between  the  outputs  (instead 
of  states)  of  the  master  and  slave  system.  For 
the  sake  of  generality  we  study  a  nonlinear  dy¬ 
namic  output  feedback  law  where  the  state  equa¬ 
tion  of  the  controller  takes  the  form  of  a  Lur’e 
system.  This  impulsive  control  law  includes  static 
output  feedback  and  linear  dynamic  output  feed¬ 
back  as  special  cases.  The  latter  method  has  been 
discussed  in  [Suykens  et  al.,  1997a]  for  a  continu¬ 
ous  control  law.  The  conditions  for  synchroniza¬ 
tion  have  been  expressed  as  a  matrix  inequalities 
[Boyd  et  al.,  1994],  which  also  occur  in  the  con¬ 
text  of  nonlinear  Hoo  synchronization  methods  for 
secure  communications  applications  [Suykens  et  al., 
1997c].  The  design  of  the  controller  is  done  then  by 
solving  a  nonlinear  optimization  problem  which  in¬ 
volves  the  matrix  inequality.  A  similar  approach  is 
followed  in  this  paper  for  the  impulsive  control  case. 


We  illustrate  the  method  on  Chua’s  circuit 
and  a  hyperchaotic  system  with  coupled  Chua’s 
circuits  that  exhibits  the  double-double  scroll  at¬ 
tractor  [Kapitaniak  &  Chua,  1994].  Two  identical 
Chua’s  circuits  are  impulsively  synchronized  by  a 
linear  dynamic  output  controller  of  first  order  where 
one  state  variable  is  measured  on  the  circuits  and 
one  single  control  input  is  taken.  While  synchro¬ 
nization  is  theoretically  proven  for  the  difference 
between  the  measured  state  variables,  the  complete 
state  vectors  are  synchronizing  as  well  according 
to  the  simulation  results.  In  another  example  it 
is  shown  how  two  double-double  scroll  attractors 
can  be  synchronized  by  measuring  only  one  state 
variable  and  taking  one  single  control  input.  In  this 
case  however,  the  synchronization  is  occurring  for 
the  output  but  not  for  the  full  state  vector.  Syn¬ 
chronization  for  the  full  state  vector  is  obtained  by 
a  linear  dynamic  output  feedback  controller  with 
two  outputs  and  two  control  inputs  (one  for  each  of 
the  two  cells). 

This  paper  is  organized  as  follows.  In  Sec.  2 
we  present  the  master-slave  synchronization  scheme 
with  impulsive  control.  In  Sec.  3  the  matrix  inequal¬ 
ities  are  derived  and  controller  design  is  discussed. 
In  Sec.  4  examples  are  given. 


2.  Synchronization  Scheme 

We  consider  the  following  master-slave  synchro¬ 
nization  scheme 


Mi 

Si 


Ci 


j  x  =  Ax  +  Ba(Cx) 

(  p  =  Lx 

(  z  =  Az  +  Bcf(Cz), 

\q  =  Lz 

'  i-E^  +  F(p-q)  +  WF<j{VFxZ  +  VF2{p-q)), 
A  z  —  D\u, 

<  A£  =  D2v, 

u^GxZ  +  Hxip-q) 

.  v  =  G2£  +  H2(p  -  q) 


t  ^  Ti 

t  ^  Ti 
t  -  Ti 
t  =  Ti 


(1) 


which  consists  of  master  system  M,  slave  system 
S  and  controller  C.  M  and  C  are  identical  Lur’e 
system  with  state  vectors  x,  z  €  Rn  and  matrices 
A  £  Rnxn,  B  €  Rnxrah,  C  €  Rn,*xn.  A  Lur’e  sys¬ 
tem  is  a  linear  dynamical  system,  feedback  inter¬ 
connected  to  a  static  nonlinearity  a(-)  that  satisfies 


a  sector  condition  [Khalil,  1992;  Vidyasagar,  1993] 
(here  it  has  been  represented  as  a  recurrent  neural 
network  with  one  hidden  layer,  activation  function 
cr(-)  and  n/,  hidden  units  [Suykens  et  al.,  1996]). 
We  assume  that  er(-)  :  R"'1  >  Rnft  is  a  diagonal 
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nonlinearity  with  <7j(-)  belonging  to  sector  [0,  A;] 
for  t  =  1,...,  n/,.  The  output  (or  measurement) 
vectors  of  bA.  and  S  are  p,  q  €  R1  with  l  <  n  and 
L  e  R/xn. 

For  the  impulsive  control  law  C,  a  set  of  dis¬ 
crete  time  instants  Tj  is  considered  where  0  <  Ti  < 
T2  <  •••  <  n  <  Tj+i  <  •  •  •  with  Ti  -¥  oo  as  i  -¥  oo 
[Lakshmikantham  et  al.,  1989;  Yang  &  Chua,  1997a, 
1997b;  Yang  et  al,  1997].  For  the  sake  of  generality, 
a  nonlinear  dynamic  output  feedback  controller  of 
Lur’e  form  is  taken  here  for  the  state  equation  with 
state  vector  (€Rn«.  At  the  time  instants  Tj,  jumps 
in  the  state  variables  z  and  £  are  imposed 
Az|t=Ti  =  *(T^)-2(rr) 

A£|t=T<  =C(Tif)-^('Ti"). 


By  means  of  the  matrices  D\  and  D2,  the  state 
equations  on  which  the  impulsive  controls  u  €  Rm* 
and  v  €  Rm*  are  applied,  are  decided  upon.  The 
output  difference  p  -  q  is  taken  as  input  of  the  con¬ 
troller  C.  The  matrices  of  the  controller  are  of  di¬ 
mension  E  €  Rn<xn<,  F  e  Rn«xi,  WF  e  Rn«xnfc<, 
VFl  €  Rnh«xn*,  Vf2  €  Rnh<X‘,  Di  €  Rn*xmi,  D2  € 
R”{xmf,  G\  €  Rm*xnc,  g2  e  Rm«xn«,  Hi  e  Rm*xl, 

H2  €  Rm«xl  where  n/l?  is  the  number  of  hidden 
units  in  the  Lur’e  system  of  C.  Note  that  the  con¬ 
trol  law  also  includes  the  cases  of  static  output  feed¬ 
back  (Gi  =  0,  G2  =  0)  and  linear  dynamic  output 
feedback  (WF  =  0,  VFl  =  0,  Vp2  =  0). 

Given  the  synchronization  scheme  (1),  the  syn¬ 
chronization  error  is  defined  as  e  =  x  —  z  for  the 
state  vectors  and  e/,  =  p  —  q  =  Le  for  the  outputs. 
The  first  case  yields  the  error  system 


e  =  Ae  +  Br){Ce\  z ), 

1  =E£  +  F(p-q)  +  WF(r{VFl£  +  VF2(p-q)), 
Ae  =  —D\u, 

A£  =  D2v, 

u  =GiZ  +  Hi{p-q) 
k  v  =G2Z  +  H2{p-q) 


t  ^  T{ 
t  ^  Ti 
t  —  Ti 
t  —  Ti 


(3) 


where  p(Ce;  z)  =  a(Ce  +  Cz)  -  c{Cz)  and  Ae  =  Ax  -  A 2  with  Ax  =  0  for  the  master  system.  The  error 
system  for  e^  becomes 


ei  =  LAe  +  LBr)(Ce\  z),  t 

£  =  E£  + F(p  —  q) +  Wf<t(Vfi€  +  Vf2(p  —  q)),  t  7^  ri 
Aei  =  — LD\u ,  t  =  Ti 

2  :  I  Af  =  D2v,  t  =  n 

u  —  Gi£  +  Hi(p  —  q) 
k  V  =  G2C  +  H2(p  -  q) 

with  A  ei  =  -LAz.  This  scheme  will  be  studied  in  the  sequel. 


(4) 


3.  Stability,  Matrix  Inequalities  and  Controller  Design 

In  order  to  derive  a  sufficient  condition  for  global  asymptotic  stability  of  the  error  system  £2,  we  take  the 
Lyapunov  function 


V(eL,  0  =  CTPC  =  {el 


>11 

P12 

eL 

P21 

P22 

P  =  PT  >0. 


(5) 


According  to  Lakshmikantham  et  al.  [1989],  Yang  and  Chua  [1997a,  1997b]  and  Yang  et  al.  [1997]  it  is 
sufficient  then  to  prove  that 
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V  <  aV,  a  >  0, 

t^Ti 

(6a) 

V{C  +  AO<PV,  p>  0, 

t  —  T, 

(6b) 

||C  +  Adl!<  IICIIj, 

t  =  n 

(6c) 

a(n+l  -  Ti)  +  log/3  <  0. 

(6d) 

Prom  Eq.  (6d)  we  find  that  /3  <  1  should  be  satisfied.  We  will  express  the  conditions  (6a)-(6c)  now  as 
matrix  inequalities.  In  the  derivation  we  exploit  the  inequalities 

|  ,(CefAWCe)  -  Ce\  <0,  Ve  6  R" 

1  <T(v))rr[cr(v)  -  VF,i  -  VF,Le\  <  0,  Ve  £  Rn,  (  €  R"< .  '' ' 


These  are  related  to  the  sector  conditions  on  the  nonlinearities  T]( •)  and  cr(-) ,  which  are  assumed  to  belong 
to  sector  [0,  1].  A  and  T  are  diagonal  matrices  with  positive  diagonal  elements  and  <p  =  Vf,£  +  Vp2Ee.  By 
employing  (7)  in  an  application  of  the  5-procedure  [Boyd  et  al.,  1994]  a  matrix  inequality  is  obtained  by 
writing 

V  -  aV  -  2r)(Ce)T Ji[r](Ce)  -  Ce]  -  2cr(ip)Tr[cr(<p)  -  -  VF2Le]  <  0  (8) 

as  a  quadratic  form  wTZw  <  0  in  w  =  [e;  £;  q;  or).  Imposing  this  quadratic  form  to  be  negative  semidefinite 
for  all  w,  one  obtains 

Z  =  ZT  = 


Z12 

Zl3 

Z\4 

Z22 

Z23 

Z24 

■ 

Z33 

0 

• 

• 

Z44 

with 

Zn  =  ArPnL  +  LTPnA  +  LTPUFL 
+  LtFtP2iL  -  aLTPuL 
Z22  —  ET  P22  +  P22F  —  0.P22 
Z33  =  —  2  A 
Z44  =  — 2r 


Z12  —  A?  P\2  +  LtP12E  +  LTFTP22  —  aLTPi2 
Z13  =  LTPnLB  +  CT  A 
Zn  =  LtP\2Wf  +  LTV£r 
Z23  =  P21LB 

Z24  —  P22  Wf  +  . 


In  order  to  express  the  other  conditions  (6b)  and 
(6c)  as  matrix  inequalities,  we  write 


<  +  AC  = 


eL 

Z 


Aei 

A£ 


=  M 


eL 

z 


(10) 


it  turns  out  that  for  £1  the  condition  (6c)  leads  to 
infeasibility. 

The  controller  design  is  based  then  on  the  ma¬ 
trix  inequalities  (9),  (11)  and  (12)  by  solving  the 
feasibility  problem 


with 


M  = 


I  -  LD1H1  -LD\G\ 
D2H2  I  +  D2G2 


Find  9C,  Q,  A,  I\  a,  f3 
(Z<  0 


such  that  < 


MtPM  <  (3P 
MtM  <  I 

l  a(ri+x  -  Ti )  +  log/3  <  0 


(13) 


This  yields  the  matrix  inequality 

MtPM</3P  (11) 

for  (6b)  and 

MtM  <  I  (12) 

for  (6c).  The  latter  matrix  inequality  is  the  under¬ 
lying  reason  why  we  derived  synchronization  crite¬ 
ria  for  the  error  system  £2  instead  of  £\ ,  because 


with  P  =  QtQ  and  the  controller  parameter  vec¬ 
tor  0C  containing  the  elements  of  the  matrices  E, 
F,  Wf,  VFl,  Vf2,  Gi,  Hi,  G2,  H2.  This  problem  has 
to  be  solved  for  given  matrices  A,  B,  C,  L,  D\,  D2 
and  a  fixed  choice  of  the  time  interval  T{+\  —  t,. 


4.  Examples 

In  this  section  we  illustrate  the  method  on  Chua’s 
circuits  and  coupled  Chua’s  circuits  that  exhibit  the 
double-double  scroll  attractor. 

4.1.  Chua’s  circuit 

We  consider  master-slave  synchronization  of  two 
identical  Chua’s  circuits  by  means  of  impulsive  con¬ 
trol.  We  take  the  following  representation  of  Chua’s 
circuit  for  the  master  system  M : 
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r  ±i  =  a[x2  -  h(ix)] 

<  ±2=Xi-X2  +  X3  (14) 

^  £3  =  —6X2 

with  nonlinear  characteristic 
h(xi)  =  m\xx  +  hmo  -  mi)(|xi  +  c|  -  |xi  -  c|) 

(15) 

and  parameters  a  =  9,  b  =  14.286,  mo  =  —1/7, 
mi  =  2/7  in  order  to  obtain  the  double  scroll 


(b) 


(c)  (d) 

Fig.  1.  Synchronization  of  two  Chua’s  circuits  by  impulsive  linear  dynamic  output  feedback  with  one  output  and  one  control 
input:  (a)  x(t)  (solid  line),  z(t)  (dashed  line);  (b)  three-dimensional  view  on  the  double  scroll  attractor  generated  at  the  master 
system;  (c)  output  synchronization  error  ez,(0  =  €2 (t)  =  X2  —  22;  (d)  c\(t)  (solid  line),  e3(t)  (dashed  line);  (e)  impulsive  control 
.Ditt(t)  applied  to  the  slave  system;  (f)  impulsive  control  £>2t;(t)  applied  to  the  controller. 
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(e) 


Fig.  1.  ( Continued ) 


(f) 


Fig.  2.  Synchronization  of  two  Chua’s  circuits  by  impulsive  nonlinear  dynamic  output  feedback  with  one  output  and  one 
control  input:  (a)  ei,(f)  =  62(f)  (dashed  line),  ei(f)  (solid  line),  63(f)  (dash-dotted  line);  (b)  impulsive  control  D\u(t). 


attractor  [Chua  et  al.,  1986;  Chua,  1994;  Madan,  1993].  The  nonlinearity  <f>(xi)  =  (l/2)(|xi  +c|  -  \x\  -c|) 
(linear  characteristic  with  saturation)  belongs  to  sector  [0, 1].  A  Lur’e  representation  x  =  Ax  +  B(f>(Cx)  of 
Chua’s  circuit  is  given  then  by 


A  = 

—am  i 

i 

a 

-1 

0‘ 

1 

,  5  = 

~—a(mo  —  mi)' 
0 

0 

-b 

0. 

0 

C  =  [  1  0  0]. 


(16) 


Defining  the  outputs  p  =  X2,  q  =  z2  (hence  L  =  [0  1  0],  l  =  1)  and  impulsive  control  with 

Di  =  diag{0,  1,  0},  D2  =  I,  nc  =  1,  =  1,  WEf  -  0,  VFl  =  0,  VFi  =  0  (linear  dynamic  output 

feedback  controller)  the  optimization  problem  (13)  has  been  solved.  Sequential  quadratic  programming 
[Fletcher,  1987]  by  means  of  the  function  constr  of  Matlab  has  been  applied.  The  first  constraint  in  (13) 


was  used  as  objective  function  Amax(^)  (where 
Amax(-)  denotes  the  maximal  eigenvalue  of  a  sym¬ 
metric  matrix)  while  the  remaining  three  con¬ 
straints  have  been  imposed  as  hard  constraints.  The 
following  starting  points  have  been  chosen  for  the 
optimization:  6C  random  according  to  a  Gaussian 
distribution  with  zero  mean  and  standard  deviation 
0.1;  Q  =  J;  A  =  J;  a  =  10;  (3  =  0.1.  The  time  in¬ 
terval  Tj+i  —  7*  was  chosen  fixed  and  equal  to  0.1. 
Instead  of  0t  the  parameter  1/[1  + exp  (-/?)]  (which 
belongs  to  (0,1))  was  taken  as  unknown  of  the 
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optimization  problem.  A  feasible  point  which  sat¬ 
isfies  the  constraints  and  brings  the  objective  func¬ 
tion  close  to  zero  is  shown  in  Fig.  1.  While  synchro¬ 
nization  is  only  proven  for  ®2  —  z2  by  the  Lyapunov 
function  (5),  the  synchronization  error  x  —  z  for  the 
complete  state  vector  is  also  tending  to  zero.  Small 
control  impulses  have  to  be  applied  to  the  slave  sys¬ 
tem  and  to  the  linear  dynamic  output  feedback  con¬ 
troller.  Simulations  have  been  done  on  a  SUN  Ultra 
2  workstation  with  a  Runge— Kutta  integration  rule 
(ode23  in  Matlab)  with  tolerance  l.Oe  -  10. 


Fig.  3.  Synchronization  of  two  hyperchaotic  systems  (coupled  Chua’s  circuits)  by  impulsive  linear  dynamic  output  feedback 
with  two  outputs  and  two  control  inputs:  (a)  double-double  scroll  attractor  according  to  Kapitamak  &  Chua  shown  is 
(*,,  *4)  for  this  hyperchaotic  system  with  six  state  variables;  (b)  output  synchronization  «***(«>  =  *»  -  Wj"' 
synchronization  error  e,(t)  =  x5  -  z5;  (d)  ei(t)  (solid  line),  e3«)  (dashed  line)  e4(t)  dash-dotted  line),  e6(t)  (dotted  line) 
(e)  impulsive  control  u2(t)  applied  to  the  slave  system;  (f)  impulsive  control  u5(t)  apphed  to  the  slave  system,  (g)  unpulsi 
control  vi (t)  apphed  to  the  controller;  (h)  impulsive  control  v2(t)  apphed  to  the  controller. 


(g) 


(h) 


Fig.  3.  {Continued) 


A  nonlinear  dynamic  output  feedback  law  (1) 
has  been  studied  for  the  same  outputs  and  control 
input  with  D\  =  diag{0,  1,  0},  Z>2  —  I,  =  3, 
=  3,  —  1  (controller  with  the  same  di¬ 

mensions  for  A,  B,  C  as  Chua’s  circuit  but  differ¬ 
ent  values  for  the  matrices).  The  same  parameters 
were  taken  as  before  for  the  initialization  of  sequen¬ 
tial  quadratic  programming,  together  with  T  =  I. 
Simulation  results  are  shown  on  Fig.  2.  As  for  the 
linear  feedback  case  the  synchronization  error  be¬ 
tween  the  full  state  vectors  is  tending  to  zero,  while 
this  is  theoretically  proven  only  for  the  measured 
variables. 


4.2.  Coupled  Chua’s  circuits 

We  consider  the  following  master  system  which  con¬ 
sists  of  two  unidirectionally  coupled  Chua  circuits 
[Kapitaniak  &  Chua,  1994] 

'  ii  =  a[x2  ~  /»(*i)] 

X2  =  Xi  —  X2  + 

,  is  =  ~bx 2  (17) 

£4  =  a[x  5  —  /l(x4)]  +  K(x  4  —  Xi) 

X5  =  X4  —  X5  +  Xq 
X6  =  —bx  5 


with  h(xi)  =  miXi-\r(l/2)(Tno— mi)(|xi+c|  |xi  c|) 
(i  =  1,  4).  For  mo  =  -1/7,  mi  =  2/7,  a  =  9, 
b  =  14.286,  c  =  1,  K  =  0.01  the  system  exhibits 
hyperchaotic  behavior  with  a  double-double  scroll 
attractor.  The  system  can  be  represented  in  Lur’e 
form  with  n  =  6,  rih  =  2  and 


We  investigate  the  case  of  linear  dynamic  out¬ 
put  feedback.  First  we  define  two  outputs  for  the 
system  (p  =  [®2i  £5])  9  =  [z2>  25])  anc^  *w0  controls 
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inputs  (£>i  =  diag{0,  1,  0,  0,  1,  0}).  Furthermore 
we  choose  —  2,  m^  =  2,  Wef  —  0,  Vp1  —  0, 
Vf2  =  0.  The  initialization  is  done  in  the  same 
way  as  in  the  previous  examples.  Simulation  results 
show  (Fig.  3)  that  the  synchronization  is  obtained 
for  the  full  state  vector  of  the  hyperchaotic  system, 
while  it  is  theoretically  only  shown  for  the  outputs. 

Next  we  study  the  case  of  Unear  dynamic  out¬ 
put  feedback  with  one  output  (p  =  X2,  q  =  *2) 
and  one  control  input  (D\  =  diag{0, 1,  0,  0,  0,  0}). 
The  other  parameters  and  initialization  were  cho¬ 
sen  in  the  same  way  as  in  the  previous  case. 
Simulation  results  are  shown  in  Fig.  4.  The  synchro¬ 
nization  error  is  tending  to  zero  for  the  difference 
between  the  measurements,  but  not  for  the  full  state 
vector. 


5.  Conclusions 

We  discussed  a  systematic  procedure  for  design¬ 
ing  impulsive  control  laws  in  order  to  synchronize 
Lur’e  systems.  Examples  of  chaotic  Lur’e  systems 
are  (generalized)  Chua’s  circuits  and  arrays  that 
contain  such  chaotic  cells.  The  method  makes 
use  of  measurement  feedback  instead  of  full  state 
feedback.  For  the  sake  of  generality,  nonlinear  dy¬ 
namic  output  feedback  controllers  have  been  in¬ 
vestigated  which  include  the  special  cases  of  static 


Fig.  4.  Synchronization  of  the  two  hyperchaotic  systems  of  Fig.  3  but  with  one  output  and  one  control  input:  a)  outpu 
sjmchronization  error  e4<«)  =  «(t)  =  -  *;  0>)  «»(*)  (solid  line),  e3(t)  (dashed  line)  (first  cell);  (c)  «.(<)  (sohd  bneW 

(dLhed  line),  e9(t)  (dotted  line)  (second  cell);  (d)  impulsive  control  Di«(t)  applied  to  the  slave  system;  (f)  impulsive  control 
Vl(t)  applied  to  the  controller;  (g)  impulsive  control  t *(t)  applied  to  the  controller. 
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(e) 


(f) 


Fig.  4.  ( Continued ) 


output  feedback  and  linear  dynamic  output  feed¬ 
back.  Conditions  for  global  asymptotic  stability 
of  the  output  error  system  are  expressed  as  ma¬ 
trix  inequalities.  Simulation  examples  have  been 
presented  for  Chua’s  circuit  and  coupled  Chua’s 
circuits  that  exhibit  the  double-double  scroll  attrac¬ 
tor.  In  the  latter  case  it  was  sufficient  to  measure 
one  single  variable  and  take  one  control  input  in  or¬ 
der  to  obtain  synchronization  in  the  output.  Often 
synchronization  is  also  obtained  for  the  full  state 
vectors  in  addition  to  the  theoretically  guaranteed 
synchronization  for  the  output  vectors. 
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Impulsive  synchronization  of  chaotic  dynamic  systems  has  some  important  applications  to 
chaotic  secure  communication  and  chaotic  spread-spectrum  communication  systems.  In  this 
paper  we  present  some  experimental  results  on  impulsive  synchronization  between  two  Chua  s 
circuits.  In  our  experiments,  only  one  synchronizing  impulse  sequence  is  transmitted,  ihe 
robustness  of  impulsive  synchronization  with  respect  to  variations  in  the  frequency  and  t  e 
width  of  impulses  is  studied.  Experimental  results  show  that  robust  impulsive  synchronization 
can  be  achieved  under  noisy  conditions  and  a  2%  parameter  mismatch  between  the  driving 
system  and  the  driven  system.  We  also  found  that  an  amplified  impulse  sequence  with  a  gam 
greater  than  unity  can  make  the  impulsive  synchronization  more  robust.  Moreover,  we  foun 
that  impulsive  synchronization  can  be  achieved  with  very  narrow  impulses. 


1.  Introduction 

The  concept  of  impulsive  control  and  synchro¬ 
nization  of  chaotic  systems  was  first  reported  in 
[Amritkar  &  Gupte,  1993;  Stojanovski  et  al.,  1996]. 
After  that,  this  problem  was  found  closely  con¬ 
nected  to  the  theory  of  impulsive  differential  equa¬ 
tions  [Yang  &  Ghua,  1997c].  A  rigorous  theory 
of  the  asymptotic  stability  of  impulsive  control 
and  synchronization  of  autonomous  chaotic  systems 
was  presented  in  [Yang  &  Chua,  1997b,  1997c]. 
Some  applications  of  impulsive  synchronization  of 
chaotic  systems  to  chaotic  secure  communication, 
and  to  chaotic  digital  code-division  multiple  access 
(CDMA)  systems  were  presented  in  [Stojanovski 
et  al,  1996;  Yang  &  Chua,  1997b,  1997c]  and  in 
[Yang  &  Chua,  1997a],  respectively. 

All  of  the  above  results  are  theoretical.  Since 
impulsive  control  and  synchronization  involves 


changing  the  state  variables  of  continuous  dynamic 
systems  rapidly,  it  is  necessary  to  investigate  the 
problems  that  may  arise  in  the  practical  implemen¬ 
tation  of  impulsive  synchronization.  In  this  letter, 
we  present  some  experimental  results  of  impulsive 
synchronization  between  two  Chua's  circuits  [Chua, 
1994]. 

2.  Experimental  Configurations 

In  this  letter,  we  choose  Chua’s  circuit  [Chua,  1994] 
as  the  chaotic  system  which  is  defined  by 

^  =  ^r[G(v2  -  ui)  -  f(v i)] 
at  Ox 

<  -  -^r[G(yi  -  V2 )  +  h]  (■*•) 

at  l>2 


*On  leave  from  the  Institute  of  Radio  Engineering  and  Electronics  of  the  Russian  Academy  of  Sciences,  Mokhovaya  St.  11 
103907  Moscow,  Russia. 
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where  /(*)  is  the  nonlinear  characteristic  of  Chua’s 
diode,  defined  by 

f(vi) 

=  Gbvl  +  \{Ga-Gb){\vl  +  E\-\vl-E\)  (2) 

and  E  is  the  breakpoint  voltage  of  Chua’s  diode. 
The  corresponding  circuit  is  shown  in  Fig.  1. 

Although  [Kennedy,  1992]  had  provided  a 
physical  implementation  of  Chua’s  circuit,  for  our 
present  application,  we  have  opted  to  use  the  cir¬ 
cuit  realization  presented  in  [Dmitriev  et  al.,  1995], 
which  we  have  found  to  be  more  robust  for  this 
application  than  the  scheme  given  in  [Kennedy, 
1992]. 

The  parameters  chosen  for  this  implementa¬ 
tion  are  C\  =  5100  pF,  C2  =  47  nF,  L  = 
18  mH  and  R  =  1.65  kft.  The  parameters  for 


R 


(b) 

Fig-  1.  (a)  Chua’s  circuit,  (b)  Voltage-current  characteristic 

of  Chua’s  diode. 


implementing  Chua’s  diode  are  given  by  E  = 
1.56  V,  Ga  =  -0.757  mS,  and  Gb  =  -0.459  mS.  The 
Op  Amps  chosen  in  our  implementation  are  type 
KR1401UD2A.  With  these  parameters  we  obtain 
the  Chua’s  double  scroll  strange  attractor  shown  in 
the  V\—V2  plane  in  Fig.  2,  where  the  scale  of  the 
horizontal  and  the  vertical  axes  is  0.2  V/div  and 
50  mV/div,  respectively. 

The  block  diagram  of  our  impulsive  synchro¬ 
nization  using  a  single  synchronizing  impulse  se¬ 
quence  is  given  in  Fig.  3.  Figure  3(a)  shows  the 
block  diagram  of  impulsive  synchronization  via  vi 
between  two  Chua’s  circuits.  The  switching  signal 
s(t)  shown  in  Fig.  3(c)  is  used  to  switch  on/off  an 
electronic  switching  device  (AD6  212  AKN).  When¬ 
ever  s(t)  assumes  a  high  voltage  level,  the  switch  is 
on  and  a  synchronizing  impulse  is  transmitted  from 
the  driving  system  to  the  driven  system.  We  call 
the  width  of  the  high  voltage  peaks  as  the  impulse 
width  u){.  The  high  voltage  level  of  s(t)  is  chosen  to 
be  greater  than  5F.  The  time  interval  between  two 
consecutive  impulses  is  called  the  impulse  period 
1/fi.  Whenever  s(t)  assumes  a  low  voltage  level, 
the  switch  is  turned  off  and  the  two  Chua’s  circuits 
are  separated  electronically.  The  low  voltage  level 
of  s(t )  is  chosen  to  be  OF.  Whenever  s(t)  assumes 
a  high  voltage  level,  the  two  voltages  v\(t)  and 
v\(t)  are  connected  by  two  voltage  buffers,  which 
force  their  output  voltages  to  be  equal  to  their  in¬ 
put  voltages,  and  hence  v\  (t)  must  tend  rapidly  to 
vi(t). 


Fig.  2.  The  Chua’s  double  scroll  strange  attractor  observed 
from  the  Chua’s  circuit  used  in  our  experiments. 
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F,6  3.  The  bl<x*  diagram  of  impulsive  syuchreuimtiou  betrmeu  ».  Chua’s  dtadtu.  (a)  Impulsive  syuchrouim.ieu  via  «(«)■ 
(b)  Impulsive  synchronization  via  v2(t).  (c)  IUustration  of  switching  signal  s(t). 


Figure  3(b)  shows  the  block  diagram  for  im¬ 
pulsive  synchronization  via  t>2  between  two  Chua/s 
circuits.  In  this  case,  the  voltages  of  capacitors  C2 
in  both  Chua’s  circuits  are  connected  impulsively 


by  two  voltage  buffers  and  an  electronic  switch.  It 
is  the  same  structure  as  that  in  Fig.  3(a)  except 
that  a  channel  gain  K  is  introduced  for  increased 
generality. 
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3.  Experimental  Results 

In  this  section,  we  present  our  experimental  results 
of  the  configuration  presented  in  Sec.  2.  All  pictures 
are  taken  directly  from  the  screen  of  an  oscilloscope. 

3.1.  V2  is  the  transmitted  signal 

We  first  study  the  cases  when  the  voltage  v-i  is  the 
transmitted  signal  as  shown  in  Fig.  3(b).  The  ex¬ 


perimental  results  are  shown  in  Fig.  4.  Figure  4(a) 
shows,  in  the  vi-Hi  plane,  that  the  two  Chua’s 
circuits  are  originally  desynchronized  if  impulsive 
coupling  is  not  applied.  Figure  4(b)  shows,  in 
the  v\-v\  plane,  that  the  two  Chua’s  circuits  are 
synchronized  if  the  impulsive  coupling  is  applied. 
The  parameters  for  the  synchronization  impulses 
are:  Frequency  of  impulses  is  /*  =  18  kHz,  width 
of  impulses  is  w{  =  32  /zs.  Figure  4(c)  shows, 
in  the  v\-v\  plane,  that  the  two  Chua’s  circuits 


(c)  (d) 

Fig.  4.  The  experimental  results  of  impulsive  synchronization  when  V2  is  sampled  as  the  synchronizing  impulse  sequence.  In 
this  figure,  the  scale  of  the  oscilloscope  is  0.2  V/div  for  both  horizontal  and  vertical  axes,  (a)  The  driving  system  and  the 
driven  system  are  originally  desynchronized,  (b)  Impulsive  synchronization  (K  =  1).  (c)  Desynchronization  due  to  narrow 
impulses  ( K  =  1).  (d)  Desynchronization  due  to  wide  impulses  (K  =  1).  (e)  Impulsive  synchronization  with  K  >  1  and 
narrow  impulses. 
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(e) 

Fig.  4.  ( Continued ) 


4.  Conclusions 

In  this  letter  we  present  two  different  schemes  for 
implementing  impulsive  synchronization  between 
two  chaotic  electronic  circuits,  namely,  Chua  s  cir¬ 
cuits,  via  a  single  synchronizing  impulse  sequence. 
We  observed  that  the  impulsive  synchronization 
is  robust  in  the  presence  of  a  2%  parameter  mis¬ 
match  between  the  driving  and  the  driven  systems 
under  noisy  conditions.  However,  the  impulsive 
synchronization  between  two  Chua’s  circuits  via  a 


become  desynchronized  if  we  decrease  the  width  of 
the  impulse  beyond  a  certain  limit.  The  parameters 
for  the  synchronization  impulses  are:  fi  —  18  kHz 
and  Wi  =  24  /zs.  Figure  4(d)  shows,  in  the  vi^ui 
plane,  that  the  two  Chua’s  circuits  become  desyn¬ 
chronized  if  we  increase  the  width  of  the  impulse 
beyond  a  certain  limit.  The  parameters  for  the 
synchronization  impulses  are:  fi  =  18  kHz  and 
Wi  =  46  /xs.  Figure  4(e)  shows,  in  the  V2-V2  plane, 
that  impulsive  synchronization  between  two  Chua  s 
circuits  can  be  maintained  with  narrow  impulses  if 
the  amplitude  of  the  impulses  is  amplified  by  a  gain 
K  >  1.  In  this  case,  the  parameters  for  the  synchro¬ 
nization  impulses  are:  fi  =  18  kHz,  Wi  =  12  /is  and 
K  =  2.67. 

3.2.  Vi  is  the  transmitted  signal 

We  study  next  the  cases  when  the  voltage  vi  is  the 
transmitted  signal.  The  experimental  results  are 
shown  in  Fig.  5.  Figure  5(a)  shows,  in  the  V2~V2 
plane,  that  the  two  Chua’s  circuits  are  originally 
desynchronized  if  impulsive  coupling  is  not  applied. 
Figure  5(b)  shows,  in  the  V2-V2  plane,  that  the  two 
Chua’s  systems  are  synchronized  if  impulsive  cou¬ 
pling  is  applied.  The  parameters  for  the  synchro¬ 
nization  impulses  are:  fi  =  20  kHz  and  Wi  =  32  /zs. 
Figure  5(c)  shows,  in  the  V2-V2  plane,  that  impul¬ 
sive  synchronization  in  this  case  is  very  robust  us¬ 
ing  only  narrow  impulses,  where  the  parameters  of 
the  synchronization  impulses  are:  /,  =  20  kHz  and 
Wi  =  8  /zs.  Figure  5(d)  shows  the  switching  signal 
s(t )  used  in  Fig.  5(c). 


(b) 

Fig.  5.  The  experimental  results  of  impulsive  synchroniza¬ 
tion  when  vi  is  sampled  as  the  synchronizing  impulse  se¬ 
quence.  In  this  figure,  the  scale  of  the  oscilloscope  is 
50  mV/div  for  both  horizontal  and  vertical  axes,  (a)  The 
driving  system  and  the  driven  system  are  originally  desyn 
chronized.  (b)  Impulsive  synchronization,  (c)  Impulsive  syn¬ 
chronization  with  narrow  impulses,  (d)  The  switching  signal 
s(t)  used  in  (c). 


644  A.  I.  Panas  et  al . 


(d) 

Fig.  5.  (Continued) 


single  synchronizing  impulse  sequence  is  not  asymp¬ 
totically  stable  from  a  theoretical  point  of  view. 
This  is  the  reason  why  the  frequency  of  the  syn¬ 
chronizing  impulse  was  chosen  to  around  10  kHz  in 
our  experiments. 


Our  experimental  results  show  that  the  i>i- 
driving  scheme  is  more  robust  than  the  U2-driving 
scheme.  This  is  because  uj  is  directly  connected 
to  Chtla’s  diode,  which  is  the  only  nonlinearity  in 
Chua’s  circuit. 
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In  this  tutorial  we  continue  the  program  initiated  in  "Clarifying  Chaos:  Examples  and  Counter 
Examples”  by  presenting  examples  that  answer  questions  in  five  areas: 

Area  1.  The  Horseshoe/Bilateral  Shifts/Bernoulli  Systems 

Since  the  bilateral  shift  (which  may  also  be  called  a  Bernoulli  shift)  plays  such  an  important 
role  in  some  definitions  of  chaos  we  show  that  it  is  possible  to  construct  a  differential  equation 
for  an  electronic  circuit  whose  time-one  map,1  is  exactly  a  bilateral  shift,  in  particular  the 
bakers  transformation  and  the  cat  map  [Arnold  &  Avez,  1989],  We  insist  on  being  able  to  build 
a  circuit  in  order  to  be  sure  that  our  example  is  not  just  a  mathematical  abstraction.  Also, 
in  this  set  of  examples  we  show  that  we  may  construct  chaotic  maps  of  any  desired  level  of 
complexity. 

Area  2.  Zero  Lyapunov  Exponents 

Since  the  existence  of  positive  Lyapunov  exponents  is  so  often  used  as  a  definition  of  chaos  we 
answer  the  question:  Are  there  systems  with  zero  Lyapunov  exponents  which  are  not  consid¬ 
ered  chaotic  by  this  definition,  which  have  outputs  which  are  more  complex  that  some  chaotic 
systems?  The  answer  is  yes,  and  for  these  systems,  called  skew  translations  and  compound  skew 
translations  [Cornfeld  et  al ,  1982],  all  the  eigenvalues  are  1.  Further,  the  skew  translation  may 
be  linear,  having  only  additions  (no  multiplication’s).  Skew  translations  exist  in  any  number  of 
dimensions  and  can  be  realized  as  the  time-one  maps  of  an  electronic  circuit.  Skew  translations 
can  have  sensitive  dependence  on  initial  conditions  and  zero  autocorrelations.  The  significance 
of  this  example  is  that  the  Lyapunov  exponent  is  less  a  measure  of  the  level  of  complexity  than 
one  first  imagined  since  a  higher  level  of  complexity  can  be  obtained  from  a  lower  exponent. 

Area  3.  Nonchaotic  Strange  Attractors 

This  phenomenon  is  reported  in  [Grebogi  et  al ,  1984]  and  further  developed  by  other  re¬ 
searchers.  Of  note  in  this  regard  is  the  work  of  Ding  et  al  [1989]  where  the  place  of  this 
phenomenon  within  nonlinear  dynamics  is  discussed.  We  show  here  that  the  origin  of  this  phe¬ 
nomenon  is  found  in  dynamical  systems  having  orbits  with  low  correlations  regardless  of  their 
Lyapunov  exponents.  We  present  examples  of  skew  translations  having  zero  autocorrelations 


1The  terms  “time-one  map”  and  “Poincar4  map”  are,  today,  used  interchangeably  even  within  mathematical  circles.  While 
some  differences  in  their  precise  definitions  do  exist,  these  differences  do  not  affect  the  present-day  usage  of  these  terms. 
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and  zero  Lyapunov  exponents  that  can  be  used  to  generate  nonchaotic  strange  attractors. 
Further,  we  show  that  only  minimal  level  of  complexity  is  needed  to  obtain  nonchaotic  strange 
attractors  by  using  a  group  rotation  to  produce  one.  The  inverse  of  this  idea  is  the  chaotic 
nonstrange  attractor  which  is  also  presented. 

Area  4.  Nonlinearity 

Since  nonlinearities  are  usually  considered  a  key  ingredient  of  chaotic  dynamical  systems  we 
present  examples  to  show  that  there  are  at  least  four  distinct  types  of  nonlinearities  in  ODEs 
leading  to  varying  levels  of  chaos.  All  example  ODEs  have  closed-form  solutions  in  terms  of 
elementary  functions  and  thus  give  us  direct  insight  into  how  the  type  of  nonlinearity  appears 
in  the  ODE  and  is  manifested  in  its  solution. 

Area  5.  Relationship  of  Dissipation,  Noninvertibility,  Nonorientibility  and  Chaos 
There  are  many  misconceptions  about  how  these  properties,  especially  dissipation,  may  con¬ 
tribute  to  chaos.  We  show  that  these  properties  are  independent  of  chaos. 

The  overriding  conclusion  of  this  set  of  examples  is  that  what  we  have  traditionally  called 
chaos  is  so  varied  in  its  level  of  complexity  that  it  is  almost  a  meaningless  term  when  used 
by  itself.  In  particular,  the  term  “level  of  complexity”  must  be  appealed  to  so  often  in  order 
to  clarify  the  varying  degrees  of  chaos  that  the  two  terms  “chaos”  and  level  of  complexity 
seem  inseparable  in  any  practical  discussion  of  chaos.  The  key  issue  that  gives  rise  to  this 
confusion  about  the  level  of  complexity  of  a  chaotic  dynamical  system  is  its  long-  and  short¬ 
term  predictability.  Chaotic  dynamical  systems  may  be  quite  predictable  over  very  long  but 
finite  time  scales,  but  unpredictable  in  infinite  time.  The  need  to  consider  system  behavior  over 
long,  finite  time  scales  is  a  practical  matter  and  leads  to  the  conclusion  that  the  study  of  chaos 
must  be  concerned  with  both  asymptotic  and  long,  but  finite,  time  dynamics. 


1.  Introduction 

Poincare-Birkhoff-Smale  chaos,  a  term  coined  by  J. 
Marsden,  designates  the  family  of  chaotic  dynam¬ 
ical  systems  for  which  the  system  is  conjugate  to 
a  root  of  a  shift2  on  a  subset  of  its  domain.  This 
situation  is  often  described  by  saying  that  the  sys¬ 
tem  has  a  horseshoe.  While  this  definition  cannot 
yet  be  proven  to  encompass  all  chaotic  dynamical 
systems,  it  does  represent  a  significant,  if  not  the 
most  significant,  class  of  chaotic  dynamical  systems. 
Extensive  literature  exists  which  is  devoted  to  show¬ 
ing  systems  which  are  chaotic  by  proving  the  pres¬ 
ence  of  a  horseshoe.  There  are,  however,  two  quirks 
in  this  definition:  (1)  The  horseshoe  may  exist  on 
a  set  of  measure  zero;  and  (2)  The  system  may  be 
conjugate  to  such  a  small  root  of  the  shift  that  it 
has  a  very  low  order  of  complexity.  This  low  level 
of  complexity  may  result  in  the  system  having  such 
a  predictable  nature  over  long  but  finite-time  scales 
that  the  term  “chaos”  is  misleading. 


In  Sec.  2,  in  order  to  convey  an  intuitive  grasp 
of  the  meaning  of  the  horseshoe  in  a  useful  formula, 
we  construct  an  example  of  an  ODE  whose  time- 
one  map  is  exactly  a  horseshoe,  not  a  root.  Also, 
we  show  how  routine  it  is  to  construct  examples 
which  illustrate  how  systems  can  be  conjugate  to  a 
shift  on  a  set  of  measure  zero.  Further,  we  examine 
numerous  methods  of  altering  a  Bernoulli  system 
so  that  enough  of  its  level  of  complexity  is  retained 
to  call  the  resulting  system  chaotic.  This  line  of 
thought  is  motivated  by  the  proof  of  Kalikow  that 
one  Bernoulli  system  may  be  used  to  modify  an¬ 
other  in  such  a  way  that  the  resulting  system  is  a 
Kolomogrov  system  which  is  not  Bernoulli  [Walters, 
1982].  In  our  recent  paper  From  Almost  Periodic  to 
Chaotic :  The  Fundamental  Map  we  demonstrated 
just  how  extraordinarily  such  modified  Bernoulli 
systems  may  behave. 

In  Sec.  3  we  construct  examples  of  systems 
which  meet  some  of  the  criteria  of  chaos,  but  which 


aA  mapping  /  is  a  root  of  a  shift,  S,  when,  for  some  positive  integer  n,  /"(*)  -  S{x).  For  example,  x  -*■  2x mod(l)  is  a  root 
of  x  4x  mod(l). 
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have  zero  Lyapunov  exponents.  These  examples 
demonstrate  the  limitations  of  the  most  popular 
definition  of  chaos,  positive  Lyapunov  exponents, 
and  raise  the  question  of  how  is  a  system’s  level  of 
complexity,  in  a  practical  sense,  best  measured  in 
dynamical  systems. 

In  Sec.  4  we  demonstrate  the  basic  construction 
of  nonchaotic  strange  attractors  and  show  how  they 
may  arise  from  even  linear  skew  translations  on  the 
two-dimensional  torus. 

In  Sec.  5  we  present  examples  to  illustrate  how 
four  different  features  of  dynamical  systems  may 
be  modified  to  make  it  nonlinear.  The  point  of 
this  set  of  examples  is  to  expand  our  insight  into 
two-dimensional  systems  in  a  way  not  afforded  by 
the  traditional  analysis  of  the  Poincare-Bendixson 
theory. 

In  Sec.  6  we  clarify  the  relationships  between 
dissipation,  noninvertibility,  nonorientation  pre¬ 
serving,  and  chaos. 

In  Sec.  7,  we  summarize  this  paper  and  also 
summarize  the  combined  results  of  our  first  paper 
and  this  paper. 

In  the  following  discussions  we  will  use  some  ab¬ 
breviations  introduced  in  the  first  tutorial  [Brown 
&  Chua,  1996a],  and  include  several  more  that  will 
be  used  throughout  this  paper: 

Abbreviations 

Sensitive  dependence  on  initial  conditions  (SD), 
Zero  Autocorrelation  (ZA),  Zero  Lyapunov  expo¬ 
nent  (LZ),  Positive  Lyapunov  Exponent  (LP),  Zero 
Entropy  (ZE),  Strange  Attractor  (SA),  Ergodic  (E), 
Weak  Mixing  (WX),  Strong  Mixing  (SX),  Kolo- 
mogrov  (K),  Bernoulli  (B). 

The  formal  definitions  of  the  last  five  abbrevi¬ 
ations  are  from  ergodic  theory  and  can  be  found  in 
[Walters,  1982].  In  short,  they  are  measures  of  how 
well  a  transformation  mixes  up  its  domain  when 
iterated  over  a  infinite  time  span.  Ergodic  is  the 
lowest  form  of  mixing  and  Bernoulli  the  highest. 
Dynamical  systems  that  have  one  of  these  forms  of 
mixing  have  some  level  of  complexity.  Chaos  is  usu¬ 
ally  associated  with  B  in  some  way. 

Algorithmic  Complexity  and 
Level  of  Complexity 

The  concept  of  algorithmic  complexity  developed 
by  Chaiten,  Kolomogrov,  and  others  is  used  to  dis¬ 
tinguish  two  levels  of  complexity.  In  reference  to  in¬ 
finite  sequences  of  integers,  a  sequence  has  positive 


algorithmic  complexity  when  the  number  of  binary 
bits  required  to  code  the  shortest  computer  pro¬ 
gram  needed  to  produce  the  sequence  is  just  about 
the  same  length  as  the  number  of  binary  bits  re¬ 
quired  to  write  the  sequence  out  explicitly.  For  in¬ 
finite  sequences,  this  number  is  defined  in  such  a 
way  that  either  it  is  positive  or  zero.  A  sequence 
of  positive  algorithmic  complexity  is,  “essentially”, 
random.  Zero  algorithmic  complexity  thus  denotes 
sequences  that  are  less  than  random.  This  encom¬ 
passes  all  sequences  which  can  be  described  by  a 
finite  algorithm.  The  square  root  of  a  prime  num¬ 
ber  is  such  a  sequence,  as  is  the  number  tt,  and  all 
other  physical  constants.  This  notion  of  complex¬ 
ity  is  too  limiting  for  our  use  and  so  we  introduce 
the  notion  of  a  level  of  complexity  of  a  sequence. 
Entropy  is  a  measure  of  a  level  of  complexity,  as 
is  autocorrelation,  and  information.  The  Lyapunov 
exponent  is  a  measure  of  a  level  of  complexity  as 
well.  In  the  study  of  chaos,  various  researchers  ap¬ 
peal  to  these  measurements  to  characterize  dynami¬ 
cal  systems  that  have  a  degree  of  unpredictability  or 
intractability.  The  complexity  spectrum  is  a  term 
introduced  in  [Brown  &  Chua,  1997]  as  a  means  of 
talking  about  all  of  these  measurements  of  a  dy¬ 
namical  systems  collectively.  No  formal  definition 
has  yet  been  formulated. 

2.  Bernoulli  Chaos 

In  our  previous  tutorial  we  presented  numerous  ex¬ 
amples  and  counter-examples  designed  to  sharpen 
our  thinking  about  the  definition  of  chaos.  That  pa¬ 
per  served  to  show  that  the  manifestations  of  chaos 
are  varied  and  difficult  to  summarize  in  a  single  def¬ 
inition.  In  order  to  better  understand  the  variety 
of  ways  in  which  chaos  can  arise,  we  begin  with 
the  Bernoulli  systems,  possibly  the  highest  form  of 
chaos,  and  carry  out  a  program  of  systematic  “di¬ 
lution”  of  this  form  of  chaos  until  chaos  disappears 
altogether.  The  methods  that  we  use  to  modify  a 
Bernoulli  system  reveal  how  chaotic  systems  may 
arise.  The  most  important  motivating  example  is 
that  of  Kalikow  of  a  Kolomogrov  automorphism 
which  is  constructed  by  using  one  Bernoulli  system 
to  modify  another  in  such  a  way  that  the  resulting 
system  is  not  Bernoulli,  but  is  Bernoulli  on  a  set  of 
measure  zero. 

Once  we  have  hit  upon  the  idea  of  modifying 
Bernoulli  systems  as  a  means  of  creating  chaos  we 
may  take  off  with  this  idea  in  all  directions. 
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Among  the  ways  to  modify  a  Bernoulli  system 

are: 

(1)  Form  a  cross-product  between  a  Bernoulli  and 
nonBernoulli; 

(2)  Form  a  partial  product  of  Bernoulli  with 
any  other  map,  including  Bernoulli  ( K - 
automorphisms) ; 

(3)  Compose  Bernoulli  and  nonBernoulli; 

(4)  Form  a  function  of  a  component  of  a  Bernoulli 
(logistic  map); 

(5)  Form  the  weighted  average  of  a  Bernoulli  and 
nonBernoulli  system  (the  fundamental  map) 
[Brown  Sc  Chua,  1996]. 

This  list  is  incomplete.  The  different  ways  a 
Bernoulli  system  may  be  modified  to  make  a  chaotic 
system  are  likely  to  be  so  numerous  and  varied  that 
no  single  characterization  would  be  possible. 

2.1.  The  Bernoulli  map 

In  our  paper  on  the  fundamental  map  [Brown  &: 
Chua,  1996b]  we  showed  how  to  construct  a  func¬ 
tion  of  a  two-sided  Bernoulli  map.  We  repeat  a 
portion  of  that  construction  as  background  to  our 
derivation  of  the  sequence  of  iterates  of  the  cat  map. 

Before  we  repeat  that  construction  we  note  that 
the  map  that  is  most  easily  proven  to  be  a  two-sided 
Bernoulli  shift  is  the  bakers  transformation,  [Arnold 
&  Avez,  1968].  The  most  familiar  formulation  of 
this  map  is 

CM3mod(i)  (i) 

for  0  <  x  <  1/2  and 

GHo+V)-®  (2) 

for  1/2  <  x  <  1.  This  map  formulation  can  be 
greatly  simplified  by  the  use  of  the  notation  [x] 
which  denotes  the  integer  part  of  x.  In  this  notation 
we  have: 

(:)"(([2x]+v)/2)m0d(1)-  (3) 

If  we  use  {x}  for  the  fractional  part  of  x  this  sim¬ 

plifies  to 


In  this  form,  a  closed-form  solution  for  the  nth  term 
of  this  sequence  is  (note  that  this  solution  is  not  in 
terms  of  elementary  functions): 


( 


{2nx} 

([2nx]  +y)/2n/ 


(5) 


Note  that  everything  we  have  said  about  this  map 
carries  over  to  the  case  where  2  is  replaced  by  any 
positive  integer  k.  Thus 


{fcnx} 

([fcnx]  +  j/)/fcn/ 


(6) 


is  a  formula  for  the  nth  iterate  of  a  bi-lateral  shift 
on  k  symbols.  While  this  sequence  can  be  made  the 
time-one  map  of  an  ODE  representing  an  electronic 
circuit  by  our  usual  methods  [Brown  Sc  Chua,  1992], 
we  will  direct  our  attention  to  the  cat  map  instead. 
This  is  because  the  cat  map  is  also  a  Bernoulli  shift 
[Katznelson,  1971]  and  its  solution  can  be  expressed 
in  terms  of  the  elementary  functions.  Hence  we  will 
use  the  cat  map  as  our  basic  example  of  a  Bernoulli 
map,  although  the  proof  in  case  of  the  baker’s  trans¬ 
formation  is  easier  to  see  [Arnold  Sc  Avez,  1968, 
Appendix  7]. 

As  in  [Brown  Sc  Chua,  1996b],  let 


(7) 


By  direct  substitution,  application  of  the 
louble-angle  formulas  for  the  sine  and  cosine,  and 
implification,  we  get  the  following  four-dimensional 
ystem,  T,  on  a  two-dimensional  space: 


(  u  \ 

^  cos(x) ^ 

V 

sin(x) 

w 

cos(y) 

w 

\  sin(y)  / 

(  u ^ 

(0 

0 

(u2-.V2) 

—2  uv  \ 

V 

0 

0 

2uv 

i 

to 

V) 

w 

—z 

0 

0 

\z) 

\z 

w 

0 

0  ) 

/  u\ 
v 
w 

w 


(8) 


In  complex  coordinates  this  map  is  given  by: 


(9) 
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where  |iu|  =  \z\  =  1.  A  simple  computation  shows  that  this  mapping  is  1  —  1,  in  particular: 

(:)-(£)• 


(10) 


We  now  write  the  sequence  of  iterates  of  the  cat  map  in  closed  form  in  terms  of  elementary  functions. 
The  key  to  doing  this  is  the  derivation  of  an  expression  for  the  nth  power  of  the  matrix  used  in  the  definition 
of  the  cat  map.  Let 

/  o  i  \  - 

(11) 


then 


An  = 


-(: :) 

A2n(l  —  A)  +  (2  —  A) 


(1  -  A2)An_1 


1  —  A2” 


1  -  A2n 

(A2n(l  —  A)  +  (1  — 


(12) 


where  A  =  0.5(3  +  VE),  which  is  the  largest  eigenvalue  of  the  matrix  A.  Using  this  we  may  write  the  nth 
term  in  the  sequence  of  iterates  of  this  map.  For  notational  convenience  let 


(an  bn\  1  ( A2n(l  —  A)  +  (2  —  A)  1-A2n 

\cn  dnj  (1  A2)An_1  ^  1  -  A2"  (A2n(l  -  A)  +  (1  -  2A))/A 


(Un) 

(  cos(an0o  +  M  0)^ 

Vn 

sin(an0o  +  Mo) 

Wn 

cos(Mo  +  <Mo) 

\zn) 

ysin(Mo  +  Mo)  / 

(13) 


Note  that  bn  =  Cn. 

This  is  the  closed-form  solution  we  seek  for  the 
chaotic  mapping  on  the  torus.  By  taking  arctan¬ 
gents  we  obtain  the  Bernoulli  iterates  in  terms  of 
the  elementary  functions. 

What  we  have  done,  as  in  our  example  of  the 
logistic  map,  is  not  very  complex.  To  obtain  the  so¬ 
lutions  we  sought,  we  needed  only  to  find  a  method 
of  getting  around  the  use  of  the  modulo(l)  oper¬ 
ation.  The  basic  technique  of  doing  this  was  ex¬ 
plained  in  [Brown  &  Chua,  1996a].  The  key  idea  to 
note,  periodic  functions  perform  the  same  operation 
as  the  modulo(l)  function. 


2.2.  The  Bernoulli  map  as  a 
Poincare  map 

By  employing  a  two-phase  gate  we  may  construct 
the  equations  of  a  nonautonomous  ODE  whose 
Poincare  map  is  the  Bernoulli  map.  This  technique 
is  explained  in  [Brown  &  Chua,  1993].  We  have  the 
following  equation  for  which  the  Bernoulli  map  is 
the  Poincare  map: 

(  (1  -  s(t))w\og{z)\ 

V  s(<)zlog(in)  ) 


where  s(t)  =  0.5(1  + sgn  sin(wt)).  Initial  conditions 
must  be  taken  to  have  absolute  value  1. 

The  Bernoulli  map  can  be  written,  as  this  equa¬ 
tion  suggests,  as  a  composition  of  two  maps: 


*(:)-(7)  <-> 


which  are  time-one  maps  for  autonomous  ODEs. 
The  Bernoulli  map  is  Ti  o7\.  The  component  maps 
arise  as  time-one  maps  of  the  solutions  of  two  sys¬ 
tems  of  ODEs.  The  solutions  are  as  follows: 


which  are  the  solutions  of  the  separate  component 
ODEs  corresponding  to  the  two  phases  of  the  func¬ 
tion  s(t). 

These  equations  are  presented  in  complex  form 
for  convenience.  The  complex  representation  is  not 
essential  and  no  complex  variable  theory  has  been 
used  in  our  analysis. 

Now  that  we  have  a  Bernoulli  mapping  in  an 
algebraic  formula  we  proceed  to  utilize  this  map  to 
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construct  examples  of  chaos  which  are  less  than 
Bernoulli. 


2.3.  Cross  products  with 
Bernoulli  systems 


The  simplest  way  to  obtain  a  map  which  is  Bernoulli 
on  a  set  of  measure  zero  is  to  have  at  least  one  com¬ 
ponent  of  a  cross  product  to  be  Bernoulli,  and  one 
that  is  not  Bernoulli.  Let, 


(19) 


where  the  first  two  components  are  restricted  to 
have  modulus  1.  If  we  choose  Wq  —  1,  and  0  < 
a  <  1,  we  form  orbits  for  which  the  third  coordi¬ 
nate  converges  to  0  but  the  first  two  are  Bernoulli. 
By  construction,  T  is  not  Bernoulli  but  is  Bernoulli 
on  a  set  of  measure  zero.  Further,  the  points  of 
the  first  two  components  form  a  two-dimensional 
attractor  which  is  Bernoulli. 

The  three-dimensional  image  of  the  orbits  of 
the  map  defined  by  Eq.  (19)  is  shown  in  Fig.  1.  As 


seen  there,  the  orbit  converges  to  a  two-dimensional 
square  which  is  the  attractor.  Another  way  of  look¬ 
ing  at  this  figure  is  to  think  of  the  third  coor¬ 
dinate  as  a  time  parameter.  With  this  point  of 
view,  the  time  evolution  of  the  Bernoulli  map  is 
portrayed  by  the  third  dimension.  The  uniformity 
of  the  points  that  he  above  the  attractor  portray 
the  randomness  of  the  orbit.  If  the  points  that 
lie  above  the  attractor  formed  a  pattern,  we  would 
know  that  the  Bernoulli  system  determined  by  the 
first  two  coordinates  is  less  than  random.  This 
brings  us  to  Fig.  2,  another  Bernoulli  map.  In 
this  case,  instead  of  our  map  being  the  analog  of 
the  one-dimensional  map  2x mod(l),  it  is  the  ana¬ 
log  of  1.032xmod(l).  This  map  thus  has  a  positive 
Lyapunov  exponent,  «  0.032,  and  is  the  root  of  a 
shift,  a  horseshoe.  However,  as  seen  in  Fig.  2, 
it  is  less  than  random,  having  distinctive  pattern 
features  in  its  orbit.  Figure  2  shows  that  hav¬ 
ing  a  positive  Lyapunov  exponent  does  not  mean 
that  there  is  a  high  degree  of  randomness,  or  chaos 
in  the  map,  even  though,  by  any  definition,  it  is 
chaotic. 


Fig.  1.  In  Fig.  1  we  have  made  the  domain,  a  square,  of  the  cat  map  an  attractor.  The  result  is  that,  when  the  initial 
condition  has  a  nonzero  z  value  the  orbit  is  attracted  to  a  square  in  the  x  -  y  plane.  The  effect  is  reminiscent  of  mist  r  g 
from  a  body  of  water. 


Clarifying  Chaos  II  7 


Fig.  2.  In  Fig.  2  we  modified  the  cat  map  to  have  a  Lyapunov  exponent  of  w  0.039.  The  figure  format  is  exactly  the  same 
as  Fig.  1.  The  result  is  the  development  of  nonchaotic  graphical  features.  By  making  the  range  of  the  modified  cat  map  an 
attractor,  this  breakdown  in  the  level  of  complexity  is  clearly  visible  in  the  part  of  the  orbit  above  the  attractor. 


2.4.  j K- automorphisms 

Following  an  example  of  Kalikow  from  [Walters, 
1982]  we  construct  (without  proof)  a  map  which 
is  a  if-automorphism: 


(  u  ^ 

(  v?v  ^ 

V 

uv 

w 

sg  (u)(w2z)  +  (1  -  sg  (u))(wz) 

w 

{Sg(u)(wz)  +  (1  -  sg(u))(z2w)  j 

(20) 

where  sg(it)  =  0.5(1  +  sgn(0.5  +  cos(arg(u)).  We 
note  that  K  has  a  set  of  measure  zero  on  which  it  is 
Bernoulli  in  analogy  with  the  horseshoe  of  Smale. 
The  construction  is  not  a  direct  product,  so  we  call 
it  a  partial  product. 

Figure  3  is  a  three-dimensional  illustration  of 
a  modification  of  this  map.  The  modification  is  to 
the  first  component  where,  for  convenience,  we  have 
used  the  logistic  map  as  a  one-dimensional  source 
of  chaos  to  be  used  to  switch  between  the  cat  map 
and  its  inverse.  The  exact  equation  for  Fig.  3  is  as 


follows: 

/  u  \  /  4u(l  —  u)  \ 

K  I  w  1  =  I  sg(it)(2u>  +  z)  +  (1  -  sg(u))(to  -  z )) 
\zj  \  sg(u)(iu  +  z)  +  (1  - sg(u))(2z  -w)  j 

x  mod(l)  (21) 

where  sg{u)  =  0.5(1  +  sgn(0.5  —  u). 

This  example  captures  the  essence  of  Eq.  (21) 
while  being  simpler  to  implement  on  a  computer.  In 
the  vertical  dimension,  K  is  just  the  logistic  map. 
In  the  z,  w  dimension  K  alternates  between  the  cat 
map  and  its  inverse.  The  Lyapunov  exponent  in  the 
z,  w  dimensions  is  the  same  as  the  cat  map.  How¬ 
ever,  the  level  of  complexity  of  the  orbit  that  cat 
map  contributes  is  being  constantly  reversed  by  its 
inverse.  The  possibility  of  global  chaos  that  comes 
from  the  cat  map  must  always  be  compromised  by 
the  inverse,  thus  leaving  only  local,  finite  excursions 
of  chaos  that  come  from  long  runs  by  the  logistic 
map  having  a  value  above  0.5.  Thus  the  chaos  of 
this  map  is  actually  being  imparted  by  the  logistic 
map.  We  will  see  in  Sec.  3  that  it  is  possible  to  con¬ 
struct  an  example  of  a  three-dimensional  map  from 
Eq.  (21)  where  we  replace  the  first  two  components 
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Fig.  3.  The  orbit  of  the  K  map  of  Eq.  (21)  is  presented  with  the  same  format  as  Figs.  1  and  2.  While  there  are  no  orderly- 
geometric  features  present  as  there  are  in  Fig.  2,  the  orbit  is  clearly  different  from  the  cat  map. 


with  a  map  which  has  a  LZ,  ZA,  E,  and  hence  it 
looks  “random.” 

2.5.  Other  partial  products 

The  following  example  is  neither  Bernoulli,  K,  nor 
almost  periodic,  but  has  a  set  of  measure  zero  on 
which  it  is  Bernoulli: 

(  v?v  y 

uv 

sg(u)(w2z)  +  (1  -  sg  (u))(aw) 

V  sg(u)(wz)  +  (1  -  sg (u))(bz)  ) 

(22) 

since  the  third  and  fourth  components  of  the  map 
alternate  “randomly”  between  Bernoulli  and  are  al¬ 
most  periodic. 

We  note  that  by  replacing  the  function  sgn(u), 
which  occurs  in  the  definition  of  the  function  sg(u), 
in  the  above  equations  with  a  sigmoid  function  we 
make  all  examples  infinitely  differentiable. 

2.6.  Gated  compositions  with 
Bernoulli  systems 

We  have  shown  how  to  use  a  twophased  gate  to 


K 


/  u  \ 
v 
w 

l  ~  I 


construct  Poincare  maps  from  time-one  maps  of  au¬ 
tonomous  ODEs  [Brown  &  Chua,  1993].  In  those 
constructions  we  choose  each  phase  of  the  gate  to 
have  equal  time.  Using  a  gate  which  does  not  have 
equal  time  gives  us  another  construction.  We  ex¬ 
plain  this  construction  in  two  steps.  First  we  de¬ 
scribe  the  gate: 


ai(t)  =  l  for  0  <  i  <  1  (23) 

si(t)  =  0  for  1  <  t  <  3  (24) 

si(t  +  3)  =  si(t)  (25) 

s2(t)  =  1  ~  si(t)  (26) 

Note  that  s2(t)  is  nonzero  twice  as  long  as  sj(t). 
Using  this  gate  we  define  a  general  nonautonomous 
ODE: 

x  =  si(t)Fi(x)  +  s2(t)F2{x) .  (27) 

The  Poincare  map  determined  by  sampling  the  map 
at  times  t  =  1,  2,  3, ... ,  results  in  one  point  of  the 
orbit  being  determined  by  x  =  F\  ( x )  and  the  next 
two  points  being  determined  by  x  =  F2(x),  then 
back  to  the  F\  equation.  The  Poincar6  map  is  not 
simply  the  composition  of  the  maps  determined  by 
Fi  and  F2  because  we  must  actually  get  one  point 
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of  the  orbit  from  the  Fi  equation  and  then  get  two 
points  from  the  F2  equation.  A  composition  would 
omit  the  intermediate  points,  only  recording  the  re¬ 
sult  of  applying  the  F\  equation  and  then  the  F2 
equation  to  the  initial  point.  The  presence  of  these 
intermediate  points  being  included  in  the  orbit  is 
significant  in  that  they  alter  the  geometry  and  the 
level  of  complexity  of  the  orbit. 

The  time  difference  between  the  two  phases 
may  be  as  long  as  we  desire.  In  our  example  this 
ratio  is  1:2.  The  greater  the  ratio  between  the 
phases  the  greater  the  difference  in  the  contribu¬ 
tion  to  the  orbit  by  the  two  phases.  In  this  way, 
we  may  combine  a  Bernoulli  phase  with  an  almost- 
periodic  phase  in  such  ratios  (say,  1:1000000)  that 
the  Bernoulli  contribution  is  as  thin  as  we  please 
and  the  resulting  orbit  must  still  be  chaotic.  This 
technique  shows  how  to  include  a  Bernoulli  system 
at  any  desired  level  we  choose  to  construct  a  chaotic 
orbit  whose  chaotic  features  are  as  “thin”  as  we 
choose.  The  mechanism  illustrated  by  this  exam¬ 
ple  could  easily  be  reflected  in  a  real-world  system 
in  which  complex  forces  alternated  with  periodic 
forces  to  shape  some  geological  feature  or  biological 
feature  of  a  life  form. 

Another  technique  we  may  use  is  to  construct 
the  time  one-half  map,  i.e.  sample  the  orbit  at  in¬ 
tervals  of  t  =  1/2.  In  this  way  we  get  two  Bernoulli 
points  followed  by  four  almost-periodic  points. 
Doing  this  amounts  to  refining  the  gates  into  four 
phases,  each  gate  being  decomposed  into  two  phases 
over  its  nonzero  range.  The  technique  of  gate  refine¬ 
ment  corresponds  to  the  mathematical  technique  of 
refining  a  partition  of  the  real  line,  so  often  used 
in  measure  theory  and  ergodic  theory.  Using  the 
refinement  method  we  can  now  construct  the  ODE 
which  is  a  gated  composition  of  Bernoulli  and  al¬ 
most  periodic.  After  all  the  simplifications  we  get 
a  three-phased  gate  as  follows: 


Si(f) 

=  1  for 

0  < 

t  < 

1 

(28) 

sx(t) 

=  0  for 

1  < 

t  < 

6 

(29) 

S2(t) 

=  0  for 

0  < 

t< 

1 

(30) 

S2{t) 

=  1  for 

1  < 

t  < 

2 

(31) 

S2(t) 

=  0  for 

2  < 

t  < 

6 

(32) 

s3{t) 

=  0  for 

0  < 

t  < 

2 

(33) 

s3(t) 

=  1  for 

2  < 

t  < 

6 

(34) 

We  extend  the  functions  to  be  periodic  of  period  6. 
Now  we  define  our  gated-circuit  equation  in  com¬ 
plex  variable  notation: 

(w\  =  (  si(f)u>log(2)  +  s3(i)2  \ 

\z J  \s2(t)zlog(w)  -  X2s3(t)wJ  ' 

By  altering  the  ratios  of  the  gate  we  obtain  any 
level  of  chaos  desired. 

Functions  of  Bernoulli  Systems 

In  (Brown  &  Chua,  1996a],  we  showed  how  to  com¬ 
pose  periodic  functions  with  exponential  functions 
to  get  closed-form  solutions  to  chaotic  equations. 
The  basic  process  can  be  extended  to  Bernoulli 
systems. 

Weighted  Averages  of  Bernoulli 
and  NonBernoulli  Systems 

In  [Brown  &  Chua,  1996b],  we  illustrate  how  to 
combine  Bernoulli  with  almost  periodic  to  obtain  a 
wide  range  of  chaotic  maps. 

2.7.  Chaotic  systems  from 
Bernoulli  time 

Since  exponential  stretching  can  generate  chaos, 
any  system  that  “circulates”  through  a  region  of 
exponential  stretching  an  infinite  number  of  times 
that  is  not  offset  by  a  equal  amount  of  contracting 
may  produce  chaos.  (Even  if  it  circulates  through 
an  equal  amount  of  contracting,  it  may  still  pro¬ 
duce  chaos.)  Typically,  circulation  through  a  region 
of  exponential  stretching  will  depend  on  the  initial 
conditions. 

Bernoulli  systems  are  an  easy  source  of  ex¬ 
ponential  stretching  and,  as  we  have  shown  ear¬ 
lier,  may  be  decomposed  into  two  maps  which  are 
each  nonexponentially  stretching.  Hence  we  need 
only  circulate  through  nonexponentially-stretching 
regions  in  some  manner  to  generate  chaos.  An 
important  question  is  whether  we  may  circulate 
through  a  stretching  region  in  an  almost  periodic 
manner  and  generate  chaos.  The  answer  is  yes, 
since  the  unstable  manifold  of  the  Bernoulli  system 
on  the  torus,  the  cat  map,  winds  through  the  torus 
in  an  almost  periodic  manner.  If  this  manifold  were 
the  orbit  of  a  point  moving  with  constant  velocity 
the  result  would  be  almost  periodic  motion.  This 
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comment  leads  to  our  next  means  of  creating  chaos 
from  Bernoulli  systems: 

(6)  Starting  with  a  continuous-time  system  on  a 
bounded  manifold  which  is  almost  periodic  and 
whose  orbits  have  infinite  arc  length,  we  change 
the  time  parameter  from  t  to  exp(t). 

Having  connected  orbits  of  infinite  arc  length 
assures  that  the  new  system  is  invertible.  If  the 
arc  length  is  finite,  such  as  a  circle,  then  the  re¬ 
sulting  system  can  be  noninvertible.  (For  exam¬ 
ple,  x  -  cos  (exp  (t)),  y  =  sin(exp(t)).)  By  using 
the  torus  instead  of  a  circle  we  have  room  to  ma¬ 
neuver  out  of  the  way  of  previous  points  in  the  or¬ 
bit.  In  particular,  starting  with  any  orbit  on  the 
torus  inclined  at  an  irrational  angle  from  the  verti¬ 
cal  we  obtain  an  orbit  of  infinite  arc  length  on  which 
we  may  move  forward  in  exponential  time  to  create 
chaos.  This  amounts  to  wrapping  an  orbit  of  x  =  x, 
y  =  y  around  the  torus  inclined  at  an  irrational 
angle.  Generalizing  this  concept  we  have  the  fol¬ 
lowing  method  of  generating  chaos  from  Bernoulli 
systems: 

(7)  Given  any  bounded  manifold  on  which  there  is  a 
vector  field  with  integral  curves  having  infinite 
arc  length,  we  may  change  the  time  parameter 
to  exponential  time  and  obtain  a  chaotic  sys¬ 
tem.  It  is  only  necessary  to  change  the  time  to 
a4  for  a  >  1  to  obtain  chaos. 

As  a  variation  on  this  idea  we  have  the  fol¬ 
lowing  method  of  generating  chaos  from  Bernoulli 
systems: 

(8)  Given  any  sequence,  we  may  intersperse  an  infi¬ 
nite  number  of  points  from  a  Bernoulli  sequence 
by  any  rule  and  the  resulting  sequence  becomes 
chaotic. 

2.8.  Bernoulli  space-time 

As  we  have  noted,  we  may  make  almost  periodic 
systems  chaotic  by  changing  the  time  scale.  In  gen¬ 
eral,  a  time  scale  which  is  accelerating  cannot  be 
distinguished  from  a  uniform  time  scale  in  which 
spatial  coordinates  are  accelerating.  Thus,  nonuni¬ 
form  Space-Time  acceleration  can  give  rise  to  chaos. 
Of  course,  this  is  “relative”  to  an  imagined  observer 
moving  in  a  nonaccelerating  frame.  The  nonuni¬ 
form  acceleration  we  are  most  interested  in  is  the 
sort  in  which  an  object  has  some  magnitude  which 
is  accelerating  and  decelerating,  since  no  magnitude 


can  increase  indefinitely.  An  example  is  a  planetary 
system  consisting  of  three  planets  grouped  as  a  unit 
(think  of  the  earth  having  two  large  moons),  orbit¬ 
ing  around  a  star.  Their  mutual  gravitational  at¬ 
tractions  can  cause  their  orbits  to  be  chaotic.  The 
result  is  that  there  is  no  uniform  time  scale,  since  on 
each  planet  the  sun  rises  at  a  different  time  during 
each  revolution.  The  time  scale  is  Bernoulli,  and 
these  life  forms,  if  they  could  exist,  live  in  Bernoulli 
Space-Time. 


3.  Complex  Dynamics  from 
Maps  with  Zero  Lyapunov 
Exponents  (LZ) 

We  now  present  examples  to  show  that  systems 
with  zero  Lyapunov  exponents  can  produce  a 
level  of  unpredictability  greater  than  some  chaotic 
systems. 

The  rationale  for  these  examples  is  a  theorem 
of  Weyl  [1916],  and  our  observations  in  [Brown  & 
Chua,  1996a]  that  the  sequence  sin(n2)  is  uncor¬ 
related  and  uniform.  The  example  to  be  given  is 
well  known  to  ergodic  theory  but  less  known  in  the 
general  scientific  community.  Also,  we  show  how 
to  make  this  map  a  Poincare  map  for  an  electronic 
circuit.  The  map  is: 

r(3=t^)mod(i)  (36) 

If  r  is  irrational,  this  map  is  ergodic(E). 
Further,  it  is  not  a  simple  rotation,  hence  its  obits 
are  not  almost  periodic.  The  eigenvalues  are  1,  1, 
hence  the  Lyapunov  exponent  (LZ)  is  0.  Further,  it 
has  zero  entropy  (ZE),  see  [Peterson,  1983]  for  all 
facts.  This  is  a  two-dimensional  example  of  what 
is  called  in  ergodic  theory  a  skew  translation.  In 
complex  coordinates  it  can  be  expressed  as 


where  |o|  =  |tn|  —  |  z\  —  1.  We  recall  that  a  twist  on 
the  torus  is  written  as 


and  so  if  o  =  1  the  twist  and  the  skew  translation 
are  the  same.  Also,  recall  that  a  Bernoulli  map¬ 
ping  on  the  torus  is  given  by  the  composition  of 
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Fig.  4.  The  format  of  this  orbit  of  a  skew  translation  is  the  same  as  Fig.  1,  the  cat  map.  From  a  casual  observation  it  is 
impossible  to  distinguish  this  orbit  from  the  chaotic  map  in  Fig.  1.  However,  the  Lyapunov  exponent  is  0.  In  contrast  to 
Fig.  2,  a  map  with  a  positive  Lyapunov  exponent,  this  nonchaotic  map  more  closely  resembles  chaos  than  the  truly  chaotic 
map  of  Fig.  2. 


Fig.  5.  In  this  figure  we  have  transformed  the  orbit  of  Fig.  4 
by  a  pair  of  twists.  The  result  is  an  nonchaotic  orbit  that 
could  be  mistaken  for  a  strange  attractor. 


Fig.  6.  In  this  figure  we  have  transformed  the  orbit  of  Fig.  4 
by  another  pair  of  twists,  rendering  a  dramatic  attractor 
which  is  nonchaotic. 


12  R.  Brown  &  L.  O.  Chua 


(b) 

Fie  7  (a)  This  figure  is  the  graph  of  a  simple  ergodic  map  on  the  unit  interval,  an  interval  exchange  map  commonly 

encountered  in  ergodic  theory.  The  x-axis  partitions  are  at  (2»  -  l)/2".  The  level  of  complexity  here  is  minimal  m  that 
it  is  slightly  more  complicated  than  an  irrational  rotation.  Except  for  the  discontinuities,  this  map  is  made  up  of  simp  e 
translations  of  intervals  of  the  function  y  =  x.  (b)  In  this  figure  we  have  used  the  map  of  Fig.  7(a)  to  form  a  tluee-dimension 
map  in  the  format  of  Fig.  1.  The  orbit  illustrated  here  shows  just  how  complex  this  map  can  appear  even  though  it  is  not 

chaotic. 
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(a) 


(b) 

Fig.  8.  In  Fig.  8(a)  we  construct  a  map,  p(x),  with  LZ  and  E.  As  a  result,  the  computation  of  the  Lyapunov  exponent 
is  reduced  to  the  fundamental  theorem  of  calculus  and  we  see  that  the  total  percentage  of  expansion  must  equal  the  total 
percentage  of  contraction  so  that  the  net  is  0.  Figure  8(b)  reveals  that  this  map  produces  a  distribution  of  orbit  points  that 
is  quite  uniform.  The  map  for  Fig.  8(b)  is  the  same  as  Eq.  (44)  where  /  is  replaced  by  g. 
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two  twists: 

*(:)-(7)  <39) 

» (:)=(:)  <4o) 

and  so 


The  algebraic  form  of  these  equations  reveals  their 
relationships  and  clearly  the  skew  translation  falls 
between  the  twist  (all  orbits  are  almost  periodic) 
and  the  Bernoulli  map.  If  the  complex  number  a 
has  positive  algorithmic  complexity,  the  orbits  of 
the  skew  translation  are,  relative  to  the  twist,  un¬ 
predictable  and  have  sensitive  dependence  on  ini¬ 
tial  conditions  (SD).  In  fact,  the  real-valued  coor¬ 
dinates  of  this  skew  translation  have  factors  like 
sin(n2),  cos(n2)  which  Eire  uncorrelated.  To  see  this 
we  obtain  the  nth  iterate  of  this  map  by  a  direct 
computation: 


r'(x)  =  (x  +  "!,  +  "(n  +  1)‘l/2)mod(l)  (42) 

\yj  V  y  +  na  / 


By  considering  fc-dimensional  skew  translations 
we  may  obtain  terms  which  behave  like  sin(nfc), 
while  retaining  E,  ZA,  SD,  and  LZ.  Following  this 
idea  to  its  natural  conclusion  we  can  construct  a 
map  with  LZ  which  has  terms  that  behave  like 
sin (p(n))  where  p(n)  «  exp(n). 

Figures  4-6  illustrate  some  orbits  of  a  skew 
translation.  Figure  4  is  the  analog  of  Fig.  1  in  Sec.  2 
and  is  presented  in  the  same  way.  The  exact  equa¬ 


tion  is 


fw  +  z' 
a  +  z  J  mod(l) 
^  bu 


(43) 


where  0  <  |a|,  M,  \z\,  |6|  <  1.  Note  that  using  ad¬ 
dition  mod  1  is  just  a  convenient  way  of  coding  this 
equation.  We  could  use  a  five-dimensional  equa¬ 
tion  in  accordance  with  our  developed  techniques 
and  obtain  the  same  figure.  The  significance  of  this 
LZ,  ZE  map  is  that  the  spatial  orbit  structure  in  ap¬ 
pearance  is  clearly  more  complex  than  that  of  Fig.  2 
which  was  produced  by  a  LP  map. 

Figure  5  is  produced  by  using  Eq.  (43)  with 
a  coordinate  transformation  defined  by  a  twisting 


map.  This  demonstrates  that  an  attractor’s  geom¬ 
etry  can  be  separated  from  its  level  of  complexity. 
Figure  6  demonstrates  that  other  coordinate  trans¬ 
formations  can  give  the  attractor  any  geometry  we 
like.  The  specific  coordinate  transformation  is  not 
important.  What  is  relevant  is  that  the  attrac¬ 
tor,  can  appear  “strange”  in  one  coordinate  system 
while  “familiar”  in  another. 

Figure  7(a)  illustrates  a  one-dimensional  LZ 
map,  f(x).  This  example  is  due  to  Kakutani,  see 
[Parry,  1981].  This  map  is  far  from  chaos  by  any 
definition  in  that  the  orbits  are  slightly  more  com¬ 
plex  than  almost  periodic  orbits.  But  by  making  it 
a  component  of  a  three-dimensional  map  we  reveal 
that  it  can  produce  an  attractor  which  appears  to 
have  a  high  level  of  complexity,  Fig.  7(b).  The  exact 
equation  for  Fig.  7(b)  is  as  follows: 

/w\  /  f(w)  \ 

t\  z  I  =  I  z  +  w  I  mod(l)  (44) 

where  0  <  |it>|,  |z|,|6|  <  1.  The  “holes”  in  the  at¬ 
tractor  in  Fig.  7(b)  are  not  repelling  regions,  but 
rather  reflections  of  the  orbit  correlation  of  the  func¬ 
tion  /.  If  we  iterate  long  enough,  the  entire  square 
will  be  covered  with  the  points  of  the  orbit. 

Taking  a  different  turn  we  may  ask  if  we  can 
construct  an  example  which  is  globally  LZ  for  which 
there  are  times  it  is  locally  not  LZ.  This  amounts 
to  seeking  an  example  which,  when  the  exponents 
are  averaged  over  infinite  time,  the  exponents  are 
not  positive,  but  for  which  over  finite  periods  of  the 
orbit  they  are  positive.  Clearly,  if  there  are  some 
runs  of  positive  exponents  there  must  be  some  runs 
of  negative  exponents  to  force  the  average  to  be 
zero. 

It  is  possible  to  construct  any  number  of  such 
maps  on  the  unit  interval  so  long  as  we  allow  a 
countable  number  of  discontinuities.  The  process 
requires  that  the  interval  be  partitioned  into  subin¬ 
tervals  and  on  each  subinterval  we  define  our  func¬ 
tion  to  be  increasing  and  differentiable.  Further,  on 
the  set  of  subintervals  the  functions  must  be  chosen 
to  be  invertible.  Figure  8  is  an  example. 

In  Fig.  8(a)  we  construct  a  map,  g{x ),  with 
LZ  and  E.  As  a  result,  the  computation  of  the 
Lyapunov  exponent  is  reduced  to  the  fundamen¬ 
tal  theorem  of  calculus  and  we  see  that  the 
toted  percentage  of  expansion  must  equal  the 
total  percentage  of  contraction  so  that  the  net  is  0. 
Figure  8(b)  reveals  that  this  map  produces  a  dis¬ 
tribution  of  orbit  points  that  is  quite  uniform.  The 
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map  for  Fig.  8(b)  is  the  same  as  Eq.  (44)  where  / 
is  replaced  by  g. 

Thus  there  are  LZ  maps  which  are  WX,  SD, 
and  ZA,  but  are  not  B  or  even  K.  It  is  not  known 
whether  the  map  of  Eq.  (36)  is  SX  for  the  right 
choice  of  a.  These  maps  can  be  made  Poincar6  maps 
for  ODEs  which  can  be  implemented  in  useful  elec¬ 
tronic  circuits  by  the  techniques  of  Brown  and  Chua 
[1993]. 

4.  Strange  Attractors  and 
Space- Time  Chaos 

4.1.  The  phenomena  of  strange 
nonchaotic  attractors 

Numerous  researchers  have  reported  on  strange 
nonchaotic  attractors.  An  early  paper  is  that  of 
Grebogi  et  al.  [1984].  The  paper  of  Ding  et  al. 
[1989]  is  an  important  development  of  the  1984  pa¬ 
per.  The  authors  sought  to  bring  attention  to  the 
fact  that  an  attractor  may  have  complex  geome¬ 
try  without  arising  from  LP  maps.  The  1989  work 
sought  to  show  how  this  fits  into  the  scheme  of  non¬ 
linear  dynamics.  We  show  here  that  the  matter  of 


nonchaotic  strange  attractors  can  be  traced  to  low- 
orbit  correlation.  But  first  we  address  the  1984  and 
1989  examples. 

The  skew  translation  of  Eq.  (36)  may  be  mod¬ 
ified  to  be  nonlinear  as  follows: 

(;)-('“)-«  <« 

where  a  is  a  constant.  We  remind  the  reader  that 
the  use  of  the  mod(l)  function  is  only  a  conve¬ 
nience  and  may  be  replaced  by  elementary  func¬ 
tions  by  increasing  the  dimensions  of  our  space. 
From  this  equation  it  is  clear  that  the  equations  of 
Grebogi  et  al.  [1984]  are  nonlinear  skew  transla¬ 
tions  as  is  also  the  case  with  the  equations  of  Ding 
et  al.  [1989]: 

/sn+l\  _  (  f{xni @n)  \  /.gs 

v  0n+i  j  \  (#n  +  2mj)mod(27r)  j  ' 

As  with  proving  that  maps  are  chaotic  by  proving 
the  existence  of  horseshoes,  for  this  line  of  analysis 
to  be  complete  it  would  be  necessary  to  show  that 
the  time-one  maps  of  the  ODE  that  are  analyzing 


Fig.  9.  Figure  9  demonstrates  that  the  nonlinearities  of  the  Grebogi,  Ott,  Pelikan  and  Yorke  nonchaotic  SA  are  not  essential 
to  obtain  nonchaotic  strange  attractors.  To  obtain  this  attractor  we  have  modified  Eq.  (36)  to  have  an  eigenvalue  of  0.9999. 
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Fig.  11.  In  this  figure  we  show  that  the  process  used  to  obtain  a  nonchaotic  SA  in  Fig.  9  can  also  be  used  to  produce  a 
chaotic  SA.  Figures  9  and  11  demonstrate  that  the  effect  of  damping  is  to  reduce  the  level  of  complexity. 
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Fig.  12.  This  figure  is  made  from  Fig.  11  in  the  same  way  that  Fig.  10  is  made  from  Fig.  9,  by  introducing  a  nonlinearity. 
The  result  is  the  same:  The  nonlinearity  introduces  bending  into  the  attractor. 


Fig.  13.  This  figure  is  a  graph  of  a  WX  mapping,  *  /(x),  which  is  not  SX  constructed  by  Kakutani.  It  is  LZ.  All 

eigenvalues  are  1,  hence  this  map  does  no  stretching. 
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Fig.  14.  In  this  figure  we  show  an  orbit  of  a  map  constructed  from  the  map  of  Fig.  13.  To  get  a  two-dimensional  image, 
we  have  formed  the  cross  product  of  this  mapping  with  itself,  (x,  y)  — ►  (/(s),  f(v))-  The  resulting  mapping  is  also  WX  and 
LZ.  The  orbit  shows  a  high  degree  of  structure.  A  microscopic  examination  shows  that  the  orbit  has  some  level  of  complexity 
as  well. 


Fig.  15.  In  this  figure  we  add  a  small  measure  of  damping  to  the  map  in  Fig.  14.  The  resulting  map  is  (x,  y)  (/(s), 
0.999999  /(y)).  Several  orbits  are  shown,  distinguished  by  different  colors.  Since  the  orbits  are  not  standard  curves,  they  are 

nonchaotic  strange  attractors. 


Clarifying  Chaos  II  19 


Fig.  16.  This  figure  is  constructed  from  the  map  in  Fig.  7(a)  by  forming  the  direct  product  as  we  did  in  constructing  Fig.  14 
from  Fig.  13.  Four  orbits  are  shown  as  indicated  by  the  four  colors.  The  presents  of  multiple  distinct  orbits  shows  that  the 
map  is  not  G. 


axe  conjugate  to  a  skew  translation  on  some  subset 
of  its  domain. 

We  now  demonstrate  that  the  nonlinearities  of 
their  maps  are  irrelevant  to  the  existence  of  non- 
chaotic  strange  attractors.  We  modify  Eq.  (36)  to 
have  an  eigenvalue  less  than  1: 

CM7+a)m0d(1)  (47) 

and  obtain  the  attractor  in  Fig.  9. 

By  making  the  map  nonlinear  we  can  routinely 
introduce  bending  into  the  attractor  [Fig.  10]. 

The  explanation  of  the  formation  of  nonchaotic 
strange  attractors  is  that  if  the  orbits  of  a  map  are 
uncorrelated  in  time,  the  geometry  of  the  orbit  can 
become  uncorrelated  in  space.  Skew  translations 
can  have  ZA,  and  hence  their  dampened  orbits  can 
be  made  to  look  peculiar,  depending  on  how  the 
damping  factor  is  included  in  the  equation  of  the 
map. 

In  general,  in  the  presence  of  damping,  the  cor¬ 
relation  of  the  orbits  of  a  map  can  vary  from  0  to 
1,  depending  on  the  size  of  the  damping  factor,  and 
this  level  of  correlation  may  be  reflected  in  the  spa¬ 
tial  geometry  of  the  orbits.  But  note  that  printed 


geometry,  i.e.  pictures,  are  a  subjective  element  of 
human  cognition,  and  what  is  peculiar  is  quite  rela¬ 
tive.  It  is  possible  to  force  the  dampened  uncor¬ 
related  orbits  to  take  on  familiar  forms  as  well. 
Figure  4  demonstrates  this.  The  attractor  is  a 
square.  The  effect  on  visual  presentation  of  orbits 
is  a  function  of  how  the  damping  is  inserted  in  the 
equation.  This  distortion  can  happen  for  any  map 
whose  orbits  lack  some  degree  of  correlation. 

To  further  illustrate  these  ideas,  if  we  modify 
the  cat  map  to  have  damping,  we  may  also  get  dis¬ 
torted  attractor  geometry  as  seen  in  Fig.  11. 

The  map  for  Fig.  11  is 

The  parameter  factor  multiplying  y  is  chosen  to 
make  the  determinant  of  this  map  1  —  a.  In  Fig.  11, 
a  =  0.02. 

By  making  the  cat  map  nonlinear  we  cause  the 
orbits  to  bend,  as  seen  in  Fig.  12. 

The  equation  for  Fig.  12  is 


(  2x  +  sin{/3y)2  \ 
\x  +  (1  —  0.5a)y  ) 


mod(l) 


(49) 
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where  /?  =  1.8.  Figure  12  bears  resemblance  to  the 
figures  in  [Brown  &  Chua,  1996b]  where  the  funda¬ 
mental  map  is  presented.  By  construction,  the  fun¬ 
damental  map  provides  an  orderly  evolution  from 
periodic  to  chaotic  that  encompasses  skew  transla¬ 
tions  and  nonchaotic  strange  attractors.  For  the 
inverse  of  this  idea,  Fig.  1  is  an  example  of  a  non- 
strange  chaotic  attractor  in  that  the  attractor  is  a 
square.  It  is  possible  to  make  a  nonstrange  chaotic 
attractor  in  the  form  a  circle,  straight  line,  or  any 
simple  geometric  shape,  except,  possibly,  a  count¬ 
able  set  of  points. 

Maps  producing  strange  attractors  have  some 
level  of  complexity  such  as  ZA,  LP,  or  SD  because 
the  geometry  is  a  reflection  of  orbit  correlation. 
Thus  the  existence  of  strange  attractors  (SA)  is  a 
level  of  complexity  we  may  add  to  our  list  of  other 
measures.  What  we  have  seen  is  that  the  lower 
end  of  the  level  of  complexity  spectrum  is  periodic, 
and  almost  periodic  dynamics.  Next  appears  to  be 
E,  SD,  WX,  ZA,  followed  by  LP.  But  this  is  not  a 
totally  ordered  system,  is  it  a  partial  order  where 
SD  is  found  in  almost-periodic  systems  such  as  the 
twist  on  the  two-dimensional  torus.  Of  all  the  mea¬ 
sures  of  complex  dynamics,  ZA  and  LP  are  the  most 
general,  but  do  not  form  a  total  ordering.  Even 
by  adding  entropy  we  cannot  obtain  a  single  set  of 
characteristics  forming  a  total  ordering.  Either  na¬ 
ture  is  being  very  capricious,  or  we  just  have  not 
yet  found  the  right  measurements. 

Relative  to  rotations,  skew  translations  are 
quite  complex,  so  we  now  ask  the  question  How 
low  a  level  of  complexity  is  needed  to  get  SA?.  We 
present  two  examples.  We  begin  with  the  WX 
map  of  Kakutani,  see  [Parry,  1981].  WX  is  mildly 
complex,  but  much  less  so  than  skew  translations 
may  be.  Further,  WX  does  not  have  to  involve 
any  stretching,  contrary  to  what  some  authors  have 
suggested.  In  fact  the  map  of  Kakutani  is  LZ 
[Fig.  13]. 

We  present  only  the  geometric  form  of  this  map 
due  to  its  complicated  definition  found  in  [Parry, 
1981].  Since  this  map  is  WX,  its  cross  product  is 
also  WX  and  this  is  illustrated  in  Fig.  14.  As  can 
be  seen,  there  is  a  large  measure  of  global  structure 
to  an  orbit,  but  on  the  detail  level  there  is  ample 
variation.  If  iterated  long  enough,  the  orbit  will  be 
dense,  so  the  “empty”  places  in  the  figure  do  not 
indicate  repelling  regions. 

By  adding  a  small  amount  of  damping,  we  get 
the  attractor  in  Fig.  15,  which  may  be  termed 
strange. 


Our  last  example  of  the  phenomenon  of  non¬ 
chaotic  SA  demonstrates  the  considerable  level  of 
order  that  may  be  present  and  still  obtain  SA.  We 
take  the  map  of  Fig.  7(a)  to  construct  a  strange  at¬ 
tractor.  This  map,  also  constructed  by  Kakutani, 
is  only  E,  and  further,  it  has  only  discrete  spectrum 
[Parry,  1981].  In  simple  language  this  means  that 
among  all  E  maps  this  type  of  E  map  is  the  sim¬ 
plest.  For  example,  it  is  known  that  all  E  maps  with 
discrete  spectrum  are  group  rotations.  To  obtain  a 
two-dimensional  illustration  we  form  the  cross  prod¬ 
uct  of  this  map  with  itself,  and  include  a  parameter, 
a,  we  can  vary: 


In  Fig.  16,  a  =  1.0,  we  show  typical  orbits  of 
this  map,  which  is  not  E,  hence  orbits  are  not  dense. 
The  different  orbits  are  indicated  by  different  colors. 
The  orbits  of  /  have  a  level  of  correlation  ranging 


Fig.  17.  This  figure  is  obtained  from  Fig.  16  exactly  as 
Fig.  15  was  obtained  from  Fig.  14,  by  adding  a  small  mea¬ 
sure  of  damping  to  one  coordinate,  a  —  0.999.  The  result 
is  the  formation  of  nonchaotic  strange  attractors.  Numerous 
orbits  are  shown  as  distinguished  by  the  different  colors.  All 
orbits  are  strange  in  shape.  This  may  be  the  weakest  level  of 
dynamics  that  can  form  nonchaotic  strange  attractors. 
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from  about  0.55  to  over  0.90,  and  the  autocorrela¬ 
tion  is  nearly  periodic. 

In  Fig.  17  we  choose  a  =  0.999,  which  is  enough 
damping  to  form  attractors.  Figure  17  shows  that 
the  basins  of  attraction  are  in  the  shape  of  a  block 
letter  “S”.  There  are  multiple  basins,  as  indicated 
by  the  numerous  colors,  but  some  colors  have  been 
used  twice.  This  is  not  important,  however,  since 
the  point  is  that  the  various  attractors  are  peculiar 
in  shape,  all  have  about  the  same  shape,  and  there 
are  many  basins  of  attraction. 

We  conclude  that  the  strangeness  of  the  geome¬ 
try  of  an  attractor  plotted  on  a  computer  screen  is  a 
result  of  the  amount  of  damping,  how  the  damping 
occurs  in  the  definition  of  the  map,  and  most  impor¬ 
tant,  the  correlation  of  orbits.  The  exact  value  of 
the  initial  conditions  may  be  a  factor  also.  Clearly, 
the  association  of  SA  with  chaos  is  a  coincidence  of 
the  orbit  correlation  found  in  chaos.  The  level  of 
complexity  found  in  chaos  and  even  in  skew  trans¬ 
lations  is  far  more  than  needed  to  obtain  this  inter¬ 
esting  phenomenon. 

4.2.  Initial  conditions  versus 
algorithms 

The  examples  of  the  preceding  sections  have  demon¬ 
strated  the  need  to  determine  when  two  points  are 
correlated.  We  may  define  correlation  of  two  points 
as  follows:  We  first  discard  their  integer  part  and 
consider  only  the  fractional  part  of  the  number.  We 
now  consider  their  fractional  part  as  a  sequence  of 
integers  between  0  and  9.  As  sequences,  we  may 
apply  the  usual  formula  for  correlation  of  two  se¬ 
quences  to  obtain  the  desired  definition. 

Using  this  definition,  we  have  the  following 
observation  whose  proof  poses  no  mathematical 
difficulties. 

Let  ®o  be  any  point  in  space,  and  let  U(x o) 
be  any  neighborhood  of  xo,  however  small.  Then 
within  U(xo)  there  are  many  points  that  are  uncor¬ 
related  to  Xo. 

This  means  in  simple  terms  that  near  any  point 
are  countless  points  that  are  uncorrelated  with  it 
and  that  the  location  of  the  uncorrelated  points  is 
in  essence  a  random  walk  from  xo. 

The  significance  of  this  fact  is  that  any  dynam¬ 
ical  system  that  acts  on  two  uncorrelated  points  in 
such  a  way  as  to  move  the  insignificant,  lower-level, 
digits  up  into  a  higher  position  of  significance  will 
be  reflected  in  a  complex  relationship  between  the 
orbits  of  these  two  points.  Hyperbolic  systems  are 


capable  of  doing  this.  The  shift  is  defined  to  do  pre¬ 
cisely  this  and  nothing  more.  Different  algorithms 
have  varying  abilities  to  elevate  the  role  of  lower- 
level  digits  into  significance,  and  this  is  reflected  in 
our  notions  of  E,  WX,  SX,  etc.  The  significance 
of  this  reaches  a  maximum  when  applied  to  points 
having  positive  algorithmic  complexity.  These  are 
points  which  cannot  be  described  by  a  finite  algo¬ 
rithm  and  hence,  cannot  be  reached  by  finite  it¬ 
eration  of  a  finite  algorithm.  Such  points  cannot 
be  spatially  correlated  to  points  having  zero  algo¬ 
rithmic  complexity.  For  example,  any  dynamical 
system  which  moves  lower-level  digits  into  signifi¬ 
cance  has  a  level  of  complexity  of  its  orbit  solely  as 
a  result  of  the  algorithmic  complexity  of  its  initial 
condition.  We  may  think  of  this  as  the  extreme  of 
spatial  complexity.  The  lade  of  correlation  between 
two  points  each  with  zero  algorithmic  complexity  is 
philosophically  less  extreme. 

Any  dissipative  dynamical  system  that  treats 
uncorrelated  points  differently  and  correlated 
points  similarly  can  have  many  basins  of  attraction 
as  well  as  very  complex-looking  attractors. 

We  have  traditionally  viewed  distance,  i.e.  met¬ 
rics,  as  our  primary  measure  of  significance.  How¬ 
ever,  correlation  between  points  appears  to  hold  an 
equally  significant  role  in  science  and  is  more  re¬ 
sponsible  for  the  levels  of  complexity  we  see  in  the 
universe  than  anything  except  those  dynamical  sys¬ 
tems  that  elevate  the  lower-levels  of  complexity  of 
points  into  positions  of  significance. 

As  a  result,  at  least  two  numbers  are  neces¬ 
sary  when  comparing  two  quantities:  their  distance 
apart  and  their  correlation.  Their  distance  is  a  mea¬ 
sure  of  the  present;  their  correlation  is  a  measure  of 
their  potential  future  relationships.  Of  these  two 
measurements,  clearly  correlation  is  the  most  illu¬ 
sive  and  accounts  for  much  of  the  uncertainty  of 
the  future.  When  two  quantities  are  uncorrelated, 
their  future  depends  solely  on  the  type  of  dynamics 
they  undergo.  In  weather  systems,  dynamics  can 
fluctuate  drastically  from  almost  periodic  upward, 
and  thus  uncorrelated  quantities  can  fluctuate  from 
having  an  almost-periodic  relationship  to  a  near¬ 
random  relationship. 

We  have  talked  of  uncorrelated  quantities  with¬ 
out  being  specific  about  the  level  of  uncorrelation. 
Consequently,  we  ask:  How  is  the  level  of  corre¬ 
lation  between  quantities  reflected  in  their  future 
under  given  dynamical  systems ? 

A  simple  question  that  we  can  answer 
is  whether  a  simple  rational  or  integer-initial 
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condition  can  converge  to  something  complex,  but 
not  having  positive  algorithmic  complexity,  under 
the  action  of  a  dynamical  system.  The  answer  is 
yes.  Any  algorithm  for  the  computation  of  the  dig¬ 
its  of  7r  is  an  example.  As  noted  in  Part  I  of  this 
tutorial,  published  last  year,  the  Chudnovsky  broth¬ 
ers  have  shown  that  the  digits  of  n  are  as  complex 
as  the  outputs  of  typical  random-number  genera¬ 
tors.  Next  we  ask  if  we  may  construct  an  algorithm 
having  multiple  basins  of  attraction  which  converge 
to  two  different  “complicated”  irrational  numbers. 
The  answer  is  yes,  and  the  number  of  attractors  may 
be  made  as  large  as  you  like.  A  typical  example  is 

x  -¥  hi(x)f(x)  +  h.2{x)g(x)  (51) 

where  /  -»  \/2,  <7  -*  ^63  and  h\(x)  is  1  near  \/2 
and  0  near  \/63)  and  h,2(x)  has  the  opposite  spec¬ 
ifications.  If  we  start  near  either  square  root  with 
a  simple  rational  initial  condition  we  converge  to 
that  square  root,  an  irrational  number.  Hence  it  is 
a  fact  that  we  can  use  a  finite  algorithm  to  start 
at  a  simple  initial  condition  and  then,  using  this 
algorithm,  be  attracted  to  a  complicated  irrational 
number  that  tells  us  that  dynamical  systems  can 
create  some  level  of  complexity,  but  not  positive  al¬ 
gorithmic  complexity.  We  conclude  that  time  can 
create  a  level  of  complexity  and  that  space  has  an 
initial  relative  level  of  complexity.  The  spatial  level 
of  complexity  is  made  more  elusive  by  the  mathe¬ 
matical  fact  that  points  exist  with  positive  algorith¬ 
mic  complexity.  The  center  of  mass  of  a  particle 
which  is  not  initially  located  at  a  point  of  positive 
algorithmic  complexity  in  a  fixed-coordinate  system 
can  reach  such  a  point  —  if  the  laws  of  nature  have 
an  expression  as  a  finite  algorithm  —  in  only  one 
of  two  ways:  The  algorithm  involves  a  constant  of 
positive  algorithmic  complexity,  which  contradicts 
its  finite  characterization;  or  it  reaches  the  point 
at  a  moment  in  time  of  positive  algorithmic  com¬ 
plexity.  However,  particles  having  a  center  of  mass 
with  rational  coordinates  can  converge  to  points 
having  very  complex  coordinates  in  time  under  the 
action  of  a  dynamical  system  that  is  expressible  as  a 
finite  algorithm,  regardless  of  the  role  of  the  time- 
coordinate. 

We  emphasize  that  the  conclusions  drawn  are 
based  on  the  relative  spatial  positions  of  points  in 
a  fixed-coordinate  system.  If  the  laws  of  nature 
are  truly  expressible  as  finite  algorithms,  then  in¬ 
finitely  small  particles  located  at  some  points  can 
never  reach  other  points  within  the  same  coordinate 


system  in  finite  time.  We  repeat  that  this  is  signif¬ 
icant  only  on  a  microscopic  scale  in  which  particles 
are  vanishingly  small.  Hence,  the  theory  of  chaos 
implies  a  fine,  complex  structure  of  the  fabric  of 
the  universe,  if  only  in  the  abstract. 

Our  theory  of  chaos  thus  implies  the  existence 
of  both  a  spatial  and  a  temporal  level  of  complexity. 
The  spatial  level  of  complexity  is  revealed  by  the  de¬ 
gree  of  correlation  between  points  and  the  absolute 
relative  level  of  complexity  of  points  within  a  fixed 
coordinate  system.  Temporal  level  of  complex¬ 
ity  is  revealed  by  the  action  of  finitely-describable 
dynamical  systems  on  points  located  at  perfectly 
simple  coordinates  such  as  rational  or  integer  co¬ 
ordinates.  The  level  of  complexity  of  things  thus 
emanates  from  these  two  sources  through  the  myr¬ 
iad  of  dynamical  systems  that  have  varying  abilities 
to  move  lower-level  complexity  of  physical  quanti¬ 
ties  into  positions  of  significance  for  measurement 
and  prediction  purposes. 

5.  Sources  of  Nonlinearity 

In  [Brown  &  Chua,  1997]  we  described  the  com¬ 
plexity  spectrum  and  noted  that  understanding  this 
spectrum  is  prerequisite  to  understanding  chaos.  In 
order  to  fully  understand  the  sources  of  levels  of 
complexity  in  the  complexity  spectrum  it  is  nec¬ 
essary  to  understand  the  sources  of  nonlinearity,  a 
key  feature  in  the  production  of  a  given  level  of 
complexity.  Nonlinearity  is  not  a  necessary  feature 
for  the  production  of  a  level  of  complexity,  as  we 
saw  in  the  previous  section,  but  nonlinearities  are 
among  the  most  interesting  sources  of  high  levels  of 
complexity. 

The  simplest  venue  within  which  to  investigate 
the  sources  of  nonlinearities  is  the  two-dimensional 
autonomous  ODEs.  The  only  simpler  venue  could 
be  one-dimensional  ODEs,  or  maps,  but  we  believe 
that  this  venue  is  harder  to  approach  in  a  simple 
orderly  manner  than  the  two-dimensional  systems 
because  interesting  one-dimensional  maps  are  either 
not  invertible  or  not  continuous. 

The  Poincar4-Bendixon  theory  would  appear 
to  completely  answer  all  questions  about  the  class 
of  two-dimensional  autonomous  ODEs;  however,  on 
closer  examination  we  see  that  this  theory  provides 
no  insight  into  the  construction  of  equations  with 
specific  nonlinear  features,  nor  does  it  even  sug¬ 
gest  an  organization  of  this  topic.  It  is  the  vary¬ 
ing  ways  in  which  nonlinearities  may  occur  in  two- 
dimensional  autonomous  ODEs  that  will  provide  us 
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with  the  insight  into  the  role  that  these  systems  play 
in  the  development  of  a  level  of  complexity,  not  a 
classification  of  their  periodic  points  as  presented 
by  Poincare-Bendixon  theory. 

5.1.  The  twist  equation 

In  Davis’  Introduction  to  Nonlinear  Differential  and 
Integral  Equations  [1962]  the  dominant  source  of 
nonlinearities  in  ODEs  is  revealed  as  being  the  oc¬ 
currence  of  nonlinear  frequencies  in  the  solutions  of 
the  ODEs.  A  simple  example  of  this  is  the  twist 
ODE 


where  r  =  \/x2  +  y1.  The  time-one  (or  Poincar6) 
map  is  the  simple  twist  map  which  was  used  to 
derive  the  twist-and-flip  map,  the  first  closed-form 
Poincare  map  of  an  ODE  having  chaotic  solutions. 
This  equation  was  derived  by  asking  the  question: 
What  is  the  simplest  way  in  which  a  linear  equation 
can  be  made  nonlinear?  Since,  in  the  linear  oscilla¬ 
tor  the  initial  conditions  determine  the  amplitude 
of  the  system,  a  simple  step  would  be  to  consider 
the  family  of  curves  given  by 

fx(t)\  _  (rcos(rt  +  6)\ 

\  3/(0  /  _  \ r  sin(rt  +  0)  J  (  } 

where  r  is  given  above  and  is  a  function  of  the  ini¬ 
tial  conditions.  Since  r  affects  both  amplitude  and 
frequency,  the  ODE  that  this  system  solves  must 
be  nonlinear.  The  effect  of  multiplying  t  by  a  func¬ 
tion  of  the  initial  conditions  is  to  cause  neighbor¬ 
ing  orbits  to  separate,  at  different  speeds.  The 
orbits  of  the  twist  ODE  in  the  phase  plane  are 
identical  to  those  of  the  linear  equation  it  was  de¬ 
rived  from.  This  procedure  was  shown  to  be  very 
general  in  [Brown  &  Chua,  1993]:  Given  any  lin¬ 
ear  autonomous  ODE  in  any  number  of  dimensions 
there  is  an  infinite  family  of  nonlinear  autonomous 
ODE  having  the  same  set  of  orbits,  fixed  points, 
and  types  of  fixed  points.3  The  solutions  differ  only 
in  that,  in  the  nonlinear  case,  t  is  multiplied  by  a 
function  of  the  initial  conditions  that  are  constant 
along  orbits. 


5.2.  Example  two:  Nonlinear 
amplitude  equation 

We  now  ask  if  it  is  possible  to  generate  a  nonlinear 
system  in  which  t  is  not  multiplied  by  a  function  of 
the  initial  conditions  but  whose  amplitude  is  a  func¬ 
tion  of  the  initial  conditions.  The  answer  is  yes,  and 
the  ODE  is  derived  from  the  curves  given  by 


where  r  is  a  function  of  the  initial  conditions  given 
by  r2  =  0.5(x2  +  a/i4  +  4y2).  By  direct  compu¬ 
tations  the  following  system  of  autonomous  ODEs 
can  be  derived: 

(K  ■;")(:)  « 

where  r2  =  0.5(x2  +  y/x4  +  Ay2)  is  a  constant  along 
integral  curves.  This  system  has  a  feature  in  com¬ 
mon  with  the  ODE  x  +  x3  =  0  in  that  the  shape 
of  the  integral  curves  varies  with  the  initial  condi¬ 
tions  [Fig.  18].  The  twist  equations  also  have  a  fea¬ 
ture  in  common  with  this  second  order  ODE:  The 
frequency  varies  with  the  initial  conditions.  How¬ 
ever,  in  the  twist  equations,  the  solutions  are  all 
circles,  thus  the  amplitude  is  essentially  what  we 
expect  from  a  linear  system.  In  the  amplitude  sys¬ 
tem,  the  frequencies  are  not  a  function  of  the  initial 
conditions.  Hence,  the  twist  equations  and  the  am¬ 
plitude  equations  have  completely  separated  two  of 
the  three  features  of  nonlinear  systems  illustrated 
by  x  +  x3  =  0.  The  third  feature,  variable  velocity 
along  points  of  a  single  orbit,  will  be  discussed  in 
the  next  example.4 

A  natural  question  is  whether  the  amplitude 
equation  with  periodic  forcing  produces  chaos  as 
well.  The  answer  is  yes. 

By  a  direct  computation  a  time-one  or  Poincare 
map  can  be  derived  for  the  amplitude  equation: 

A  \y J  ysin(0)r  cos(0)  )  \y )  '  ’ 

where  0  is  a  fixed  time  interval.  The  orbits  of 
this  map  are  ellipses  [Fig.  18].  For  small  initial 


3 This  fact  alone  shows  that  the  classification  of  periodic  points  and  limit  cycles  is  inadequate  to  describe  the  nonlinear  dynamics 
of  two-dimensional  autonomous  systems. 

4 As  is  known,  when  this  later  second  order  ODE  is  driven  by  a  periodic  force,  it  produces  chaos.  In  fact  x  4-  x  =  a  cos(t)  is 
Dufiing’s  equation  without  the  damping  term. 
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Fig.  18.  In  this  figure  we  show  the  orbits  of  a  nonlinear 
equation.  Each  orbit,  considered  by  itself,  is  linear,  varying 
from  horizontal  ellipses  (yellow),  to  a  circle  (red),  to  vertical 
ellipses  (dark  blue).  The  relationship  between  the  orbits  is 
the  source  of  the  nonlinearity. 


Fig.  19.  In  this  figure,  we  demonstrate  that  by  combining 
the  map  of  Fig.  18  with  a  flip  we  obtain  chaos,  just  as  is  done 
with  the  twist.  As  is  shown  in  the  figure,  the  full  array  of 
island  chains  (dark  blue)  and  homoclinic  tangles  (light  blue) 
are  formed. 


conditions  the  semi-major  axis  is  horizontal  (yel¬ 
low  orbits);  for  large  initial  conditions  it  is  vertical 
(dark-blue  orbits).  Therefore  one  orbit  is  circular 
and,  as  seen  in  Fig.  18,  red. 

To  obtain  chaos  using  this  nonlinear  effect  we 
must  add  forcing  to  the  ODE,  and  this  is  done  ex¬ 
actly  as  we  did  for  the  twist-and-flip  equations.  Do¬ 
ing  this  we  can  obtain  a  Poincare  map  and  have  the 
analog  of  the  twist-and-flip  map  which  we  will  call 
FA.  As  with  the  twist-and-flip  map  we  must  offset 
the  center  of  the  integral  curves  by  an  amount  a. 
After  this  is  done  our  resulting  map  is 

/x\=  I"/ cos(0)  —sin  (0)/r\/x-a\  faY 
\yj  LVsinWr  cos(0)  Ay  )+\o). 


5.3.  Example  three:  The  Jacobi 
equation 

All  two-dimensional  vector  fields  can  be  put  into 
the  form: 


where  I  is  the  identity  matrix  and  B  is  the  matrix 


When  r  =  0  we  get  the  equation: 


/  (57) 

and  the  orbits  (are  seen  in  Fig.  19. 

This  map/has  no  hyperbolic  fixed  points  but 
does  have  high-order  hyperbolic  periodic  points. 
For  9  =  2.0,  a  =  0.5  a  period-six  hyperbolic  point  is 
found  at  approximately  (1.0433, 1.1997).  By  direct 
inspection  this  point  is  found  to  have  a  horseshoe. 
This  example  illustrates  the  contribution  of  the  ge¬ 
ometry  of  the  orbits  to  producing  chaos. 


the  orbits  must  be  circles,  the  same  as  the  sim¬ 
ple  harmonic  oscillator  and  the  twist  equation.  For 
9  =  1  we  obtain  the  simple  harmonic  oscillator.  For 
9  =  r  we  obtain  the  twist.  However,  if 


(61) 
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we  are  still  in  a  position  to  obtain  closed-form  solu¬ 
tions.  If  6  =  yl  —  k?  sin2(0)  we  obtain  the  closed- 
form  solution 


/ x(i)\  _  / rcn^  +  C) 

V»(()J  ~  Vrsnfi  +C) 


(62) 


where  sn,  cn  are  the  Jacobi  elliptic  functions.  We 
call  this  the  Jacobi  Equation.  These  functions  are 
the  inverses  of  elliptic  integrals  and  are  derived  in 
the  classical  problem  of  rectifying  the  ellipse. 

Since  6  is  not  a  function  of  r,  the  angular  ve¬ 
locity  does  not  change  from  orbit  to  orbit  as  was 
the  case  with  the  twist  system.  In  fact,  this  system 
preserves  lines  through  the  origin  and  through  any 
complete  revolution  a  line  or  a  region  is  mapped 
onto  itself.  The  source  of  the  nonlinearity  is  that 
along  an  orbit,  the  arc  length  is  expanded  and  con¬ 
tracted  in  a  periodic  manner.  In  this  system,  mat¬ 
ter  is  neither  created,  as  happens  in  systems  having 
a  source,  nor  destroyed,  as  happens  with  systems 
having  a  sink,  but  rather  is  alternately  compressed 
and  stretched. 

This  system  can  be  used  to  obtain  chaos  by 
the  standard  two-phase  gate  method:  If  we  trans¬ 
late  the  system  to  (a,0)  and  compose  it  with  the 
flip  we  obtain  a  Poincare  map  that  produces  chaos 
while  having  only  periodic  hyperbolic  points  and 
no  hyperbolic  fixed  points.  The  origin  of  chaos  in 
this  system  is  solely  from  the  nonlinear  acceleration 
taking  place  around  circles. 

A  limitation  of  the  Jacobi  Equation  is  that  the 
Jacobi  elliptic  functions,  sn(t),  cn(i)  are  not  elemen¬ 
tary  functions.  However,  the  time-one  map  deter¬ 
mined  by  these  equations  can  be  constructed  from 
elementary  functions.  For  anyone  wanting  to  pro¬ 
ceed  by  constructing  an  example  which  avoids  the 
use  of  the  Jacobi  Equation,  we  offer  the  following 
digression: 

We  may  construct  an  example  having  these  ex¬ 
act  same  properties  which  is  solvable  in  terms  of  ele- 

mentary  functions.  In  place  of  6  =  y/l  —  fc2  sin2  (6) 

we  simply  choose  6  =  2— sin2(0),  which  is  integrable 
in  terms  of  elementary  functions.  Specifically,  we 
have 


sin(0)  = 


\f2  sin(xp) 
sj\  +  sin2  (ip) 


(63) 


and 


cos(0)  = 


cos  (ip) 

\/l  +  sin2(i/>) 


(64) 


where  ip  =  y/2 (t  +  C),  C  being  the  arbitrary  con¬ 
stant  of  integration  determined  by  the  initial  con¬ 
ditions.  Since  r  =  0,  we  can  write  the  solution  in 
rectangular  coordinates  from  the  above  information 
and  the  initial  conditions.  Specifically, 


/  sin(V')  \  _(Ci  cos(V'2 1)  -  C2  sin(\/2t)\ 
y  cos(ip)  J  yCi  sin(\/2t)  —  C2  cos(\/2t)  ) 

with 


Ci  = 


\/2xo 


c2  = 


2/o 


y/2so  +  2/o  y/^o  +  Vo 


(66) 


The  significance  of  these  systems  as  a  building- 
block  of  a  level  of  complexity  is  twofold.  First,  the 
nonlinear  acceleration  around  orbits  of  these  two 
equations,  when  composed  with  simple  linear  fac¬ 
tors,  gives  rise  to  chaos  even  though  the  nonlin¬ 
earity  is  of  the  simplest  conceivable  form,  far  sim¬ 
pler  than  the  twist  map  in  that  it  has  no  shearing. 
Second,  two  observers  traveling  on  nearby  orbits 
lying  on  the  same  radial  line  will  not  experience 
relative  motion.  Further,  observers  riding  on  sep¬ 
arate  orbits  will  never  separate  by  more  than  a 
fixed  but  small  distance.  It  is  nearly  the  oppo¬ 
site  of  sensitive  dependence  on  initial  conditions. 
Two  observers  riding  on  the  same  orbit  will  oscil¬ 
late  relative  to  each  other  while  still  remaining  is 
circular  motion.  This  stretching  and  compressing 
of  arc  length  around  the  orbit  means  that  the  vec¬ 
tor  field  has  a  nonzero  divergence  while  having  no 
sources  or  sinks.  Matter  is  never  created  or  de¬ 
stroyed  as  when  there  are  attractors  or  repellers  in¬ 
volved;  it  is  only  compressed  and  stretched.  The 
result  of  this  feature  is  that  when  it  is  composed 
with  simple  components  such  as  the  flip,  chaos  is 
created  by  a  subtle  process.  In  addition,  a  very  un¬ 
expected  result  appears:  Local  attracting  periodic 
points  are  mixed  in  with  periodic,  quasi-periodic 
and  chaotic  orbits  [Fig.  20].  This  is  due  to  the 
nonzero  divergence  of  this  system.  If  the  divergence 
were  a  result  of  sinks  or  sources,  we  would  expect 
to  obtain  global  attractors  or  repellers.  But  this  is 
not  what  is  found.  The  existence  of  local  attract¬ 
ing  fixed  points  also  depends  on  the  magnitude  of 
the  flip  component  used  to  compose  these  maps. 
Only  certain  flips  combined  with  the  right  initial 
conditions  can  give  rise  to  this  unusual  phenom¬ 
ena.  Figure  20  illustrates  beautifully  the  kinds  of 
orbits  possible  with  the  Jacobi  map  as  a  factor.  The 
presence  of  measure-preserving  chaotic  and  elliptic 
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Fig.  20.  Figure  20  is  an  example  of  a  remarkable  phenomena,  the  coexistence  of  local  attracting  periodic  points  (light  blue 
orbits  converge  to  period-three  points)  with  nonattracting  regions.  A  chaotic  region  having  a  homoclinic  tangle  is  shown  in 
red.  This  phenomena  results  from  the  nonzero  divergence  of  the  Jacobi  equation. 


orbits  combined  with  period  three  attractors  sug¬ 
gests  the  possibility  of  such  systems  existing  in  na¬ 
ture.  The  work  of  Freeman  [1996]  on  the  attractors 
of  the  brain  combined  with  the  nonattractor  nature 
of  common  brain  waves  suggests  that  the  brain  is 
a  system  with  these  properties.  This  system  may 
one  day  also  explain  how  complex  structures  such 
as  the  spinal  column  can  form  from  dynamical  sys¬ 
tems  composed  of  simple  components. 

Three  sources  of  autonomous,  integrable  non¬ 
linearity  in  two  dimensions  are  thus  illustrated  by 
these  three  equations:  the  twist  equation,  the  am¬ 
plitude  equation  and  the  Jacobi  Equation.  The 
twist  equation  is  the  most  readily  available  source 
of  chaos  and  it  has  zero  divergence.  The  second  of 
the  two  equations  provides  a  source  of  asymmetry 
and  subtlety  not  found  in  the  twist  equations  and 
also  has  zero  divergence.  Two  of  these  equations 
are  induced  by  linear  equations;  all  three  have  only 
linear  orbits.  In  particular,  the  orbits  are  either 
ellipses  or  circles. 

5.4.  Example  four:  Nonlinear  orbits 

In  the  preceding  three  examples  we  imposed  a 


constraint  that  the  individual  orbits  of  the  ODE 
be  linear  and  observed  that  nonlinearity  could  arise 
from  three  different  sources:  nonlinear  frequencies, 
nonlinear  relationships  between  neighboring  orbits, 
and  nonlinear  divergence.  Another  source  of  non¬ 
linearity  must  be  nonlinear  orbits. 

We  now  illustrate  how  to  obtain  a  nonlinear 
system  that:  (1)  can  be  solved  in  closed  form;  (2) 
is  not  induced  by  a  linear  system;  (3)  whose  orbits 
are  not  linear;  (4)  which  preserves  lines  through  the 
origin;  and  (5)  which  has  zero  divergence.  We  use 
the  form  of  a  vector  field  mentioned  above: 


and  make  two  assumptions.  The  first  is  that  its 
underling  group  is  measure  preserving  or,  what 
is  the  same  thing,  the  vector  field  is  divergence- 
free.  The  second  is  that  the  system  preserves  lines 
through  the  origin.  Using  these  two  assumptions 
we  derive  the  following  partial  differential  equation 
for  r: 

- (. X ,  Vr)  +  -  +  ( BX ,  W)  =0.  (68) 

r  r 


Clarifying  Chaos  II  27 


Fig.  21.  Figure  21  illustrates  the  orbits  of  a  nonlinear  system  that:  (1)  can  be  solved  in  closed  form;  (2)  is  not  induced  by  a 
linear  system;  (3)  whose  orbits  are  not  linear;  (4)  which  preserves  lines  through  the  origin;  and  (5)  which  has  zero  divergence. 


With  the  following  notational  convention  we  obtain 
the  PDE  in  standard  form.  Let 


Now  the  PDE  becomes 


xp  +  yq=  ~(z  +  rf'(6))  (70) 


The  consistency  check  we  must  make  is  to  see 
whether 

r  m  =  W  (74) 

is  possible.  Since  y  =  r  sin(0),  x  =  r  cos(8)  we  see 
that  if  we  choose  f(0)  =  a  +  b  sin(0),  everything  is 
consistent.  In  particular,  we  have 


where  p  =  zxq  =  zy,  z  =  r  =  g(x,  y).  The  general 
solution  is  given  by 

z  =  h(x,  y)F(x/y)  (71) 

where  h  is  dependent  on  f'(8).  If  we  assume  that 
cz  =  rf'(6 )  is  the  form  of  the  solution,  then  we 
obtain  the  following  consistency  equation  to  check: 

xp  +  yq  =  ~(c  +  l)z.  (72) 

All  of  these  assumptions  would  be  fine  if  the  so¬ 
lution  of  the  resulting  equation  is  consistent  with 
these  assumptions.  By  an  application  of  standard 
methods  for  solving  first-order  partial  differential 
equations  we  get 

<73> 


and  the  first  part  of  the  solution  is  done.  Now,  if 
we  choose  a  >  b,  the  equation  0  =  a  +  b  sin(0)  is 
solvable  in  closed  form  for  sin(0).  Using  a  standard 
table  of  integrals  we  get 

btr^  =  sin  (kt  +  Co)  (76) 

a  +  b  sin(0) 

where  k  =  Va?  -  62,  and  Co  is  a  constant  of  inte¬ 
gration  to  be  determined  from  the  initial  conditions. 
From  this  relation  we  obtain  sin(0),  cos(0)  and  we 
are  done. 
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Fig.  22.  In  this  figure  we  combine  the  map  of  Fig.  21  with  a 
flip  to  obtain  chaos.  Familiar  island-chains  (red)  and  chaotic 
regions  (blue)  are  formed. 


Fig.  23.  Figure  23  illustrates  the  orbits  of  a  nonlinear  sys¬ 
tem  that  is  the  analog  of  Fig.  21,  but  which  has  nonzero 
divergence. 


The  general  solution  in  rectangular  coordinates 
is  given  by: 


where  we  must  have  c  >  1.  Note  that  the  root  fac¬ 
tor  is  not  a  constant  since  f(9)  is  a  function  of  time. 
The  orbits  cannot  be  linear,  see  Fig.  21,  and,  by  con¬ 
struction,  the  system  is  divergence-free.  Using  the 
two-phase  gate  method,  we  may  make  this  map  a 
component  of  a  Poincare  map  which  produces  chaos 
[Fig.  22]. 

5.5.  Example  five:  Nonzero 

divergence ,  with  nonlinear 
orbits 

It  is  possible  to  obtain  nonzero  divergence  equations 
that  are  just  as  useful.  One  option  is  to  solve  the 
PDE  xp  +  yq  =  z  and  the  choice 

r  =  —rf'{6)  (78) 


with  6  =  f(9)  7 ^  constant  gives  the  closed-form  so¬ 
lutions  in  rectangular  coordinates: 


Note  that  if  0  =  -1  and  f  ^  0  we  also  get  nonzero 
divergence. 

This  process  can  be  greatly  generalized.  If 
6  =  f(6)  and  r  =  CqG{0)  we  get  an  autonomous 
ODE: 

r  =  CoG"{9)f{0)  (80) 

where  Co  is  eliminated  from  this  equation  by  not¬ 
ing  that  Co  =  r/G(9).  So  long  as  9  =  f(9)  is 
solvable  in  closed  form,  we  are  done!  For  exam¬ 
ple,  choose  f{9)  =  2  -  sin2(0).  By  use  of  a  table 
of  integrals  we  find  that  we  can  solve  this  equation 
for  sin(0),  which  is  all  that  is  necessary  to  express 
the  solution  in  rectangular  coordinates.  By  choos¬ 
ing  G{9)  =  y/JW)(  1  ~  °-95  sin(sin(0))  we  get  the 
orbits  of  Fig.  23. 
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Fig.  24.  In  this  figure,  we  compose  the  time-one  map  of  Fig.  23  with  a  linear  translation  to  get  the  Poincar£  map  for  an 
electronic  circuit  using  a  two-phased  gate.  Just  as  in  Fig.  20,  local  attracting  periodic  points  form  with  nonattracting  regions 
to  produce  a  remarkable  combination  of  dynamics:  In  dark  blue  are  elliptic  regions;  in  light  blue  and  yellow  are  chaotic  regions 
containing  homoclinic  tangles;  in  red  are  orbits  that  converge  to  a  set  of  period-three  points. 


By  composing  this  autonomous  time-one  map 
with  a  shift,  we  get  the  chaotic  orbits  of  Fig.  24. 

This  system,  like  the  Jacobi  Equation,  when 
composed  with  linear  maps  by  the  method  of 
two-phase  gates  can  generate  local  attracting 
fixed  points  alongside  periodic,  quasi-periodic,  and 
chaotic  orbits  which  are  not  attracting.  The  yel¬ 
low  orbits  are  chaos,  the  red  are  orbits  being  at¬ 
tracted  to  the  period-three  points.  The  light-blue 
are  orbits  of  transient  chaos  that  also  converge  to 
the  period-three  points.  The  dark-blue  orbits  are 
elliptic,  hence  represent  almost  periodic  solutions 
of  the  ODE.  Near  the  small  yellow  orbits  we  find 
chaotic,  almost-periodic,  and  transient-chaotic  so¬ 
lutions  coexisting. 

5.6.  Summary  of  nonlinear  effects 

In  this  section  we  have  given  five  examples  to 
illustrate  four  ways  that  nonlinearities  may  arise 
in  autonomous  two-dimensional  ODEs:  (1)  nonlin¬ 
ear  frequencies  along  linear  orbits;  (2)  nonlinear 
relationship  between  linear  orbits;  (3)  nonlinear 
divergence  along  linear  orbits;  (4)  nonlinear  or¬ 


bits.  These  nonlinear  effects  may  be  combined  as 
seen  in  Examples  4  and  5  to  increase  the  level  of 
complexity  of  an  orbit.  These  effects  present  a 
different  approach  to  autonomous  systems  than 
that  provided  by  an  analysis  of  its  fixed  points 
(Poincar6-Bendixon  theory)  because  the  nature  of 
these  effects  contribute  directly  to  the  development 
of  a  level  of  complexity  in  nonlinear  nonautonomous 
equations  such  as  the  Duffing  equation.  As  shown 
in  [Brown,  1992],  any  of  these  autonomous  systems 
may  be  used  in  a  construction  that  leads  to  au¬ 
tonomous  three-dimensional  equations  that  is  the 
analog  of  the  two-phase  gate  method.  In  this  way, 
it  is  possible  to  construct  ever  increasingly  com¬ 
plex  examples  of  autonomous  or  nonautonomous 
systems  with  any  predetermined  level  of  complexity. 
The  practical  aspect  of  this  lies  in  the  applications 
of  chaos  to  diverse  areas  of  the  mathematical  and 
fife  sciences.  The  theoretical  importance  lies  in  the 
fact  that  the  development  of  a  theory  of  levels  of 
complexity  will  have  as  its  foundation  a  rich  set  of 
examples  and  counterexamples  that  can  be  used  to 
guide  the  formulation  and  proof  of  the  mathemati¬ 
cal  and  physical  theories. 
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6.  Relationships  Between 
Attractors,  Noninvertiblity, 
and  Nondissipative  Maps 

Preliminary  to  this  section  we  present  some 
comments  on  dissipation,  noninvertibility,  and 
nonorientation-preserving  properties  of  dynamical 
systems  and  their  relationship  to  chaos. 

6.1.  Chaos  and  attractors 

Many  scientists  associate  chaos  only  with  strange 
attractors  or  dissipative  systems.  For  example, 
the  Lorenz,  Chua  and  Rossler  equations  are  all 
dissipative.  Historically,  however,  chaos  was  first 
mentioned5  as  a  nondissipative  system.  Chaos  and 
attractors  are  independent  concepts,  and  the  most 
complex  forms  of  chaos  occur  in  nondissipative  sys¬ 
tems.  In  fact,  the  presence  of  dissipation  reduces 
the  level  of  complexity  and  thus  reduces  the  “level” 
of  chaos. 

6.2.  Chaos  and  noninvertibility 

Noninvertible  systems  are  inherently  more  complex 
than  invertible  systems.  This  is  best  illustrated  by 
the  fact  that  noninvertibility  is  a  sufficient  condi¬ 
tion  for  a  system  to  have  positive  entropy.  Nonin¬ 
vertible  systems  do  not  directly  arise  from  solutions 
of  differential  equations.  This  suggests  that  nonin¬ 
vertibility  is  a  source  of  a  level  of  complexity. 

6.3.  Nonorientation  preserving 
and  chaos 


We  summarize  the  relationships  in  a  series  of  in¬ 
formal  statements  which  can  be  rigorously  proven. 

Statement  1. 

Any  dissipative  system  that  arises  from  an  ODE  can 
be  converted  to  a  nondissipative  system  without  al¬ 
tering  the  fundamental  level  of  complexity.  Specifi¬ 
cally,  for  any  dissipative  system  we  may  increase  the 
dimension  of  the  system  by  one  and  make  it,  essen¬ 
tially,  nondissipative.  The  construction  is  simple. 
Let  T(X)  be  any  n-dimensional  dissipative  system. 
Since  it  arises  from  an  ODE,  the  Jacobian  determi¬ 
nant,  det(ZXT(X)),  must  be  positive.  The  following 
mapping  “contains”  T  in  an  obvious  sense  and  is 
nondissipative: 


nx)  \ 

*/(det(DT(X)))  j 


(81) 


This  map  expands  in  the  direction  of  the  added 
coordinate  z  by  exactly  the  amount  needed  to  keep 
the  combined  map  nondissipative.  Also,  in  this  map 
T  remains  “intact.”  The  Jacobian  determinant  of 
the  combined  map  is  1. 


Statement  2. 

Any  noninvertible  mapping  can  be  made  essen¬ 
tially  invertible  by  doubling  the  number  of  coordi¬ 
nates.  This  was  proven  in  [Brown  &  Chua,  1996b, 
Theorem  1]  and  is  restated  here  for  completeness. 

Statement  3. 


Orientation-preserving  maps  are  those  for  which  the 
Jacobian  determinant  is  positive.  The  significance 
of  this  is  that  nonorientation-preserving  maps  can¬ 
not  arise  from  the  solutions  of  differential  equations 
whose  Jacobian  is  positive.  There  are  many  chaotic 
maps  which  are  not  orientation  preserving;  most 
notably,  there  are  parameter  values  for  which  the 
Jacobian  derivative  of  the  H6non  map  is  negative. 
Hence,  nonorientation-preserving  maps  are  a  source 
of  some  level  of  complexity.  In  this  section  we 
clarify  some  important  relationships  between  dy¬ 
namical  systems  having  these  three  properties  to 
give  a  perspective  of  how  they  contribute  to  the  de¬ 
velopment  of  a  level  of  complexity  and  to  remove 
any  confusion  about  their  contribution  to  the  pro¬ 
duction  of  chaos. 


Any  nondissipative  map  can  be  made  dissipative 
in  such  a  way  that  the  original  map  is  an  attrac¬ 
tor.  Theorem  1  mentioned  above  also  proves  this 
statement. 

Statement  4. 

Any  nonorientation-preserving  mapping  can  be 
made  orientation-preserving  by  increasing  the  di¬ 
mension  by  one.  A  simplification  of  the  construc¬ 
tion  of  Statement  1  will  do  this:  Add  the  coordinate 
z  -*  —  z. 

Statement  5. 

Any  mapping  that  can  be  written  as  a  formula 
can  be  made  the  Poincare  map  for  some  ODE  for 


Poincar6  in  volume  three,  item  397,  of  his  memoirs  in  reference  to  the  level  of  complexity  of  the  three-body  problem.  Poincare 
never  used  the  term  chaos  which  was  coined  by  Jim  Yorke  at  the  University  of  Maryland. 
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which  an  electronic  circuit  can  be  built.  This  re¬ 
sult  is  a  consequence  of  the  above  statements  and 
the  n-phase  gate  construction  in  [Brown  &  Chua, 
1993].  As  a  result,  we  now  expand  Statement  1 
as  follows: 

Statement  6. 

Any  dissipative  system  that  can  be  written  as  a  for¬ 
mula,  regardless  of  whether  it  arises  from  an  ODE, 
can  be  converted  to  a  nondissipative  system  that 
does  arise  from  an  ODE  without  altering  its  level 
of  complexity. 

7.  Summary 

In  this  tutorial  we  have  illustrated  that  there  are 
degrees  of  chaos  and  that  there  are  very  interest¬ 
ing  maps  which  are  not  considered  chaotic  but  are 
more  complex  than  much  of  what  we  call  chaos.  We 
conclude  that  it  is  impossible  to  talk  of  chaos  in  a 
meaningful  way  without  also  talking  about  the  level 
of  complexity  of  the  chaotic  system.  From  a  practi¬ 
cal  point  of  view,  there  are  nonchaotic  systems  that 
are  just  as  useful  in  producing  a  high  level  of  com¬ 
plexity  as  are  many  chaotic  systems.  Their  use  in 
spread-spectrum  communications  is  a  good  practi¬ 
cal  example.  Low-level  encryption  systems  which 
are  also  low  cost  are  another  example.  However, 
our  philosophical  wanderings  have  led  us  to  suggest 
that  there  is  a  theory  of  chaos  and  that  this  theory 
in  concerned  with  determining  the  ways  in  which 
complex  outputs  can  arise  from  the  action  of  dy¬ 
namical  systems,  and  with  quantifying  this  level  of 
complexity  in  a  useful  manner. 

We  have  shown  how  nonlinearities  can  be 
formed  in  a  variety  of  ways.  The  significance  of  this 
is  that  an  application  needing  chaotic  effects  will  be 
optimal  if  the  construction  assures  that  the  chaos 
arises  from  the  right  processes.  There  are  at  least 
four  different  nonlinear  processes  in  two  dimensions 
that  can  be  used  to  generate  chaotic  effects  which 
have  very  different  properties. 

We  have  also  shown  that  the  features  of  dissi¬ 
pation,  noninvertibility,  and  orientation-preserving 
are  completely  independent  of  chaos  and  can  be 
added  or  subtracted  from  any  application,  as 
desired. 

This  paper  is  the  fourth  in  a  series  of  papers 
whose  purpose  is  to  clarify  a  wide  range  of  is¬ 
sues  about  chaos  through  the  construction  of  exam¬ 
ples  and  counterexamples,  [Brown  &  Chua,  1996a, 


1996b,  1997]  are  the  other  three.  In  [Brown  & 
Chua,  1996a]  we  presented  29  examples  that  an¬ 
swered  such  questions  as  “Can  chaotic  dynamical 
systems  be  solved  in  closed  form  in  terms  of  ele¬ 
mentary  functions?”,  “Does  sensitive  dependence 
on  initial  conditions  ever  define  chaos?”,  “What 
is  the  relationship  between  popular  definitions  of 
chaos?”-,  and  several  other  questions.  In  [Brown  & 
Chua,  1996b]  we  presented  26  examples  that  illus¬ 
trated  the  spectrum  of  complexity  that  lies  between 
Bernoulli  chaos  and  periodic  dynamics.  In  [Brown 
&  Chua,  1997]  we  presented  6  examples  to  show 
that  even  the  existence  of  positive  Lyapunov  ex¬ 
ponents  is  not  equivalent  to  chaos,  that  the  shift 
paradigm  is  inadequate  to  account  for  all  the  fea¬ 
tures  of  chaos,  and  that  highly  complex  orbits  can 
be  generated  by  chaotic  dynamics  without  requiring 
that  the  initial  conditions  have  positive  algorithmic 
complexity.  In  this  paper  we  presented  24  examples 
that:  illustrated  how  subtle  levels  of  chaos  can  be 
generated  by  combining  a  wide  range  of  nonchaotic 
systems  with  chaotic  systems;  illustrated  parts  of 
the  complexity  spectrum  that  resemble  chaos;  and, 
how  subtle  nonlinear  effects  in  autonomous  two- 
dimensional  systems  can  contribute  to  the  forma¬ 
tion  of  chaos.  In  total,  we  have  constructed  over  85 
examples  of  dynamical  systems  in  terms  of  elemen¬ 
tary  functions  for  which  electronic  circuits  can  be 
made  that  illuminate  various  aspects  of  chaos  and 
the  complexity  spectrum  and  refute  many  popular 
notions  about  chaos.  What  we  can  conclude  is  that 
defining  chaos  is  every  bit  as  difficult  as  predict¬ 
ing  chaos.  Our  examples  suggest  we  conclude  this 
paper  with  the  following  interesting  line  of  thought. 

Let  us  conceive  of  a  n-dimensional  space  where 
one  coordinate  is  entropy,  another  coordinate  is  cor¬ 
relation  dimension,  another  coordinate  is  the  Lya¬ 
punov  exponent,  and  another  the  autocorrelation  at 
some  fixed  time,  and  so  on  until  we  have  exhausted 
all  measures  of  levels  of  complexity  found  in  a  dy¬ 
namical  system.  For  each  dynamical  system,  let 
us  make  all  these  measurements  and  plot  its  place 
in  this  space.  We  ask  the  question:  Do  the  chaotic 
dynamical  systems  form  a  connected  set,  a  compact 
set,  or  perhaps  do  they  form  a  fractal?  In  short,  just 
what  is  the  nature  of  this  set? 
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In  this  paper,  the  structure,  principle  and  framework  of  chaotic  digital  code-division  multiple 
access  ((CD)2  MA)  communication  systems  are  presented.  Unlike  the  existing  CDMA  sys¬ 
tems  (CD)2 MA  systems  use  continuous  pseudo-random  time  series  to  spread  the  spectrum  of 
message  signal  and  the  spread  signal  is  then  directly  sent  through  a  channel  to  the  receiver. 
In  this  sense,  the  carrier  used  in  (CD)2UA  is  a  continuous  pseudorandom  signal  instead  of  a 
single  tone  as  used  in  CDMA.  We  give  the  statistical  properties  of  the  noise-like  carriers.  In 
a  (CD)2 MA  system,  every  mobile  station  has  the  same  structure  and  parameters,  only  dif¬ 
ferent  initial  conditions  are  assigned  to  different  mobile  stations.  Instead  of  synchronizing  two 
binary  pseudorandom  sequences  as  in  CDMA  systems,  we  use  an  impulsive  control  scheme  to 
synchronize  two  chaotic  systems  in  (CD)2Mk.  The  simulation  results  show  that  the  channel 
capacity  of  (CD)2MA  is  twice  as  large  than  that  of  CDMA. 


1.  Introduction 

In  the  1980s,  many  analog  cellular  communica¬ 
tion  networks  were  implemented  over  the  world. 
These  networks  are  already  reaching  their  capac¬ 
ity  limits  in  several  service  areas.  This  wireless 
communication  technology  has  evolved  from  simple 
first-generation  analog  systems  for  business  applica¬ 
tions  to  second-generation  digital  systems  with  rich 
features  and  services  for  residential  and  business 
environments.  There  are  several  reasons  for  the 
transition  from  wireless  analog  to  digital  technol¬ 
ogy:  Increasing  traffic,  which  requires  greater  cell 
capacity,  speech  privacy,  new  services  and  greater 
radio  link  robustness. 

During  the  late  1980s  and  early  1990s,  the  rapid 
growth  in  mobile  communications  put  a  high  de¬ 
mand  on  system  capacity  and  the  availability  of 
the  technology  for  low-cost  implementation  of  cel¬ 
lular  and  personal  communication  services  (PCS) 
[Gang  et  al,  1997].  CDMA  has  a  larger  system 


capacity  than  the  existing  analog  systems.  The  in¬ 
creased  system  capacity  is  due  to  the  improved  cod¬ 
ing  gain/modulation  density,  voice  activity,  three- 
sector  sectorization,  and  the  reuse  of  the  same 
spectrum  in  every  cell.  CDMA  is  a  cost-effective 
technology  that  requires  fewer,  less-expensive  cells 
and  no  costly  frequency  reuse  pattern.  The  av¬ 
erage  power  transmitted  by  the  CDMA  mobile 
stations  averages  about  6-7  mW,  which  is  less 
than  one  tenth  of  the  average  power  typically  re¬ 
quired  by  FM  and  TDMA  phones.  Transmit¬ 
ting  less  power  means  longer  battery  life.  CDMA 
can  improve  the  quality-of-service  by  providing 
both  robust  operation  in  fading  environments  and 
transparent  (soft)  hand-off.  CDMA  takes  advan¬ 
tage  of  multi-path  fading  to  enhance  communica¬ 
tions  and  voice  quality.  In  narrow-band  systems, 
fading  causes  a  substantial  degradation  of  signal 
quality. 

Since  some  new  services,  such  as  wide-band 
data  and  video,  are  much  more  spectrum-intensive 


2789 


2790  T.  Yang  Sc  L.  O.  Chua 


than  voice  service,  even  the  channel  capacity  im¬ 
provement  provided  by  CDMA  will  be  depleted  in 
the  near  future.  This  motivates  some  advanced 
wireless  communication  schemes,  which  can  pro¬ 
vide  a  bigger  capacity.  In  this  paper,  we  present 
a  chaotic  digital  CDMA  scheme.  Before  we  design 
a  chaotic  digital  CDMA  system,  we  should  solve  the 
following  problems. 

1.1.  Spreading  carriers 

In  CDMA  systems,  pseudo-random  signals  are  used 
to 

(1)  spread  the  bandwidth  of  the  modulated  signal 
to  the  larger  transmission  bandwidth  and 

(2)  distinguish  among  the  different  user  signals 
which  are  using  the  same  transmission  band¬ 
width  in  the  multiple-access  scheme. 

Ideally,  these  pseudo-random  signals  should  be 
samples  of  a  sequence  of  independent  random  vari¬ 
ables,  uniformly  distributed  on  an  available  alpha¬ 
bet  or  range.  In  this  case,  the  CDMA  system  is 
equivalent  to  a  one-time  pad  used  in  cryptographic 
system  requiring  the  highest  level  of  security.  Since 
the  key  signal  in  a  one-time  pad  should  be  as  long 
as  the  message  signal,  it  is  not  feasible  to  use  it  in 
CDMA  [Simon  et  al.,  1994]. 

We  must  figure  out  a  way  to  store/generate 
good  pseudo-random  signals  in  both  the  transmitter 
and  the  receiver,  despite  the  finite  storage  capac¬ 
ity  /generating  capacity  of  physical  processing  sys¬ 
tems.  It  would  be  very  expensive  and  energy  ef¬ 
ficient  to  generate  such  a  sequence  by  using  some 
chaotic  circuits,  e.g.  Chua’s  circuits.  In  fact,  some 
methods  to  generate  good  pseudo-random  signals 
for  cryptographic  purposes  by  using  Chua’s  circuits 
[Yang  et  al.,  1997]  have  been  already  developed. 

1.2.  Orthogonal  functions 

Orthogonal  functions  are  used  to  improve  the  band¬ 
width  efficiency  of  a  spread  spectrum  system.  In 
CDMA,  each  mobile  station  uses  one  set  of  orthog¬ 
onal  functions  representing  the  set  of  symbols  used 
for  transmission.  Usually,  the  Walsh  and  Hadamard 
sequences  are  used  to  generate  this  kind  of  orthogo¬ 
nal  functions  for  CDMA.  In  {CD)2Mk,  it  is  difficult 
to  find  a  theory  to  guarantee  that  the  spectrum¬ 
spreading  carriers  are  orthogonal.  However,  from 
simulations  we  find  that  there  exist  many  methods 


to  generate  signals,  which  have  very  small  cross  cor¬ 
relations,  by  using  chaotic  signals.  We  can  therefore 
choose  good  spectrum-spreading  carriers  from  sev¬ 
eral  promising  candidates. 

In  CDMA,  there  exist  two  different  methods 
of  modulating  the  orthogonal  functions  into  the 
information  stream  of  the  CDMA  signal.  The 
orthogonal  set  of  functions  can  be  used  as  the 
spreading  code  or  can  be  used  to  form  modulation 
symbols  that  are  orthogonal.  In  {CD)2 MA,  how¬ 
ever,  the  “orthogonal  function”  itself  serves  as  the 
carrier. 

1.3.  Synchronization  considerations 

In  a  CDMA  system,  the  heart  of  the  receiver  is 
its  synchronization  circuitry,  and  the  heartbeats 
are  the  clock  pulses  which  control  almost  every 
step  in  forming  the  desired  output.  There  exist 
three  levels  of  synchronization  in  a  CDMA  system: 
(1)  correlation  interval  synchronization,  (2)  spread- 
spectrum  generator  synchronization  and  (3)  carrier 
synchronization. 

To  correlate  the  Walsh  codes  at  the  receiver, 
the  receiver  is  required  to  be  synchronized  with 
the  transmitter.  In  the  forward  direction,  the  base 
station  can  transmit  a  pilot  signal  to  enable  the 
receiver  to  recover  synchronization.  Just  as  the 
designers  of  the  IS-665  wide-band  CDMA  system 
believed,  with  a  wider  bandwidth  the  base  station 
can  also  recover  the  pilot  signal  sent  by  mobile  sta¬ 
tions.  In  (CT>)2MA,  we  also  use  this  symmetric 
system  between  the  base  station  and  the  mobile 
station. 

In  the  {CD)2 MA  system,  we  need  to  synchro¬ 
nize  two  chaotic  systems.  If  we  use  the  continuous 
synchronization  scheme,  we  need  a  channel  to  trans¬ 
mit  the  chaotic  signal.  Even  though  we  can  embed 
a  message  signal  into  a  chaotic  carrier  [Halle  et  al, 
1993],  we  cannot  achieve  a  chaotic  CDMA  system. 
A  promising  method  to  improve  this  is  the  frame¬ 
work  of  impulsive  synchronization  [Yang  &  Chua, 
1997a,  1997b].  In  this  paper,  we  will  show  that  the 
(CD)2MA  system  does  not  need  the  correlation  in¬ 
terval  synchronization  and  carrier  synchronization. 
This  makes  the  receiver  in  {CD)2Mk  simple  and 
low-power. 

The  {CD)2 MA  system  can  increase  the  capac¬ 
ity  of  a  radio  channel.  For  mobile  subscribers,  this 
increased  capacity  translates  to  better  service  at  a 
lower  price.  On  the  other  hand,  {CD)2Mk  is  also  a 
promising  technology  for  low-cost  implementation 


of  cellular  and  PCS.  The  organization  of  this  paper 
is  as  follows.  In  Sec.  2,  we  present  the  structure  of 
(CD)2 MA  system.  In  Sec.  3,  we  study  the  random¬ 
ness  of  spreading  carriers.  In  Sec.  4,  we  give  the 
concept  of  impulsive  synchronization.  In  Sec.  5,  we 
show  that  a  (CD)2MA  system  has  a  larger  chan¬ 
nel  capacity  than  CDMA.  Section  6  contains  the 
conclusion. 


2.  Structures  of  CDMA  and 
(CD)2MA  Systems 

Information  can  be  modulated  into  the  spread- 
spectrum  signal  by  several  methods.  The  most 
common  method  is  to  add  the  information  into  the 
spectrum-spreading  code  before  it  is  used  for  mod¬ 
ulating  the  carrier  frequency.  The  corresponding 
CDMA  system  is  shown  in  Fig.  1.  In  Fig.  1,  d(t ) 
and  c(t)  are  respectively  called  “message  signal” 
and  “spreading  signal” .  The  signal  cos(wt)  is  called 
the  carrier,  and  x(t)  is  the  encoded  signal.  At  the 
receiver  end,  I(t)  is  the  interference  signal  which 
consists  of  channel  noise,  interference  and/or  jam¬ 
ming,  and  r(t)  is  the  recovered  signal.  d(t)  is  a 
low  frequency  digital  message  signal  with  a  data 
rate  9.6  kbps  for  IS-95  CDMA  system.  c(t)  is  a 
high  frequency  spreading  signal  with  a  chip  rate 
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1.2288  Mcps  for  IS-95  CDMA  system.  We  can  see 
that  the  chip  rate  is  much  higher  than  the  data  rate. 
This  is  the  method  by  which  the  bandwidth  of  the 
message  signal  is  spread. 

On  the  other  hand,  the  message  signal  can  also 
be  used  to  modulate  the  carrier  directly,  given  the 
carrier  also  functions  as  spectrum-spreading  signal. 
In  (C'D)2MA  system,  we  use  this  kind  of  modula¬ 
tion  scheme.  The  corresponding  (CD)2 MA  system 
is  shown  in  Fig.  2. 

Comparing  the  (C7D)2MA  system  in  Fig.  2  with 
the  CDMA  system  in  Fig.  1,  we  can  see  that  both 
schemes  use  the  synchronization  of  two  identical 
spreading  carrier  generators.  Instead  of  modulat¬ 
ing  a  single  tone  (an  RF  sinusoidal  signal)  as  in 
the  CDMA  system,  a  (CD)2 MA  system  transmits 
a  pseudo-random  RF  spreading  carrier  directly.  We 
give  the  details  of  every  block  in  Fig.  2.  To  enhance 
the  security  of  the  (CD)2 MA  system,  we  can  also 
use  two  key  signals  to  scramble  the  spreading  car¬ 
rier.  The  key  signal  can  be  assigned  to  each  trans¬ 
mitter  and  receiver  pair  by  the  base  station  (cell). 
Since  each  mobile  station  can  function  either  as  a 
transmitter  or  as  a  receiver,  we  suppose  that  the 
key  signals  are  set  by  both  the  receiver  and  the 
transmitter  and  can  be  refreshed  during  conversa¬ 
tions.  The  key  signals  may  only  be  used  in  cases 
where  a  very  high  security  should  be  taken  into 


Fig.  1.  The  Block  diagram  of  the  CDMA  system. 
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Fig.  2.  The  Block  diagram  of  the  (CD)2 MA  system. 


account  (e.g.  military  applications).  In  commercial 
applications,  the  spreading  signal  is  all  along  secure 
enough. 

In  the  (CD)2 MA  paradigm,  every  mobile  sta¬ 
tion  has  the  same  chaotic  circuit,  e.g.  Chua’s  cir¬ 
cuit.  Whenever  two  users  are  connected  by  the  base 
station,  they  are  assigned  the  same  set  of  initial 
conditions  to  their  chaotic  circuits.  Then,  the  im¬ 
pulsive  synchronization  scheme  is  used  to  main¬ 
tain  the  synchronization  between  the  two  chaotic 
circuits. 

Since  the  chaotic  circuit  works  in  a  low  fre¬ 
quency  range,  we  need  a  spreading  function  to 
spread  it  into  bandwidths  in  the  MHz  range.  In 
principle,  there  are  many  nonlinear  functions  which 
can  be  used  as  spreading  functions.  In  this  paper, 
the  spreading  function  is  chosen  according  to  that 
used  in  [Yang  et  al.,  1997].  That  is,  we  use  an  n-shift 
scheme  to  spread  the  spectrum  of  the  chaotic  signal. 
The  chaotic  systems  in  both  transmitter  and  re¬ 
ceiver  are  identical  and  the  synchronization  between 


them  is  achieved  by  a  new  chaotic  synchronization 
scheme  called  impulsive  synchronization.  The  de¬ 
modulator  consists  of  some  low-pass  filtering  and 
thresholding  blocks. 


3.  Statistical  Properties  of  Chaotic 
Spreading  Carriers 

We  now  study  the  properties  of  the  spreading  sig¬ 
nal,  which  should  have  a  narrow  autocorrelation 
function  for  achieving  a  big  channel  capacity  and 
small  cross-relations.  One  of  the  ideal  candidates 
for  this  kind  of  signal  is  white  noise  which  has  an 
autocorrelation  function  of  a  Dirac  Delta  function 
at  the  origin.  Although  from  a  deterministic  model 
we  cannot  generate  a  true  white  noise  signal,  we 
still  have  the  chance  to  generate  its  approxima¬ 
tion  which  we  call  a  pseudo-random  signal.  Since 
the  cryptographic  community  has  spent  half  a  cen¬ 
tury  trying  to  find  a  good  binary  pseudo-random 
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signal  for  the  purpose  of  a  high  level  of  security  of 
cryptographic  algorithms,  we  borrow  some  methods 
used  by  them. 

We  first  use  a  chaotic  system  to  generate  a  good 
seed  signal  (low  frequency  in  the  range  of  KHz) 
and  then  use  some  spreading  function  to  spread  the 
spectrum  into  the  range  of  MHz.  In  this  paper, 
we  choose  the  Chua’s  oscillator  [Chua,  1994]  as  our 


chaotic  system  which  has  dynamics  given  by 

=  ~d~i^V2  ~  Vl^  ~ 

<  ^  —  v 2)  + 

§  =  -yb2+fio*3] 

V  at  L 


(b) 

Fig.  3.  (a)  Chua’s  oscillator,  (b)  Chua’s  diode. 
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where  /(•)  is  the  nonlinear  characteristics  of  Chua’s 
diode  given  by 

f(v i)  =  Gbv i  +  \{Ga  -  G6)(h  +  E\  -  h  -  E\) 

(2) 

and  E  is  the  breakpoint  voltage  of  Chua’s  diode. 
The  corresponding  circuit  is  shown  in  Fig.  3. 


We  use  a  continuous  n-shift  cipher  to  spread  the 
chaotic  signal  generated  by  a  Chua’s  circuit.  The 
n-shift  cipher  is  given  by 

x(t )  =  e(p(t)) 

=  /i(-  •  •  /i(/i(p(<),  P(t)),  P{t)),  •  •  • ,  p(t))  (3) 

' - ^ '  - - V - ' 


(b) 

Fig.  4.  Nonlinear  function  used  in  continuous  shift  cipher,  (a)  The  ideal  model,  (b)  The  practical  implementation. 
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where  h  is  chosen  such  that  p(t)  lies  within  (— h}  h).  /i(*,  •)  is  a  nonlinear  function 


fi(x,  k)  = 


(  (x  +  k)  +  2 h, 

<  ( x  +  k ), 


(  (x  +  k)  —  2 h, 


—2  h  <(x  +  k)<—h 
-h  <  (x  +  k)  <  h 
h  <  (x  +  k)  <  2h . 


(4) 


This  function  is  shown  in  Fig.  4(a).  Since  the  “jump-type”  break  points  in  Fig.  4(a)  cannot  be  implemented 
in  a  practical  circuit,  what  we  need  is  the  continuous  version  of  this  characteristics  shown  in  Fig.  4(b).  In 
this  case,  /i(-,  •)  is  given  by 


/i(x,  k)  = 


h 


h- A 


(x  -|-  k)  +  2  h, 


-—(x  +  k  +  h), 

L 

(x  +  k ), 


h- A 


—(x  +  fc-h), 

L. 

(x  +  fc)  —  2h, 


U-A 


-2h  <(x  +  k)<—h  —  A 
—h  —  A  <  (x  +  k)  <  —h  +  A 
-/i  +  A  <  (x  +  fc)  <  h  -  A 
h-A<(x  +  A:)</H-A 
h  +  A  <  (x  +  k)  <  2h . 


(5) 


In  our  (CD)2 MA  systems,  we  choose  the  seed 
signal  p(t)  as  the  voltage  vi(t)  of  Chua’s  circuit. 
Since  we  choose  h  =  IV,  pit)  is  a  normalized  ver¬ 
sion  of  v\  (t).  Before  we  use  the  output  of  the  n-shift 
function  as  the  spreading  carrier,  we  have  to  test  its 
statistical  properties.  In  our  (CD)2 MA  systems, 
the  following  parameters  are  used:  C\  —  5.56  nF, 
C2  =  50  nF,  G  =  0.7  mS,  L  =  7.14  mH,  Ga  = 
-0.8  mS,  Gb  =  -0.5  mS,  E  =  1  V,  i?o  =  0  ft  and 
A  =  0.01,  Given  this  set  of  parameters,  Chua’s 
circuit  has  a  double-scroll  attractor. 

There  are  many  tests  that  can  be  used  to 
help  establish  the  random  characteristics  of  a  signal 
(Knuth,  1981].  In  this  paper,  we  use  two  frequency 
tests:  The  x2  test  and  the  Kolmogorov-Smirnoff 
(K-S)  test.  See  [Knuth,  1981]  for  details  about  both 
the  tests.  They  are  used  to  verify  that  the  signal  is 
uniformly  distributed. 

For  the  %2  test,  the  range  of  x(t)  is  divided 
into  51  intervals.  Our  expectation  is  an  equal  num¬ 
ber  of  observations  in  each  interval.  Thus  the 
X2  values  computed  on  each  sample  will  be  ex¬ 
pected  to  follow  a  x2  distribution  with  50  degrees 
of  freedom. 

For  the  K-S  test,  K+  and  K~  are  computed  for 
each  sample  of  x(t).  The  values  are  expected  to  be 
K„-distributed,  where  n  is  the  number  of  samples 
in  the  sampled  x(t).  In  our  simulations,  n  =  105 
and  the  sampling  interval  is  10-7  s. 


The  following  tests  which  were  based  on  x2- 
tests  are  also  used. 

Serial  test:  In  the  sequences  of  sampled  x(t),  we 
want  pairs  of  successive  numbers  to  be  uniformly 
distributed  in  an  independent  manner.  To  carry 
out  the  serial  test,  we  simply  count  the  number  of 
times  that  the  sampled  pair  (x(2 j),  x(2j+l))  fall  in 
different  regions  of  the  plane  [—1,  1]  x  [—1,  1].  We 
split  the  interval  [-1,1]  into  d  subintervals  and  code 
each  of  them  by  an  integer  from  1  to  d.  When  x(2  j) 
falls  into  a  subinterval,  we  use  the  code  of  this  subin¬ 
terval,  an  integer  Y2j,  to  represent  it.  This  kind  of 
coding  system  is  also  used  in  the  other  tests.  To 
carry  out  the  serial  test,  we  simply  count  the  num¬ 
ber  of  times  that  (Y2j,  l2j+i)  =  (<7>  r)  occurs,  for 
1  <  t  <  d.  And  the  %2-test  is  applied  to  these 
k  =  d2  categories  with  probability  J?  for  each  cate¬ 
gory.  We  chose  d  =  8.  The  sequence  of  block  should 
have  a  length  >  5 d2. 

Gap  test:  This  test  is  used  to  test  the  length  of 
“gaps”  between  occurrences  of  Yj  in  a  certain  range. 
If  a  and  (3  are  two  real  numbers  with  0  <  a  <  (3  <  d, 
we  want  to  consider  the  lengths  of  the  consecutive 
subsequences  Yj,  Yj+ 1, ,  Yj+r  in  which  Yj+r  lies 
between  ct  and  (3  but  the  other  Y’s  do  not.  In  this 
test,  we  chose  d  —  9. 
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Poker  test:  The  classical  poker  test  considers  n 
group  of  five  successive  integers  (Ykj,  Ijy+i,  Ysj+ 2, 
Y5J+3,  Ysj+ 4)  for  0  <  j  <  n,  and  observes  which 
of  the  following  five  categories  is  matched  by  each 
quintuple:  5  different,  4  different,  3  different,  2  dif¬ 
ferent  and  1  different. 

In  general  we  can  consider  n  groups  of  k  suc¬ 
cessive  numbers,  and  we  can  count  the  number  of 
fc-tuples  with  r  different  values.  A  x2-test  is  then 
made,  using  the  probability 

that  there  are  r  different,  j  *  |  is  a  Stirling  number 

[Halls  et  al.,  1993].  In  this  case,  we  chose  d  —  9. 

Table  1  lists  the  test  results  of  x(t)  with  differ¬ 
ent  initial  conditions  with  10-shift  cipher  function. 

In  Table  1,  when  a  test  result  is  between  0.01 
and  0.99,  it  denotes  that  x(t)  can  be  viewed  as 
a  good  pseudo-random  sequence.  The  bold  face 
numbers  in  Table  1  denote  the  test  results  which 
do  not  belong  to  good  pseudo-random  sequences. 
Since  there  are  only  two  test  results  belonging  to 
the  “bad”  pseudo-random  cases,  we  conclude  that 
the  randomness  of  x(t)  is  good  enough  for  design¬ 
ing  spreading  carriers.  And  we  can  see  that  this 
randomness  is  independent  of  the  initial  condition. 
This  initial  condition  independent  property  can  be 
used  to  simplify  the  hardware  of  mobile  stations 
because  we  only  need  to  give  different  initial  con¬ 
ditions  to  each  mobile  station  for  generating  its 
spreading  carrier.  Since  these  tests  are  used  in  test¬ 
ing  the  randomness  of  sequences  for  cryptographic 


purposes,  we  can  conclude  that  a  good  pseudo¬ 
random  sequence  should  have  a  very  narrow  auto¬ 
correlation  function. 

4.  Impulsive  Synchronization  of 

Chua’s  Circuits  in  ( CD)2MA 

The  idea  of  applying  impulsive  synchronization  to 
(CD)2 MA  is  inspired  by  the  fact  that  every  mo¬ 
bile  station  of  a  CDMA  system  has  a  clock  signal 
to  make  the  receiver  work  autonomously  once  the 
clock  signal  is  synchronized  with  that  of  the  trans¬ 
mitter.  The  difference  between  impulsive  synchro¬ 
nization  and  continuous  synchronization  is  that,  in 
the  former,  once  the  synchronization  is  achieved  the 
receiver  can  work  autonomously  for  a  given  time 
duration.  This  is  achieved  by  sending  synchro¬ 
nizing  impulses  to  the  receiver.  We  should  send 
synchronizing  impulses  to  the  receiver  at  a  given 
frequency  because  the  noise  and  parameter  mis¬ 
matches  between  the  chaotic  systems  in  the  trans¬ 
mitter  and  the  receiver  will  soon  desynchronize 
both.  For  this  reason,  in  the  (CT>)2MA  system  we 
need  an  overhead  channel  to  transmit  synchronizing 
impulses. 

In  this  section,  we  study  the  impulsive  syn¬ 
chronization  of  two  Chua’s  oscillators.  One  of  the 
Chua’s  oscillators  is  called  the  driving  system  and 
the  other  is  called  the  driven  system.  In  an  im¬ 
pulsive  synchronization  configuration,  the  driving 
system  is  given  by  Eq.  (1).  Let  xT  =  (v\  V2  h), 
then  we  can  rewrite  the  driving  system  in  Eq.  (1) 
into  the  form 

x  =  Ax  +  $(x)  (7) 


Table  1.  Results  of  different  statistical  tests  of  chaotic  spreading  carriers  when  different  initial 
conditions  are  used. 


Vl(0)  =  -0.204  V 
112(0)  =  0.045  V 
i3(0)  =  1.561  mA 

vi(0)  =  1.568  V 
V2(0)  = -0.741  V 
13(0)  =  2.301  mA 

vi(0)  =  0.1  V 
v2(0)  =  2.515  V 
i3(0)  =  -1.901  mA 

Vi  =  -2.56  V 
v2  =  -1.349  V 
i3  =  —2.002  mA 

X2  Test 

0.021 

0.013 

0.054 

0.07 

K-S  Test,  K+ 

0.011 

0.044 

0.034 

0.009 

K-S  Test,  K~ 

0.034 

0.025 

0.029 

0.012 

Serial  Test 

0.008 

0.067 

0.045 

0.074 

Gap  Test 

0.055 

0.054 

0.082 

0.03 

Poker  Test 

0.063 

0.019 

0.018 

0.06 
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where 


i-G/Cx 

G/Cx 

°  ^ 

/-f(Vl)/Cx\ 

A  = 

g/c2 

-G/C2 

1/C2 

,  $(x)  = 

0 

\  0 

-l/L 

-Ro/Lj 

0  / 

(8) 


Then  the  driven  system  is  given  by 

x  =  Ax  +  $(x)  (9) 

where  =  (iq,  V2,  £3)  3-re  the  state  variables  of 
the  driven  system. 

At  discrete  instants,  r*,  i  =  1,  2, ,  the  state 
variables  of  the  driving  system  are  transmitted  to 
the  driven  system  and  then  the  state  variables  of 
the  driven  system  are  subject  to  jumps  at  these  in¬ 
stants.  In  this  sense,  the  driven  system  is  described 
by  an  impulsive  differential  equation 

fX  =  Ax  +  $(x), 

\  Ax|t=Ti  =  -Be,  i  =  1,2,... 

where  B  is  a  3  x  3  matrix,  and  eT  =  (ci,  e2,  e3)  = 
(yx~Vx,  V2—V2,  h-k)  is  the  synchronization  error. 
If  we  define 


^(x,  x)  =  $(x)  -  $(x) 

/-fw/ci+m i)m\ 

0 

V  0  / 


(11) 


then  the  error  system  of  the  impulsive  synchroniza¬ 
tion  is  given  by 


j  e  =  Ae  +  ^  (x,  x) ,  t  ^ 

\  Ae|t=Ti  =  Be,  i  -  1,  2, . . . 


(12) 


The  conditions  for  the  asymptotic  stability  of 
impulsive  synchronization  can  be  found  in  [Yang  & 
Chua,  1997b].  The  results  in  [Yang  &  Chua,  1997b] 
also  show  that  the  impulsive  synchronization  is  ro¬ 
bust  enough  to  additive  channel  noise  and  the  pa¬ 
rameter  mismatch  between  the  driving  and  driven 
systems. 


5.  Considerations  for  Investigating  the 
Capacities  of  CDMA  and  ( CD)2MA 

Several  approaches  to  estimate  cellular  CDMA  ca¬ 
pacity  have  been  developed  [Gilhousen  et  al.,  1991; 


Salmasi,  1991;  Lee,  1991;  Pickholtz,  1991].  In  this 
paper,  we  use  the  method  presented  in  [Gilhousen 
et  al.,  1991]  to  estimate  the  capacity  of  (CD)2MA. 
Due  to  the  structural  differences  between  CDMA 
and  (CD)2UA,  we  revise  the  method  presented 
in  [Gilhousen  et  al.,  1991],  which  was  originally 
proposed  for  CDMA,  to  cope  with  our  (<7D)2MA 
schemes. 

As  in  CDMA,  we  focus  on  the  reverse  link  ca¬ 
pacity  because  the  forward  link  uses  coherent  de¬ 
modulation  by  the  pilot  carrier,  which  is  being 
tracked,  and  since  its  multiple  transmitted  signals 
are  synchronously  combined,  its  performance  will 
be  superior  to  that  of  the  reverse  link. 

The  estimate  of  the  capacity  of  a  CDMA  system 
depends  on  the  model  of  the  whole  CDMA  system. 
To  model  a  CDMA  system,  the  following  factors 
should  be  considered. 

5.1.  Interference 

We  usually  approximate  the  interference  to  a  given 
user  from  all  other  multiple  access  users  by  a 
Gaussian  process  [Ulloa  et  al.,  1995].  As  with  any 
digital  communication  system,  spread  spectrum  or 
not,  there  are  four  components  of  the  demodulator 
output: 

•  the  desired  output, 

•  the  inter-chip  interference  components,  which  is 
usually  called  inter-symbol  interference  for  non¬ 
spread  digital  demodulation, 

•  the  component  due  to  background  noise,  and 

•  the  other-user  interference  components, 

In  a  CDMA  system,  the  interference  from  the  other 
users  is  much  stronger  than  that  from  the  noise. 

5.2.  Power  control 

It  is  well-known  that  one  of  the  most  serious  prob¬ 
lems  faced  by  a  DS  CDMA  system  is  the  multi-user 
interference.  Because  all  users  are  transmitting  in 
the  same  frequency  band  and  the  cross-correlatons 
of  the  codes  are  rarely  zero,  the  signal-to-inference 
ratio,  and  hence  the  performance,  decreases  as  the 
number  of  users  increases,  which  shows  that  DS 
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CDMA  is  an  interference-limited,  rather  than  a 
noise-limited,  system. 

An  effect  known  as  the  “near-far”  effect  plays 
an  especially  important  role  when  considering 
multi-user  interference.  The  near-far  effect  can  be 
explained  by  considering  the  reverse  link.  Due  to 
the  path-loss  law  (which  implies  that  the  received 
power  decreases  as  the  transmitter-receiver  distance 
increases),  a  close  user  will  dominate  over  a  user  lo¬ 
cated  at  the  boundary.  In  order  to  overcome  the 
near-far  effect,  power  control  can  be  used. 

The  propagating  loss  is  generally  modeled  as 
the  product  of  the  mth  power  of  distance  r  and 
the  log-normal  component  representing  shadowing 
losses.  This  model  represents  slowly  varying  losses, 
even  for  users  in  motion,  and  applies  to  both  re¬ 
verse  and  forward  links.  The  more  rapidly  varying 
Rayleigh  fading  losses  are  not  included  here.  Thus, 
for  a  user  at  a  distance  r  from  a  base  station,  at¬ 
tenuation  is  proportional  to 

a(r,  e)  =  rm10e/1°  (13) 

where  e  is  the  decibel  attenuation  due  to  shadow¬ 
ing,  with  zero  mean  and  standard  deviation  cr.  Ex¬ 
perimental  data  [Lee,  1989]  suggest  the  choices  of 
m  =  4  for  the  power  law  and  a  =  8dB  for  the 
standard  deviation  of  e. 

Power  control  can  be  established  by  letting  the 
base  station  continuously  transmit  a  pilot  signal 
that  is  monitored  by  all  mobile  stations.  According 
to  the  power  level  detected  by  the  mobile  station, 
the  mobile  station  adjusts  its  transmission  power. 
In  a  practical  power  control  system,  power  control 
errors  occur  [Jansen  &  Prasad,  1995],  implying  that 
the  average  received  power  at  the  base  station  may 
not  be  the  same  for  each  User  signal. 


actually  the  linear  combination  of  several  indistin¬ 
guishable  paths  of  varying  amplitudes.  Since  these 
will  add  as  random  vectors,  the  amplitude  of  each 
term  will  appear  to  be  Rayleigh-distributed,  and 
the  phase  uniformly  distributed.  This  is  the  most 
commonly  accepted  model  [Viterbi,  1995]. 

Since  two  code  sequences  with  a  relative  de¬ 
lay  of  more  than  two  chip  durations  usually  have  a 
low  correlation  value  compared  to  the  fully  synchro¬ 
nized  situation,  DS  CDMA  offers  the  possibility  to 
distinguish  between  paths  with  a  relative  delay  of 
more  than  two  chip  durations.  This  is  called  the 
inherent  diversity  of  DS  CDMA,  implying  that  it 
is  possible  to  resolve  a  number  of  paths  separately 
using  only  one  receiver.  This  property  makes  DS 
CDMA  suitable  for  applications  in  mobile  radio  en¬ 
vironments,  which  are  usually  corrupted  with  severe 
multi-path  effects. 

The  multi-path  fading  channel  for  the  fcth  mo¬ 
bile  station  is  characterized  by  a  set  of  its  low-pass 
equivalent  complex-values  impulse  responses 

( hk(t)  =  ]T)  akiS(t  -  Tki)  exp (~j<f>ki)  j  (14) 
l  i= i  >  k=  l 


where  K  denotes  the  number  of  the  active  users. 
Here  we  assume  that  every  link  has  a  fixed  num¬ 
ber  L  of  resolvable  paths.  The  path  gains  {a^}^=i, 
path  delays  {Tki}iLv  and  path  phases  {4>ki\i=i  are 
three  random  variables.  For  a  given  k,  {aki}f=1  is 
modeled  as  the  set  of  the  independent  Rayleigh  ran¬ 
dom  variables  whose  probability  density  functions 
are  given  by: 


P(<*  k)  = 


2  ake-aV"lr 


'  kr 


a  >  0,  k  =  1,  2, . . . ,  L. 

(15) 


5.3.  Multi-path  propagation 

In  terrestrial  communication,  the  transmitted  sig¬ 
nal  is  reflected  and  refracted  by  different  smooth  or 
rough  surfaces  and  different  objects,  so  that  it  is 
replicated  at  the  mobile  station  with  different  time 
delays.  This  is  called  multi-path  propagation.  It  can 
be  quite  severe  in  urban  areas  or  within  a  build¬ 
ing.  Different  paths  arrive  at  different  amplitudes 
and  carrier  phases.  The  path  amplitude  depend  on 
the  relative  propagation  distances  and  the  reflec¬ 
tive  or  refractive  properties  of  the  terrain  or  build¬ 
ings.  In  many  cases,  particularly  in  a  confined  area, 
each  distinguishable  multi-path  component  will  be 


We  suppose  that  the  L  multipath  components  are 
all  Rayleigh  of  equal  average  strength,  so  that 

o\r  =  o2r ,  for  all  k  =  1,  2,...,  L.  (16) 

According  to  [Wu  et  al.,  1995],  we  choose  ay  =  4  dB. 
The  {Tid}iL j  are  mutually  independent  and  uni¬ 
formly  distributed  over  [Ai,  A2],  and  the  {<pki}iLi 
are  independent  uniform  random  variables  over 
[0,  27r),  all  of  which  are  also  statistically  indepen¬ 
dent  of  each  other.  In  this  paper,  we  choose  L  =  5, 
and  Ai  and  A2  are  chosen  in  the  corresponding 
simulation  which  will  be  presented  later. 
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6.  Channel  Capacity  of  ( CD)2MA 


For  simplicity,  in  this  paper  we  only  study  the  un¬ 
sectorized  cases.  For  the  sectorized  cases  all  the 
arguments  of  the  relations  between  CDMA  and 
(C7£>)2MA  are  also  valid. 

For  the  Shannon  limit,  the  number  of  users  that 
we  can  have  in  a  cell  is 


Gv 

M  = - v- 


(17) 


where  Eb  is  the  energy  per  bit  and  No  is  the  noise 
power  spectral  density.  Gp  is  the  system  processing 
gain  which  is  given  by 


encoded  signal  in  CDMA  system  is  given  by 

x{t)  =  c{t)d{t )  cos  ujt  (20) 

and  for  {CD)2MA,  it  is  given  by 

x(t)  =  c{t)d{t) .  (21) 

The  CDMA  receiver  multiplies  x(t)  by  the  PN 
waveform  to  obtain  the  signal 

n(t)=c(t)(x(t)+I(t))  =  c2{t)d{t)  cos  ut+c{t)I  (t) 
=  d(t)  cos  u>t+c{t)I{t) 

(22) 


Gp  — 


Bw 

~R 


(18) 


where  Bw  is  the  bandwidth  of  the  channel  and  R  is 
the  information  rate. 

In  an  actual  system,  the  CDMA  cell  capac¬ 
ity  is  much  lower  than  the  theoretical  upper-bound 
value  given  in  Eq.  (17).  The  CDMA  cell  capac¬ 
ity  is  affected  by  the  receiver  modulation  perfor¬ 
mance,  power  control  accuracy,  interference  from 
other  non-CDMA  system  sharing  the  same  fre¬ 
quency  band,  and  other  effects. 

Every  cell  in  a  CDMA  system  shares  the  same 
bandwidth  therefore  causing  the  intercell  interfer¬ 
ence,  which  we  account  for  by  introducing  a  factor 
(3.  The  practical  range  of  (3  is  0.5  ~  0.55.  The  inter¬ 
ference  from  users  in  other  cells  reduces  the  num¬ 
ber  of  users  in  a  cell.  The  power  control  accuracy 
is  represented  by  a  factor  ot.  The  practical  range 
for  a  is  0.5  ~  0.9.  The  reduction  in  the  interference 
due  to  the  voice  activity  is  represented  by  v  which 
has  a  practical  range  of  0.45  ~  1.  Then  Eq.  (17) 
becomes 


M  — 


Gp 

Eb/No 


x 


1 

1  +  /? 


1 


x  a  x  - . 
v 


(19) 


In  the  rest  of  this  section,  we  give  a  de¬ 
sign  example  to  show  how  (CT?)2MA  can  have  a 
larger  capacity  than  CDMA.  In  CDMA  we  use 
phase-shift  keying  (BPSK)  for  the  data  modula¬ 
tion  and  quadrature  phase-shift  keying  (QPSK) 
for  the  spreading  modulation.  However,  just  for 
the  purpose  of  demonstrating  the  improvement  of 
the  {CD)2 MA  to  the  channel  capacity,  we  suppose 
that  the  coherent  BPSK  is  employed  for  both  data 
modulation  and  spreading  modulation.  Then  the 


where  I(t)  denotes  the  sum  of  noise  and  interfer¬ 
ence.  For  the  (CD)2MA  receiver,  we  have 

r2(t)  =  c{t)(x{t)  +  I{t))  =  d(t)  +  c(t)I(t) .  (23) 

Since  the  frequency  of  d(t)  is  much  less  than 
c(t)I(t),  from  Eq.  (23)  we  know  that  the  SNR 
of  r2(f)  can  be  significantly  enhanced  by  using  a 
low-pass  filter  before  we  do  any  further  processing. 
This  is  not  the  case  when  we  inspect  Eq.  (22),  in 
which  d(t)  cos  ut  and  c(t)I(t )  have  similar  frequency 
range.  We  only  need  a  small  Eb/N0  in  (<7D)2MA. 
Furthermore,  the  interference  from  other  users  is 
also  reduced. 

We  then  used  simulation  results  to  show  that 
{CD)2 MA  has  a  bigger  capacity  than  CDMA.  The 
following  conditions  are  used.  The  RF  bandwidth 
Bw  =  1.25  MHz.  The  chip  rate  is  1.2288  Mcps, 
and  the  data  rate  is  R  —  9.6  Kbps.  For  a  CDMA 
system,  assume  that  Eb/ Eq  =  6  dB,  the  interfer¬ 
ence  from  the  neighboring  cells  /3  =  60%,  the  voice 
activity  factor  v  =  50%,  and  the  power  control 
accuracy  factor  a  =  0.8.  Then  for  a  CDMA  sys¬ 
tem,  the  channel  capacity  is  33  mobile  users  per 
cell1. 

The  most  important  benchmark  for  evaluating 
the  service  quality  of  a  digital  communication  sys¬ 
tem  is  the  bit-error-rate  (BER).  In  this  paper,  the 
desired  performance  of  the  (CD)2MA  system  is  cho¬ 
sen  to  be  BER  <  10-3,  which  is  the  same  as  that 
used  for  a  CDMA  systems.  The  condition  for  the 
evaluation  is  as  follows.  Suppose  that  every  mo¬ 
bile  station  has  a  perfect  power  control  performance 
then  the  base  station  receives  equal  power  from 
each  mobile  station.  We  suppose  that  the  delays 


1  Notice  that  we  only  study  the  unsectorized  cell  here. 
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due  to  the  multi-paths  are  distributed  uniformly  in 
(0.4  ns,  1.2  ns),  i.e.  Aj  =  0.4  ns  and  A2  =  1.2  ns, 
which  corresponds  to  the  range  from  0.5  chip  du¬ 
ration  to  1.5  chip  duration  used  in  CDMA.  The 
simulation  results  for  60,  90  and  110  users/cell  are 
summarized  in  Tables  2-4  respectively. 

From  Table  2  we  find  that  for  (CT?)2MA  sys¬ 
tem,  Eb/No  =  4dB  is  enough  to  give  a  good  re¬ 
sult  under  the  condition  of  60  users/cell.  We  use 
simulation  to  show  this  result.  In  our  simulation, 
the  RF  bandwidth  Bw  =  1.25  MHz.  A  10-shift  ci¬ 
pher  is  used  to  generate  the  spread  carriers.  The 
data  rate  is  R  =  9.6  Kbps.  An  overhead  chan¬ 
nel  is  used  to  transmit  synchronizing  impulses  for 
all  users.  The  synchronizing  impulses  are  digital¬ 
ized  into  32-bit  floating  point  numbers.  Every  user 
needs  to  refresh  their  synchronizing  impulses  once 
every  second.  The  bit  rate  of  the  overhead  chan¬ 
nel  should  be  greater  than  5.76  Kbps  for  all  60 
users. 

The  simulation  results  are  shown  in  Fig.  5. 
Figure  5(a)  shows  the  mixed  signal  in  the  chan¬ 
nel  which  is  a  mixture  of  60  spreading  carriers. 
Figures  5(b)-5(d)  show  the  spreading  carriers  of 
the  users  A,  B  and  C,  respectively.  Figures  5(e)- 
5(g)  show  the  message  signals  (green  waveforms) 
and  the  recovered  signals  (red  waveforms)  for  the 
users  A,  B  and  C,  respectively.  We  can  see  that 
the  digital  signals  are  recovered  from  the  (CD)2 MA 
schemes. 


Table  2.  The  relation  between  BER  and  Eb/No  with 
60  users/cell. 


Eb/No  3dB  4dB 

5dB 

6dB 

BER  3.4  x  10~3  6.8  x  10-4 

1.3  x  10~4 

3.7  x  10~5 

Table  3.  The  relation  between 
90  users/cell. 

BER  and  Eb/No  with 

Eb/No  3dB  4dB 

5dB 

6dB 

BER  7.5  x  10-3  2.3  x  10-3 

7.3  x  10~4 

2.9  x  10~4 

Table  4.  The  relation  between 
110  users/cell. 

BER  and  Eb/No  with 

Eb/No  3dB  4dB 

5dB 

6dB 

BER  4.4  x  10~2  3.8  x  10-2 

3.1  x  10-2 

2.7  x  10~2 

For  comparison,  we  also  show  the  case  of 
Eb/No  =  4dB  and  110  users/cell.  From  Table  4 
we  can  see  that  the  interference  become  so  strong 
that  the  increase  of  Eb/No  cannot  decrease  the  BER 
significantly.  The  simulation  results  are  shown  in 
Fig.  6.  Figures  6(a)-6(c)  show  the  recovered  sig¬ 
nals  and  the  message  signals  of  users  A,  B  and  C, 
respectively.  We  can  see  that  for  user  C,  there  exist 


(a) 

Fig.  5.  Simulation  results  of  the  (C D)2MA  system  with  60  users/cell  and  Eb/No  =  4dB.  (a)  The  mixture  of  the  spreading 
carriers  in  the  channel,  (b)  The  spread  carrier  for  the  user  A.  (c)  The  spread  carrier  for  the  user  B.  (d)  The  spread  carrier  for 
the  user  C.  (e)  The  message  signal  (green)  and  the  recovered  signal  (red)  for  the  user  A.  (f)  The  message  signal  (green)  and 
the  recovered  signal  (red)  for  the  user  B.  (g)  The  message  signal  (green)  and  the  recovered  signal  (red)  for  the  user  C. 
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Fig.  5.  (Continued) 


Fig.  6.  Si 
and  the  re 
(c)  The  m< 
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s /cell  and  Eb/No  =  4dB.  (a)  The  message  signal  (green)  and 
(green)  and  the  recovered  signal  (red)  for  the  user  B.  (c)  The 
•C. 
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very  serious  bit  errors.  This  is  a  big  bit  error  prob¬ 
ability  which  may  degrade  the  speech  quality  very 
much. 

Between  60  users/cell  and  110  users/cell,  we 
show  the  case  Eb/N0  =  4dB  and  90  users/cell. 
From  Table  3  we  can  see  that  the  service  quality 
is  decreased  but  is  still  usable.  We  also  presented 
the  simulation  results  in  Fig.  7.  Figures  7(a)-7(c) 
shows  the  recovered  signals  and  the  message  signals 
of  users  A,  B  and  C,  respectively.  We  can  see  that 
for  user  C,  there  exist  a  few  bit  errors. 

7.  Conclusions 

In  this  paper,  we  present  a  high  capacity  chaotic 
digital  CDMA  scheme  which  has  twice  the  channel 
capacity2  of  CDMA.  The  improvement  makes  us  use 
almost  one-third  of  the  Shannon  limit  of  an  ideal 
channel.  We  find  that  (CD)2 MA  is  a  very  promis¬ 
ing  scheme  to  reduce  the  subscriber  fee  of  PCS  by 
half,  compared  to  the  CDMA  system.  One  of  the 
critical  problems  in  a  chaotic  CDMA  scheme  is  to 
maintain  the  synchronization  between  two  chaotic 
systems,  since  the  synchronization  signals  would 
take  a  bandwidth  of  the  order  of  the  date  rate  if 
the  continuous  synchronization  scheme  is  used.  To 
overcome  this  problem  we  use  an  impulsive  synchro¬ 
nization  scheme  to  synchronize  the  two  chaotic  cir¬ 
cuits  in  the  linked  pair.  Thus,  we  only  need  a  very 
small  bandwidth  for  transmitting  synchronization 
impulses. 
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In  this  note  we  indicate  the  manner  in  which  synchronization  criteria  may  be  developed  for 
master-slave  connected  Lur’e  systems.  For  flexibility  we  incorporate  linear,  static  state  feed¬ 
back.  The  criteria  presented  are  based  on  the  generation  of  Lur’e-Postnikov  type  Lyapunov 
functions  for  the  error  system. 


1.  Introduction 

Recently  much  attention  has  been  paid  to  the  prob¬ 
lem  of  synchronization  [Pecora  &  Carroll,  1991;  Wu 
&  Chua,  1994;  Hasler,  1994).  Chaotic  systems  in 
particular  have  been  investigated  with  a  view  to 
the  development  of  secure  communication  systems 
[Kocarev  et  al.,  1992;  Parlitz  et  al.,  1992;  Cuomo 
&  Oppenheim,  1993].  A  system  which  has  received 
a  great  deal  of  attention  in  chaotic  communication 
systems  is  the  Chua  oscillator  (Chua  et  al.,  1993; 
Wu  &  Chua,  1994].  This  system  is  a  member  of  the 
more  general  class  of  Lur’e  systems  [Khalil,  1992]. 

The  principal  aim  of  this  note  is  to  extend 
the  work  of  Curran  and  Chua  [1997]  on  identify¬ 
ing  the  relationship  which  exists  between  the  ap¬ 
proach  to  the  synchronization  problem  via  the  study 
of  the  error  system  [Wu  &  Chua,  1994;  Suykens  & 

'E-mail:  PCunran@Acadamh.UCD.ie 
1  E-mail:  johan.suykens@esat.kuleuven.ac.be 
1  E-mail:  Chua@fred.EECS.Berkeley.EDU 


Vandewalle,  1996],  and  the  problem  of  classical  ab¬ 
solute  stability  theory.  While  in  the  previous  work 
[Curran  &  Chua,  1997]  only  quadratic  Lyapunov 
functions  were  employed  for  the  purpose  of  demon¬ 
strating  global  asymptotic  stability  of  the  error  sys¬ 
tem  (and  hence  synchronization),  in  the  present 
work  the  more  general  Lur’e-Postnikov  Lyapunov 
function  is  employed.  As  observed  by  Curran  and 
Chua  [1997]  much  of  the  existing  work  on  the  prob¬ 
lem  of  synchronization  employs  quadratic  Lyapunov 
functions.  An  exception  is  the  paper  by  Suykens 
and  Vandewalle  [1996]  where  Lur’e-Postnikov 
Lyapunov  functions  (of  a  different  type  to  those  of 
the  present  note)  are  used.  In  effect  the  present 
note  amounts  to  a  discussion  of  this  earlier  pa¬ 
per  [Suykens  &  Vandewalle,  1996].  A  simplification 
of  this  earlier  work  is  also  achieved  by  selecting  a 
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different  type  of  Lur’e-Postnikov  Lyapunov  func¬ 
tion  which  avoids  problems  arising  from  the  implicit 
dependence  of  the  Lyapunov  function  on  time.  The 
discussion  of  the  note  also  paves  the  way  towards 
the  application  of  the  full  choice  of  standard  Lya¬ 
punov  functions  employed  in  the  general  theory  of 
absolute  stability. 

This  note  is  organized  as  follows.  In  Sec.  2  we 
present  a  number  of  equivalent  sufficient  conditions 
for  synchronization  of  master-slave  connected  Lur’e 
systems  with  static,  linear  state  feedback.  In  Sec.  3 
we  specialize  these  results  for  the  case  of  Lur’e  sys¬ 
tems  containing  a  single  nonlinearity.  On  the  basis 
of  this  specialization  we  offer  a  discussion  of  the 
success  of  the  method  used  by  Suykens  and  Vande- 
walle  [1996]  for  the  design  of  feedback  matrices  to 
achieve  synchronization. 

2.  Synchronization  of  Lur’e  Systems 

Consider  the  multivariable  Lur’e  system 
[Vidyasagar,  1978;  Khalil,  1992],  which  has  the 
form 

x  =  Ax  +  Bf(CTx) ,  /( 0)  =  0  (1) 

A  €  RnXn;  B  and  C  €  Rnxr.  After  the  fashion 
of  Suykens  and  Vandewalle  [1996]  consider  the  syn¬ 
chronization  scheme 

( (M)  x  =  Ax  +  Bf{Cfrx) 
l  OS)  V  =  Ay  +  BfiCFy)  +  F{x  -  y)  ^  ^ 

where  F  €  RnXn  is  the  feedback  matrix  to  be  de¬ 
signed.  Assume 


-of- 

7i(*i)' 

Vf 

>  /(<>■)  = 

* 

,  <7  = 

cT. 

Jr{<Tr). 

-<7r. 

(3) 


where  Ci  €  Rn  and  /»  is  a  scalar  function  for  each 
i.  Such  a  nonlinearity  is  said  to  be  of  the  diagonal 
type. 

Defining  the  error  signal  e  =  x  —  y  one  obtains 
the  error  system 

(£)  e  =  (A  —  F)e  +  5[/(C^e  +  CPy)  -  f(CTy)} 

(4) 

As  usual  [Curran  Sc  Chua,  1997]  error  system  (£) 
represents  a  class  of  systems.  One  seeks  conditions 


under  which  this  entire  class  is  globally  asymptoti¬ 
cally  stable  (GAS)  [Khalil,  1992;  Vidyasagar,  1978]. 
To  convert  this  problem  into  a  standard  problem  of 
absolute  stability  theory  we  impose  the  following 
restriction  on  nonlinearity  / 

+  Ci)  /j(Ci)] +  Ci)  —  /i(Ci)  —  ki&i]  fi  0 

V<7i,  Ci  e  R,  Vi.  (5) 

This  is  a  minor  generalization  of  the  restriction  im¬ 
posed  by  Suykens  and  Vandewalle  [1996]  and  is 
standard  in  absolute  stability  theory  [Khalil,  1992], 
For  the  particular  choice  of  Ci  =  0,  restriction  (5) 
leads  to 

/i(<7i)[/i(Ci)  -  ki<Ti]  <0  VcTj  e  R,  Vi  (6) 

which  is  the  well-known  sector  [0,  fc*]  constraint 
[Khalil,  1992;  Vidyasagar,  1978]. 

Curran  and  Chua  [1997]  discuss  the  problem 
of  the  absolute  stability  of  class  (4)  and  (5)  by 
employing  a  quadratic  Lyapunov  function.  This 
approach  is  taken  by  Wu  and  Chua  [1994]  and  nu¬ 
merous  other  authors.  In  general  absolute  stability 
theory  one  often  employs  more  complicated  Lya¬ 
punov  functions,  such  as  Lur’e-Postnikov  functions 
[Khalil,  1992].  In  employing  such  functions  one 
is  generally  forced  to  impose  more  stringent  con¬ 
ditions  on  the  nonlinearity.  In  return  the  result¬ 
ing  stability  criterion  imposes  fewer  restrictions  on 
the  linear  part  of  the  Lur’e  system.  The  conditions 
which  must  be  imposed  on  the  nonlinearity  in  order 
to  allow  the  application  of  a  variety  of  standard  Lya¬ 
punov  functions  more  complex  than  quadratic,  ef¬ 
fectively  include  the  assumption  of  time-invariance 
of  the  class  of  differential  equations  under  investiga¬ 
tion.  Although  certain  time-dependence  is  allowed, 
it  is  of  a  very  weak  type  (effectively  transient  depen¬ 
dence,  i.e.  asymptotic  convergence  towards  time- 
independent  equations).  These  assumptions  fail  to 
hold  for  the  class  (4)  and  (5)  when  master  system 
(M)  is  chaotic.  The  strong  time-dependence  of  (4) 
and  (5)  notwithstanding,  it  is  possible  to  employ 
more  general  Lyapunov  functions  (such  as  Lur’e- 
Postnikov  functions)  by  virtue  of  the  fact  that  (4) 
is  a  subsystem  of  time-invariant  system  (2). 

Select  a  Lur’e-Postnikov  Lyapunov  function 

V(e)  =  eTPe  +  f  '  fi(p)dp  (7) 

*=i  Jo 

P  =  PT  >  0,  P  €  Rnxn;  t i  >  0 Vi.  By  construction 
V(e)  is  positive  definite  and  radially  unbounded 


[Khalil,  1992].  Taking  the  time  derivative  of  (7) 
and  applying  the  Lur’e  S-procedure  [Boyd  et  al., 
1994]  one  obtains 

V(e)  =  eTPe  +  eTPe  +  j^2 'hkifi(cfe)[c'[e] 

i=  1 

<  eT[(A  -  F)tP  +  P(A  -  F)\e 
+  eTPBr}  +  nTBTPe 

+  E2W*(cfe)[cf(A-.F)e] 

T 

+  e)cj  Bt] 

i=l 


-  Y^^WiiVi-kicfe) 

i=  1 

-  e)[fi(cf  e)  -  e] 

i=  1 

(8) 
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where  for  notational  convenience  we  have 
introduced 


Vi  =  fi(cfe  +  c[ y)  -  /j(cf y) , 


=  f(CTe  +  CTy)-f(cTy) 


Vr  J 


(9) 


and  where  n  and  /?,  are  non-negative  scalars  for 
each  i.  The  last  two  terms  in  (8)  reflect  inequalities 
(5)  and  (6).  One  may  express  the  right-hand  side 
of  (8)  as  a  quadratic  in  e,  f(CTe),  r\  yielding 


Theorem  1.  The  derivative,  V,  of  the  Lur’e- 
Postnikov  function  V  of  Eq.  ( 8 )  relative  to  differ¬ 
ential  class  (5)  satisfies 


V(e)  <  [eT ,  fT{CTe),  if]W 


f{C?e) 

V 


(10) 


where 


(. A-F)tP  +  P(A-F ) 
((A-F)tCAK  +  CT1K)t 
(. PB  +  CT2K)t 


({A 


A  =  diag.[7i],  Ti  =  diag.[&], 


Theorem  1  (which  is  a  standard  application  of 
the  Lur’e  S-procedure)  suggests  one  sufficient  con¬ 
dition  for  synchronization  of  (2),  namely  that  the 
linear  matrix  inequality  [Boyd  et  al.,  1994]  W  <  0 
should  permit  a  positive  definite  solution  P  for  some 
A,  T\  and  T2  diagonal,  positive  semi-definite  matri¬ 
ces.  Such  a  criterion  may  be  tested  numerically 
in  the  manner  of  Suykens  and  Vandewalle  [1996]. 
However,  the  condition  W  <  0  is  unnecessarily 
strong  as  it  ignores  the  relationship  which  exists 
between  /  and  rj.  Assuming  that  fi(oi)  does  not 
equal  zero  for  Oi  nonzero,  it  follows  that  /*  is  zero 
only  if  j)i  is  zero.  In  consequence  one  may  define  a 
function  q{  (which  in  general  depends  on  and  Q 
such  that 


fi(ai)  =  QiVi  =  Qi[fi(&i  +  Ci)  -  fi(Ci)]  V<7i,  Q  €  R . 

(12) 


-  F)tCAK  +  CT\K)  (PB  +  CT2K) 
— 2Tj  (KACffB) 

(KACtB)t  -2T2 

T2  =  diag.[n],  K  =  diag.fo] . 


(11) 


Furthermore,  assume 

0  <  ?i(ff»,  0)  <  Qi  Vcri,  Ci€  R,  qi>  0  (13) 

Qi  being  a  constant.  Note  that  if  restriction  (5)  is 
replaced  by  the  slightly  stronger  restriction 


[fi(<Ti  +  0)  ~  fi(Ci)  ~  £i°i) 

[fifai  +  Q  -  MCi  -  km)  <  0  (14) 

ViTj,  Ci  €  R,  Vi 

for  some  €  (0,  ki),  then  it  follows  (by  selecting 
C*  =  0)  that  fi  is  sector  [e*,  ki).  In  consequence  the 
condition  fi{&i)  nonzero  for  0%  nonzero  is  assured. 
Furthermore  condition  (13)  holds  with  q,  <  ki/a. 
Hence  restrictions  (12)  and  (13)  do  not  amount  to 
much  more  of  a  restriction  on  /  than  restriction 
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(5).  Subject  to  these  restrictions  one  obtains  from  Eq.  (10) 

V(e)  <  [eT,  rjT]YQ  *  (15) 

where 

Yq\  (A-F)tP  +  P(A-F)  PB  +  CT2K  +  (A-F)tCAKQ  +  CTxKQ  ■ 

[{PB  +  CT2K  +  (A  -  FfCAKQ  +  CTxKQ)t  -2  QTXQ  +  Q(BTCAK)T  +  ( BTCAK)Q  -  2  T2 

Q  =  diag.fo] .  (16) 

In  consequence  V (e)  will  be  less  than  a  negative  definite  time-invariant  function  if 


Yq  <  0  VQ  s*t.  0  <Q<Q 

where 

Q  =  diag.[&] . 

Note  that  Q  is  the  constant  diagonal  matrix  defined  by  the  upper  bounds  on  qi  hypothesized  in  Eq.  (13). 
It  is  therefore  uniquely  determined  by  the  structure  of  nonlinearity  /. 

Lemma  1.  IfTx  =  0  then  Yq  <  OVQ  such  that  0  <  Q  <  Q  if  and  only  ifY^  <  OVQ  diagonal  with  ith 
diagonal  term  being  either  0  or  fa. 

Proof.  Necessity  is  trivial.  For  sufficiency  see  Theorem  10.4,  Khalil  [1992].  The  proof  relies  on  the  fact 
that  matrix  Yq  is  a  linear  function  of  the  parameters  qt.  ■ 


(17) 

(18) 


3.  Lur’e  Systems  with  Single  Nonlinearity 

Specializing  the  results  of  the  previous  section  to  the  case  r  =  1,  one  obtains 

Y  _  T  (-^  ~  F)TP  +  P(A  —  F)  Pb  +  (r  +  (3q)kc  +  qyk(A  —  F)Tc 

q  [(. Pb+(T+(3q)kc  +  <nk(A-F)Tc)T  - 2{f3q2-{cTb)1kq  +  T )  J  (19) 

where  the  substitutions 

B  — >  b,  C  — >  c,  Q  — >•  q,  Q  — ►  q 

A  7,  TX->P,  T2^t,  K->k  ^20) 

have  been  made.  Note  that  b  and  c  are  nxl  vectors  and  all  other  newly  introduced  terms  are  scalars. 
The  results  of  the  previous  section  assert  that  synchronization  of  the  single  nonlinearity  master-slave  Lur’e 
system  will  occur  if  matrices  Yq  are  negative  definite  for  all  q  in  interval  [0,  q],  and  that  this  in  turn  occurs 
if  and  only  if  matrices  Yo  and  Yq  are  both  negative  definite,  assuming  (3  =  0. 

Lemma  2.  If  (3  =  0,  then  there  exist  non-negative  scalars  r  and  7  such  that  Y0  <  0  and  Yq  <  0  if  and 
only  if  there  exist  non-negative  definite  scalars  r  and  7  such  that  Y0  <  0  and  Yx<  0. 

Proof.  The  proof  follows  readily  from  the  observation  that  in  the  case  of  13  =  0,  Yq  evaluated  at  r  7  is 
identical  to  Yx  evaluated  at  r,  fay.  ■ 
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(  io^C^P}o\ti0n ^ sin&e  nonlinearity  master-slave  Lur'e  system  occurs,  subject  to  restric- 

\  />  V  )  an  (  3)  on  f ,  if  there  exist  non-negative  parameters  r  and  7  such  that  the  linear  matrix 
inequality 


(A  —  F)tP  +  P(A  -  F)  Pb  +  rkc  +  ik(A  —  F)Tc 
l(Pb  +  Tkc  +  'rk(A-F)Tc)T  — 2r  +  2(crb)ryk 


<0 


permits  a  positive  definite  solution  P  which  satisfies  the  residual  scalar  inequality 


det 


‘-\{A-F)tP  +  P{A-F)}  -[. Pb  +  rkc ] 
—[Pb  +  rkc]T  2 r 


>0. 


(21) 


(22) 


Proof.  Ftom  Lemmas  1  and  2  we  need  only  show 
that  the  conditions  of  the  present  lemma  imply 
that  matrices  ko  and  Y\  are  negative  definite  for 
the  particular  choice  of  parameter  (3  =  0.  Lin¬ 
ear  matrix  inequality  (21)  is  precisely  the  condi¬ 
tion  Yj  <  0.  Prom  this  inequality  it  follows  that 
(A  -  Ff  +  (A  -F)  <0.  Hence  Y0  <  0  holds 
if  det[— Yo]  >  0,  and  this  is  precisely  the  residual 
scalar  inequality  (22).  ■ 

Specializing  the  results  of  [Suykens  &  Vande- 
walle,  1996]  to  the  case  of  Lur’e  systems  containing 
a  single  nonlinearity  satisfying  restrictions  (5),  (12) 
and  (13),  one  notes  that  they  address  the  problem 
of  the  synchronization  of  master-slave  system  (2)  by 
employing  the  Lyapunov  function 

T 

V(e)  =  eTPe  +  27*  f  \f{p  +  cTy)  -  f(cTy))dp 

J  0 

(23) 

to  prove  global  asymptotic  stability  of  error  system 
(4).  The  dependency  of  this  Lyapunov  function  on 
y  leads  to  extra  terms  in  its  derivative  V(e)  which 
are  omitted  in  the  earlier  paper  of  Suykens  and  Van- 
dewalle  [1996].  This  difficulty  notwithstanding,  the 
procedure  of  Suykens  and  Vandewalle  [1996]  for  the 
selection  of  feedback  matrix  F  to  achieve  synchro¬ 
nization,  succeeds  in  a  number  of  important  cases 
of  Lur’e  systems  possessing  a  single  nonlinearity. 
Synchronization  occurs,  according  to  [Suykens  & 
Vandewalle,  1996],  for  any  matrix  F  chosen  such 
that  the  linear  matrix  inequality  (21)  holds  for  some 
P  >  0,  r  >  0,  7  >  0.  These  conditions  comprise 
n  + 1  of  the  n  +  2  determinental  inequalities  of  (21) 
and  (22)  [obtained  by  applying  Sylvester’s  condi¬ 
tions  for  negative  definiteness  of  (21)].  A  randomly 
generated  solution  P ,  r,  7  to  the  first  n + 1  of  these 
inequalities  appears  to  have  a  good  chance  of  turn¬ 
ing  out  to  be  a  solution  to  the  residual  inequal¬ 
ity  also.  Of  course  the  conditions  of  [Suykens  & 


Vandewalle,  1996],  in  effect  the  condition  (21)  of 
Lemma  3,  may  indeed  represent  sufficient  condi¬ 
tions  for  synchronization  of  (2). 

4.  Conclusion 

It  has  been  shown  how  the  more  general,  non¬ 
quadratic  Lur’e-Postnikov  Lyapunov  function  of 
absolute  stability  theory  may  be  employed  in  the 
development  of  synchronization  criteria  for  master- 
slave  coupled  Lur’e  systems  with  static,  linear  feed¬ 
back.  This  confirms  the  proposal  of  Suykens  and 
Vandewalle  [1996]  that  such  Lyapunov  functions 
do  indeed  have  a  role  to  play  in  the  synchroniza¬ 
tion  problem,  notwithstanding  the  time  dependence 
of  the  error  system.  The  conditions  of  [Suykens 
&  Vandewalle,  1996]  have  also  been  shown  to  be 
closely  related  to  sufficient  conditions  for  synchro¬ 
nization  if  not  actually  sufficient  themselves. 

It  is  clear  that  one  chooses  the  Lur’e-Postnikov 
function  appropriate  to  the  master  system  (M). 
This  observation  points  the  way  towards  the  ap¬ 
plication  of  more  general  Lyapunov  functions  com¬ 
monly  employed  in  the  absolute  stability  theory 
of  Lur’e  systems.  The  trade  involved  in  the  ap¬ 
plication  of  such  functions  is  that  one  must  im¬ 
pose  tighter  restrictions  on  the  nonlinearities  of  the 
Lur’e  system.  The  resulting  criteria  (synchroniza¬ 
tion  criteria  in  this  case)  tend  to  possess  more  gen¬ 
eral  multipliers  or  free  terms  [Vidyasagar,  1978], 
and  consequently  impose  much  weaker  constraints 
on  the  linear  part  of  the  Lur’e  systems.  In  short 
the  synchronization  criteria  which  emerge  will  prove 
synchronization  for  large  classes  of  master-slave 
Lur’e  systems  for  which  synchronization  cannot  be 
proven  by  means  of  quadratic  Lyapunov  functions. 
In  many  practical  systems  (the  Chua  Oscillator, 
neural  networks)  the  nonlinearities  present  satisfy 
much  more  stringent  conditions  than  the  elemen¬ 
tary  sector  conditions  most  commonly  employed  in 
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the  existing  literature  on  synchronization  of  Lur’e 
systems.  Indeed,  the  nonlinearities  are  often  of  di¬ 
agonal  type,  time  independent,  sector  type,  mono¬ 
tone  and  odd  [Vidyasagar,  1978].  The  Lur’e- 
Postnikov  Lyapunov  function  is  probably  the  most 
general  function  which  is  well-known  to  be  capa¬ 
ble  of  taking  account  of  the  first  three  properties 
in  this  list.  It  is  certainly  the  function  of  this  type 
for  which  there  exists  the  most  complete  theory  (al¬ 
though  there  do  exist  more  general  functions  of  this 
type  [Cao  et  al.,  1997]).  In  a  subsequent  note  we 
propose  to  present  an  account  of  the  application  of 
functions  capable  of  taking  account  of  all  five  prop¬ 
erties  to  the  problem  of  synchronization  of  chaotic 
Lur’e  systems. 
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EL  Standard  Plant  Representation 
^According  to  [13}r  by  defining  the  signal  *  e  =  j?; z  and  the 
-  tracing  errors  =':<fr^p£Z  where  0  '=  fl;  6;  0;  ;  0]  selects' 

representation  for  the  synchronization  scheme:  (see  (2)  at  the  top  of 
the  next  page).  This  scheme  has  state  vector  £  — [e;  p;  //],  exogenous- 
input  w  =  [r;  c]  and  regulated  output  v .  The  nonlinearity  q  is  given 
by*  TjiGerZf-^z  <r(Gc-r^  Cz\^  <r(Czy  • 

IV.  Dissipativity  with  Finite  L2 -Gain  . 

and  Nonlinear  Hoc  Synchronization 

In  order  to  analyze  I/O  properties  of  the  synchronization  scheme 
in  standard  plant  form  (2),  we  consider  a  quadratic  storage  function 
[6],  [7],  [16] 


Zi6  —PwG  —  P\\FN 

?2Zr=  ETp22  +  P22E  —  MT FT P\2  ~~  P21  FM 

.  Zx,  =  eLEm  -  ML FtP,3  +  p21  DT  +  P23R 


m  =  ZTPt  =  [eT  /.  pT\ 


P  =  Fr  >  0 


>11 

P21 

P3. 


P12 

P22 

P32 


Pl3 

P23 

P33 


e 

p 

p. 

(3) 


and  a  supply  rate  with  finite  L2-gain  s(r,e,j/)  =  72  (rTr  + 
where  a  is  a  positive  real  constant.  The  system  (2) 
is  said  to  be  dissipative  [6],  [7],  [16]  with  respect  to  supply  rate 
and  the  storage  function  if  4>  <  s(r,e,  1/),  Vr,e,  v .  Assume  that  the 
nonlinearity  q(Ce;z)  belongs  to  sector  [0,  A:]  [3]:  0  <  = 

<Ti(cfc+ef :)-<r(cT S)  ^  w  ,.  „  r  .  _ 

—  <  A,Ve,c;  (i  =  1,  •••,»*;  c{  e  ^  0).  The 
inequality  77, (cfe;z)  [^(cfe;:)  -kcfe]  <  O.Ve,;;  (*  =  1  ,---,nh) 
holds  then  [8].  It  follows  from  the  mean  value  theorem  that  for 
differentiable  <r(‘)  the  sector  [0,  A1]  condition  on  //(*)  corresponds  to 
o  <  &i(9)  <  k,  V^(«  =  l,---,nh)  [3], 

Observation:  Let  A  =  diag{A, }  be  a  diagonal  matrix  with  A,  >  0 
for  i  =  1,  ••*,«&.  Then  a  sufficient  condition  for  dissipativity  of 
the  synchronization  scheme  (2)  with  respect  to  the  quadratic  storage 
function  (3)  and  the  supply  rate  s(r,e,  t/)  —  y2  (rrr  +  a2ere)  -vTv 
with  finite  L2-gain  7  is  given  by  the  matrix  inequality: 


Z  =  ZT  = 


Z\2  Zw  Z14 
Z22  Z23  Z24 
..  *  .  -Z33  Z34 

•-  *  ^44 


Zis 

Z'2S 

Z35. 

0 


Zl6 

Z26 

Z36 

0 

0 

Zgq  J 


Z24  —  P21 B 
-  -Z25  =  P21DU  +  P23S 
Z26  =  P22  G  —  JP21  FN 

Z33  =  RT  Pm  +  PmR  +  TTDTPi3  +  P31DT  +  TrT 
Z34  =  P3lB 

Z35  =  P31DU  +  P33S  +  TtU 
z36  =  P32G  -  p31fn 

Z44  —  — 2A 
Z55  =  -72/  +  UTU 
Zee  =  —  a2^2/. 

Proof:  One  checks  the  condition  $  -  s  <  0  and  applies 
the  5-procedure  [1]  using  the  sector  condition  on  q,  which  gives 
4>-s<  tTP£  +  tTP{  -  2nTA  -  kCe)  -  s  =  CTZC  <  0.  The 
quadratic  form  Ql  ZQ  is  negative  for  all  nonzero  C  =  [e:  p\  p\  //;  r, e], 
provided  Z  is  negative  definite.  □ 

According  to  [13],  the  nonlinear  Hoc  synchronization  problem 
seeks  to  find  the  linear  dynamic  output  feedback  controller  C  which 
minimizes  the  La-gain  7  [15]  with  respect  to  the  matrix  inequality  (4): 

e,g. A  7  7  Such  that  Z{E’ G' M- N' R  A-  7)  <  0.  (5) 

According  to  [13]  we  will  consider  binary  valued  continuous  time 
reference  inputs.  For  this  class  of  signals  perfect  recovery  of  the 
message  signal  is  obtained  by  implementing  the  operation  sign{  3J e) 
[13].  The  advantage  with  respect  to  the  method  described  in  [13] 
for  secure  communication  applications  is  that  the  design  based  on 
(4)  allows  nonlinear  Hoo  synchronization  with  transmission  of  one 
single  signal. 

V.  Example;  Chua  s  Circuit 

For  Chua’s  circuit  [2],  [9]  we  take  the  Lur’e  representation  .r  = 
Ax  +  B^(Cx)  [13]  with 


<0  (4)' 


with 


Z„  =  (A  -  FNH)tPu  +  Pn(A  -  FNH) 

+  HTGTPn  +  PV1GH  +  i)jiT 
Zvi  =  {A  -  FNH)tPv2  +  HTGT Pn  -  Pi  1  FM  +  PviE 
Z\3  =  (A  -  FNH)TPl 3  +  HtGtP23 
+  PnDT  +  Pl3R  - ;}T 
Zi4  =  PuB  +  kCT  A 
Zis  =PnDU  +  Pl3S-  iSU 


C  =  [1  0  0] 


(6) 


and  ^(-ri)  =  |(|j‘i  +  1|  —  Ij-!  —  1|)  a  linear  characteristic  with 
saturation  that  belongs  to  sector  [0, 1],  Possible  keys  for  cryptograph¬ 
ical  purposes  are  the  parameters  of  Chua’s  circuit  and  the  matrix 
H ,  which  linearly  combines  the  state  variables.  The  key  scheme  is 
different  from  previous  work  in  [18].  In  [18]  a  second  state  variable 
and  the  parameter  set  are  used  as  keys.  Here  the  usage  of  the  linear 
transformation  is  twofold.  First,  it  is  well-known  that  a  mixture 
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Fig.  1.  Nonlinear  Hoc  synchronization  of  Chua’s  circuit  using  linear  dynamic  output  feedback:  (a)  Double  scroll  attractor  generated  at  the  master  system.The 
vector  field  of  the  master  system  is  modulated  by  means  of  the  linearly  filtered  message  signal  sign(cos(0.5f)).  (b)  Transmitted  .signal,  which  is  a  linear 
combination  of  the  state  variables  of  the  master  Chua’s  circuit.  The  message  signal  is  invisible  on  this  transmitted  signal,  (c)  0*  e  (-),  reference  input 
sign(cos(0.5/))  (-  -),  recovered  message  sign [i3Te)  (-)•  (d)  control  signal  u(f),  applied  to  the  slave  system. 


of  more  than  one  chaotic  signal  can  provide  a  higher  security  to 
overcome  the  identification  based  attack  as  presented  in  [10],  [11] 
and  the  characteristics  based  attack  as  presented  in  [19].  Second,  the 
key  H  could  be  changed  in  order  to  avoid  usage  of  the  same  key  for 
a  long  time  period.  The  security  of  the  system  is  thereby  improved. 

In  this  example  we  take  one-dimensional  outputs  p.q  (1  =  1) 
with  H  =  [0.5;  — 0.5: 0.1]  and  a  one-dimensional  control  signal  u 
(m  =  1)  with  F  =  [1:0:0].  Furthermore  D  =  0  =  [1; 0;  0].  For 
7v  a  first  order  Butterworth  filter  is  chosen  with  cut-off  frequency  10 
Hz.  The  nonlinear  Hoc  synchronization  problem  (5)  was  solved  by 
means  of  sequential  quadratic  programming  [4]  iconstrAn  Matlab).- 
The  positive  definite  matrix  P  has  been  parameterized  as  P  =  QTQ 
and 

min  7  such  that  -  -  . 

E.G.M.N.Q.  Ao  . 

Amax  [Z(E,(7.M.Ar,0<A,7)]  +  «<0  (7) 

with  b  ~  0.01  has  been  solved  instead.  In  the  supplylrafe  o  =“10  TsT 
taken.  We  report  the  results  here  for  a  third  order  SISO  controller.  As 
starting  point  for  the  nonlinear  optimization,  random  matrices  were 
chosen  for  the  controller  according  to  a  normal  distribution  with  zero 
mean  and  standard  variation  0.1,  Q  =  /„+„c+„r,  A  =  0.1/, 7  = 
100.  Suboptimal  solutions  to  the  nonconvex  optimization  problem 


yield  satisfactory  results.  Fig.  1  shows  simulation  results  obtained 
with  this  controller  for  a  reference  input  r  =  sign(cos(0.5f )).  The 
message  signal  is  invisible  on  the  transmitted  signal.  The  original 
message  is  recovered  by  taking  sign(/ire).  Simulations  with  zero 
mean  white  Gaussian  noise  for  e  show  that  a  standard  deviation  up  to 
1  p-04  for  the  noise  is  allowed  in  order  to  maintain  perfect  recovery. 
TTie  robustness  can  be  considerably  improved  by  taking  a  smaller 
value  for  a  in  the  supply  rate.  For  a  =  2  a  standard  deviation  of 


0.1  is  allowed  for  the  noise; 


VL  Conclusion  . 


In  this  letter  a  new  method  for  master-slave  synchronization  of 
Lur’e  systems  has  been  introduced.  It  combines  two  recently  intro¬ 
duced  ideas,  nonlinear  Hoc  synchronization  [13]  and  synchronization 
by  means  of  dynamic  output  feedback  [14],  in  order  to  recover  a 
class  of  message  signals. _ _ 

. . .  Acknowledgment 

This  research  was  conducted  at  the  University  of  California, 
Berkeley,  in  the  framework  of  the  Belgian  Programme  on  Interuni- 
1  (versity  Foies  of  ^Attraction,  ^initiated  by  the  Belgian  State,  ’Prime 


IEEE  TRANSAC » ^ 


Infonnadoo  Processing  Systems)  of  the  Flenush  Community.  ,  ^ 
^ . references. 


or mCE  *■* n“‘*  : 

131  S™'mi  L  0_ ’chu*.  SpoMshM? 

^ragaagaaysg^  *»-•  “• 

*<«#»  ->«*—■■■'"  C"““ 

-  -  SystrTutorials  Nubility  of  nonlinear  dissipative' 

[6]  D.  J.  Hill  and  P.  J.  Moylan,  St^^c.21,  pp.  708-711, 1976. 

=  -  systems,?  IEEE  Trans.  Automat  Com,  voL  AL  P  „  /£££ 

m  “Connections  between  fimte-gain  and  i^ymp 

Trans.  Automat.  Contr.,  vol.  AC-  ^PP-  9^  1992. 

g  on*  A 

•"  -o»S  •  SuSi  —  **“'  M 

'  BP*  am  UK  Moor.  /WjfoW 

<®  SiJ-SSSir  iX  -  <»»'  *  *““■ 

•«  yiasiss^- -  *  Sm.  —  - 

7,  no.  6.  1997.  chua  “Master-slave  synchro- 

1141  ^SCSi-c  output'  feedback}’  *  X  0~  ^ 

no.  3,  pp-  671-679,  1997.  D  •  Techniaues  in  Nonlinear 

a*  4-"“  - 

York:  Springer-Verlag.  1996.  svstems  I:  General  theory.  II: 

1161  »*.,-• * *— 
Meehan.  Anal.,  vol_  45.  PP-  3  ^  framework  for  synchronizauon 

1171  LWcon^U?inL2.  systems.”  In,  X  Bifurc.  Chaos,  vol.  4.  no.  4. 
pp.  979-989,  1994.  r.  “Crvotography  based  on  chaotic 

m  s,. « -  '7  w  J' 

Circuit  Theory  ApphcaU  vol.  33,  no.  o,  w 


A  N„  Sufficient  Condition  tor  Nonsymmctric  , 

C&e.*  Have  »  Stable  Equilibrium  Pomt 
“  - 1  Norikazu  Takahashi  and  Leon  O.  Chua 

Abstract — This  letter  gives  a  ^  of  a 

CNN’s  to  have  at  le“*  ®“  nonsymmetric  CNN’s  because 

stable  equilibrium  pomt  is  impo  stability.  It  is  shown  that  our 

U  is  a  necessary  condition  fo;. 'TP'^^^ous  result  concerning  the 
sufficient  condition  is  a  8?“*™  anj  that  it  can  easily  be  applied 

--ssr«ass:rr,ve«-  . 

.  _ _ _ inia  cfahilitv.  stable  equi- 


40  Index  forms — Cellular  neural  networks,  complete  stabffity,  stable  equi- 
librium  points. _ 

L  Introduction  _ _ _ 

a  i  (CNN)  is  a  dynamic  nonlinear  circuit 

A  cellular  neural  network  (CNN)  ^  processing  [3]. 

which  has  many  applications  must  be  completely  , 

Forp^op.aUonluruch.ppl^uom.O^"'  ilWlim 

other  Ld.  for  nous>™«*  «N’s 

ordy  .  *-  nonsyrnmelric 

far  [4]-[6]  m  spite  of  the  e«stenc  nt  [U] 

feedback  templates,  such  as  important  criterion 

lb.  .rirr.no.  of  a  stable  CNN’s  rob. 

for  complete  stability  because  in  o  y  equilibrium  point 

completely  stable  tf  a  smble  equiUbrium 

Some  sufficient  condition  f  h  ^  &  sufficient  condition  for  a 

point  were  given  .^j^^ive  at  least  one  of  four  equilibrium 
two-dimensional  infinite  C  cessary  and  sufficient  condition 

configurations  was  g,ven-  region  was  given. 

for .  CNN  »  bav.  for  noosyar- 

In  this  letter,  we  first  give  eauilibrium  point.  It  is 

metric  CNN’s  to  have  at  l®^  d"®  dQes  nQ,  depend  on  the  value 
remarkable  that  our  sufficien  ^  show  that  our  sufficient 

of  the  constant  input  vector  ec  ,  Finally  we  apply 

-^S^^vaHnnt  CNN’s  with  a  3  *  3 
|  neighborhood. 

n.  Main  Results 

w.  deal  with  CNN’s  which  c  be  dehn.d  by  .be  following 

equation:  .. 

X  =  -X  +  Ay(t)  +  u 

i  r  1T  is  the  state  vector,  A  =  t‘'U 

where  x  -  lXl’^  J  "*f  which  all  diagonal  elements  an 
is  an  »  x  «  real  matrix  of  which  ^  ^  vecto| 
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Abstract —  In  this  paper,  we  propose  a  method  of  robust 
nonlinear  master-slave  synchronization  for  chaotic  Lur’e 
systems  with  applications  to  secure  communication.  The  scheme 
makes  use  of  vector  field  modulation  and  either  full  static  state  or 
linear  dynamic  output  error  feedback  control.  The  master-slave 
systems  are  assumed  to  be  nonidentical  and  channel  noise  is  taken 
into  account  Binary  valued  continuous  time  message  signals 
are  recovered  by  minimizing  the  L2-gain  from  the  exogenous 
input  to  the  tracking  error  for  the  standard  plant  representation 
of  the  scheme.  The  exogenous  input  takes  into  account  the 
message  signal,  channel  noise  and  parameter  mismatch.  Matrix 
inequality  conditions  for  dissipativity  with  finite  I? -gain  of  the 
standard  plant  form  are  derived  based  on  a  quadratic  storage 
function.  The  controllers  are  designed  by  solving  a  nonlinear 
optimization  problem  which  takes  into  account  both  channel  noise 
and  parameter  mismatch.  The  method  is  illustrated  on  Chua’s 
circuit 

Index  Terms — Chua’s  circuit,  Lur’e  systems,  matrix  inequali¬ 
ties,  parametric  uncertainty,  synchronization. 

I.  Introduction 

SECURE  communication  [3],  [11]  is  an  important  field 
for  the  application  of  synchronization  theory.  The  link 
between  absolute  stability  theory  and  synchronization  of  non¬ 
linear  systems  has  been  investigated  in  a  series  of  papers  [7], 
[8],  [24],  [33],  in  particular  for  Lur’e  systems  and  master-slave 
synchronization  schemes.  From  a  control  theoretic  point  of 
view,  this  corresponds  to  the  autonomous  case  without  an 
external  input  (or  message  signal).  Among  the  methods  that 
consider  a  message  signal  in  the  synchronization  scheme,  one 
basically  makes  a  distinction  between  chaotic  masking  and 
vector  field  modulation  (see  Kennedy  in  [3]).  With  respect 
to  vector  field  modulation,  we  have  proposed  a  new  method 
of  nonlinear  Hoc  synchronization  [25],  [26]  which  applies 
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to  binary  valued  continuous  time  message  signals.  The  syn¬ 
chronization  schemes  are  interpreted  within  the  framework  of 
modem  control  theory  by  taking  standard  plant  representations. 
A  new  notion  of  synchronization  error  has  been  introduced 
which  is  based  on  the  tracking  error  of  the  scheme.  The  aim 
of  the  nonlinear  Hoo  synchronization  scheme  is  to  minimize 
the  influence  of  the  exogenous  input  on  the  regulated  output. 
The  exogenous  input  contains  the  message  signal  and  channel 
noise.  The  design  has  been  based  on  matrix  inequalities  which 
follow  from  conditions  of  dissipativity  with  finite  1.2-gain  of 
the  synchronization  scheme.  Dissipativity  of  nonlinear  systems 
is  a  well-known  and  fundamental  system  theoretical  concept 
which  dates  back  to  the  work  of  Willems  and  Hill  and  Moylan 
[12],  [13],  [32].  A  difference  between  the  method  proposed  in 
[25],  [26]  and  methods  of  nonlinear  Hoo  control  theory  such 
as  [14],  [30]  is  that  in  the  former  a  quadratic  storage  function 
is  chosen,  while  in  the  latter  a  general  continuously  differ¬ 
entiable  nonlinear  storage  function  is  employed.  In  this  way, 
matrix  inequalities  are  obtained  instead  of  a  Hamilton— Jacobi 
inequality.  The  design  of  the  controller  has  been  achieved  by 
solving  a  nonlinear  optimization  problem  based  on  the  matrix 
inequalities. 

This  previous  work  [25],  [26]  can  be  considered  as  a  first 
step  toward  a  robust  synchronization  theory.  In  this  paper,  we 
treat  the  problem  of  parameter  mismatch,  in  addition  to  the 
problem  of  channel  noise  and  take  both  into  account  in  the 
controller  design  (adaptive  control  approaches  to  cope  with 
parameter  mismatch  have  been  investigated,  e.g.,  in  [34]).  We 
discuss  the  case  of  full  static  state  error  feedback  and  linear 
dynamic  output  error  feedback.  For  identical  master-slave 
systems  this  has  been  studied  in  [25],  [26].  The  class  of 
nonlinear  systems  considered  is  in  Lur’e  form  [16],  [31]. 
Many  systems  of  common  interest  such  as  Chua’s  circuit 
[4],  [5],  generalized  Chua’s  circuits  [28],  arrays  of  such 
cells  or  cellular  neural  networks  [6],  [10],  [15],  [29]  can  be 
represented  in  Lur’e  form.  Chaotic  or  hyperchaotic  behavior 
is  obtained  from  these  systems  for  the  double  scroll,  n-scrolls, 
double-double  scroll,  and  n-double  scroll  hypercube.  For  the 
autonomous  case,  i.e.,  without  a  message  signal,  parameter 
mismatch  between  the  Lur’e  systems  has  been  investigated  in 
[27].  One  unexpected  result  of  that  study  is  that  it  is  possible 
to  allow  a  large  parameter  mismatch  such  that  the  systems 
remain  master-slave  synchronized  up  to  a  relatively  small 
error.  It  has  been  illustrated  on  Chua’s  circuit  in  [27]  that 
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toe  cbaofic  slave  system  «  be  % 

to  ,  master  system  which  behaves  ctao.c^y.Jho  ^  fe 

cycle  behavior  or  shows  sta  e  d  Drexented  in  (181.  where  se 

example  along  this  direct, on  haf  twchronixe  wo  si 

(till  state  error  feedback  has  been  st 

systems  which  mi «-*■£“ SiS  *-  «*  “1 

Utrenx  attractor),  to  dm  ^  ^  extemal  « 

autonomous  case  to  th  u  fol(ow  J 

input.  From  the  example  of  Chut,  s  c  rcu  ^  ^ 

•tot  *hp  allowed  parameter  mismatch  is  muc 

that  the  allowed  pai  transmission  tl 

for  the  autonomous  case  B?  "s'"g  ^  toa  simpier  [ 

P&  is  organized  as  follows^  W-0.  £££  ' 

master-slave  synchrony., on  sch mesj*j'fee(lback.  to 

r:ru-;s^.tosecrw;:d^= 
Sr^ecdonV.wefonnmatetoe-ob— ^ 

"^aSl^f^ndsmateh 
are  taken  into  account  m  the  design. 

n.  Synchronization  Scheme 

this  secdoo.  ■  «  nrtlato 

rS'tod' im  but  with  parameter  mismatch  bewee.  rh= 
systems. 

A.  Full  Static  Stale  Error  Feedback 

Consider  the  master-slave  synchronization  scheme  with  full 
JEOZm*  feedback  for  nonidentical  master-slave  Lur  e 

systems; 

J  fi  =  Rp  “I-  Sr 

n:  |  d=Tfi  +  Ur 

(i  =  Alx  +  BMCix)  +  Dd 
M‘:  \  p  =  Hsx 

f  z  =  A2z  +  B2<t(C2z)  +  us 

M ^  .  (, 

Cs:  u3  =  F(p  +  e-Q) 


v  ,  €  R«,  n,  €  R",  d  €  R-  The  message  signal  is  r  €  R. 

P’  ®  a  linear  transformation  H,  €  R 

At  the  transmitter  At,,  a  line  moulting  vector  p  is 

is  applied  ,0  the  state  vector  m  The ^ 

sent  along  the  channel  and  t  full  static 

stgnal  or ‘hf^, adTbetween  the  output  q  of  S.  and  p  is 

Sied^  toCback  matrix  F  €  W”.  The  nomdent^ 
applied  wi  svstems  have  system  matrices  Ai,  A2  € 

master-slave  Lur  esysm  ^  e  r-,  where  n„ 

^  ’  a  to  the  number  of  hidden  units  (if  one  interprets 

”  system  l  a  Cass  of  reottren.  neurtd  networks 
116).  [231,  [31]).  The  diagonal  nonlmeanty  »(•)•  ^ 

Rnh  is  assumed  to  belong  to  se  ^  fcy  means 

the  master  system  he  vec  or  ^  .  message 

of  the  term  Dd  with  D  &  R  •  ™  P  ,  1  ^  ^ 
signals  r  which  satisfy  IMloo  t^o  synchronization 

himuy  valued.  As  a  rypical  test  s.gm >' 1 ^^ployed. 

scheme.  signals  \?  D  is 

When  taking  a  chaotic  Lur  e  y 

chosen  "small"  (compared  ^  signal 

in  the  system  dynamtes)  . ,  ord  Mohtde^dtr tm^*^  ^ 

in  the  strange  attractor,  u  <  ^  ^  -t  is  mpUt 

i  master  system  possesses  an  mi  1  message  signals 

,  *  state  stable  for  the  J?  * 

.  (see  Assumption  2  ^  the  seq  g  R„rxit  T  e 

■  scheme’ 
a  message  wifi  be  recovered  from  one  of  the  components  of  the 

a  signal  p-  q- 


with  master  system  M..  . d»e  system  A.  toll^un c  ^ 

emor  feedback  conuoller  C„  ^  Lystems 

index  a  refers  to  the  „n„c  feedtek  c^Th  ^ 
have  state  vectors  x,  z  €  R  ,.M  t  «• 


B.  Dynamic  Output  Error  Feedback 

with°dynamic°outpih  mas- 

ter-slave  Lur’e  systems: 

(  p  =  Rp  ■+•  5,,r 
\d=Tp  +  Ur 
(  x  =  A\x  +  Bi<r(Cix)  +  Dd 
Md'\p  =  Hi  x 

j  z=A2z  +  B2<r(C2z)  +  Fud 

Sd'\q  =  Hdz 

f  p  =  Ep  +  G(p  +  t~<l)  (2) 

Cd'' \ud  =  Mp  +  N(p  +  e-<?) 

Azi  ci^ve  system  Sd,  linear  dynamic 
with  master  system  Add,  ..  fiiter  7^  (Fig.  1).  The 

output  feedback  controller  d,  “  subsystems 

index  d  refers  to  ton  dynnmre  feedback  case.  Th  ^  ^  ^ 

have  state  vectors  x,  2  €  ’  M  m  ,  £  5^  where 

output  vectors  p,  ,  €  *[.**  £  *  £  €  R»  is 

l  m  <  n.  The  message  signal  is  r  € 

>  a  disturbance  input  At  the  v^tor  x  ^ 

;  formation  Hd  €  R  1S  aPP ie  h  channel.  At  the 

5  resulting  vector  p  is  transmitted  alo"g  *c  c"  Ued 

— ^^-:rr^tinpn.u 
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(a) 


r 

Standard 

c 

P  K 

x 

Plant 

(b) 


Fig.  I.  (a)  Synchronization  scheme  with  master  system  M  and  slave  system 
5.  Vector  field  modulation  is  applied  to  M  by  means  of  the  signal  d,  which 
is  the  output  of  the  low  pass  filter  TZ  with  as  input  the  message  signal  r.  For 
M  and  5  we  consider  Lurie  systems  with  parameter  mismatch  between  the 
systems.  The  outputs  of  M  and  5  are  p  and  q ,  which  are  linear  transformations 
of  the  state  variables  x  and  r,  respectively.  The  signal  p  is  sent  along  the 
channel  and  is  corrupted  by  means  of  the  signal  e.  A  binary  valued  continuous 
time  message  signal  is  considered  which  is  recovered  by  defining  a  tracking 
error  for  the  overall  system  and  applying  a  controller  C  to  the  slave  system. 
We  consider  the  cases  of  full  static  state  error  feedback  and  linear  dynamic 
output  feedback  for  this  controller,  leading  to  the  schemes  {1Z.  Ms<  S$.  Cs} 
and  {7v.  M<j.  S<j>Cd}.  respectively,  (b)  Control  theoretic  interpretation 
of  the  synchronization  scheme  by  means  of  its  standard  plant  representation 
with  exogenous  input  u*  and  regulated  output  v.  The  aim  of  robust  nonlinear 
Hoc  synchronization  is  to  minimize  the  influence  from  the  exogenous  input 
on  the  regulated  output.  The  exogenous  input  contains  the  message  signal, 
the  disturbance  signal  e  and  the  parameter  in,  related  to  the  parameter 
mismatch  between  the  master-slave  systems. 


controller  with  system  matrices  E  G  RncXn%  G  G  RncX/, 
M  G  RmxnS  N  G  Rmx/.  Furthermore,  F  G  Rnxm.  The 
transmitted  signal  p  is  corrupted  by  the  signal  e.  The  system 
matrices  of  the  master-slave  Lur’e  systems,  the  nonlinearity 
the  vector  field  modulation  and  the  low-pass  filter  7 Z 
are  the  same  as  for  the  scheme  (1).  The  same  class  of 
message  signals  is  considered  as  in  the  state  feedback  case, 
but  will  be  recovered  from  one  of  the  components  of  the 
signal  x  -  z.^  * 

* 

III.  Standard  Plant  Representations 

In  this  section,  we  derive  standard  plant  representations 
for  the  synchronization  schemes  (1)  and  (2),  taking  into 
account  the  parameter  mismatch  between  the  master-slave 
systems. 

4 

A.  Full  Static  State  Error  Feedback 

Defining  es  =  p  -  q  and  denoting  the  state  equation  of 
synchronization  scheme  (1)  as 


(3) 


with  continuous  nonlinear  mappings  f8 (. ,  . , . x  ^nr  x 
R  *->  ]Rn  and  g8{. , . , . ):  R"  x  Rn  x  Rn  *-♦  IT,  one  obtains 

e.  =  H,[f,(x,  p,  r)  -  g,(z,  x,  e)J.  (4) 

According  to  the  proof  of  Theorem  14  in  [271  and  [33],  we 
decompose  this  as 

e„  =  Hs[v„{x,  z,  e)  +  w»{x,  /x,  t)]  (5) 


with 

{«,(«,  «)  =s,(*.  x,  e)  -  gt{z,  x,  e) 

=  (A2H-1  -  F)e.  +  B2fl(CiHr1es;  z) 
ws(x,  /X,  e)  =  f,(x,  fi,  r)  -  gs(x,  x,  e) 

=  DTn  +  DUr-Fe  +  tp(x) 


with  tp(x)  =  ( A\  —  A2)x  +  B\o(C\x)  —  B2<t(C2x)  and 
Ti{C2HZles\  z)  =  ciCrfz'es  +  C2z)  -  a{Ctz).  According 
to  [25],  we  define  the  tracking  error  v  =  d-0re„  where  0  = 
[1;  0;  0;  •  •  •;  0]  selects  the  first  component  of  e».  The  main 
motivation  for  defining  this  tracking  error  is  that  the  signal  e» 
cannot  converge  to  zero  when  an  external  input  is  applied  to 
the  master  system.  For  the  synchronization  scheme,  we  obtain 
then  the  standard  plant  representation  [1],  [19]  (Fig.  1) 


with  state  vector  £s  =  [es;  n]  and  regulated  output  v.  The 
interpretation  for  the  exogenous  input  will  be  given  in 
Section  IV.  By  definition,  one  has  A2 .  =  HtA2HZl  -  H„F, 
B2,  ~  HsB2 ,  C2.  =  C2HJ1.  Note  that  the  system  matrices 
of  the  standard  plant  representation  do  not  depend  on  Au 
Bi,  Ci.  The  influence  of  the  parameter  mismatch  is  contained 
in  <p{x). 


B.  Dynamic  Output  Error  Feedback 
Defining  e<f  =  x  -  z  and  denoting  the  state  equation  of 
synchronization  scheme  (2)  as 

'  x  =  fd{x,  p,  r ) 

<  z=9d{z,x,  p,e)  (7) 

K  p  —  tld^P)  X ,  Zj  c) 

with  continuous  nonlinear  mappings  }d{ • ,  • ,  • x  x 
]R  1R",  gd(. 1R"  X  R”  x  Rn'  xB.1  ^  R",  and 
hd(- R"c  x  R"  x  R”  x  R1  •->  Rn%  one  obtains 

ej  =  fd(x ,  p,  r)  -  gd(z,  x,  p ,  e).  (8) 

Like  in  the  state  feedback  case,  we  decompose  this  as 

ed  =  vd(x ,  2,  p,  e)  +  wd(x,  p,  p,  f ) 


x  —  fiitx,  p,  r) 
i  =g,{z,  x,  e) 


(9) 
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where 

{Vd(x,  z,  p,  e)  —gd{x,  x,  p,  e)  -  gd(z,  x,  p ,  e) 

=  (A2  -  FNHd)ed  +  B2v(C2ed\  z) 

Wd(x,  p,  p,  e)  =  fd{x ,  Pi  r)  —  9d{xi  x,  Pi  e) 

=  DTp  -  FMp  +  DUr  -  FNe  +  <p(x) 

with  rj(C2ed\  z)  =  o{C2ed  +  C2z)  —  (t{C2z)  and  <p(x)  as 
defined  in  the  state  error  feedback  case.  Defining  the  tracking 
error  v  =  d-/?Te<*,  the  following  standard  plant  representation 
is  obtained  (Fig.  1): 


A2  -  FNHd  -FM  DT 1  \ed 


B 2 

0  r){C2ed\  z)  + 

0 


UJ 

-FN  I 
G  0 
0  0 


\ed]  [  r 

v  -  [~/3T  0  T]  p  +  [(7  0  0]  e 
p  <p(x) 

J  do; 

with  state  vector  £d  =  [ed,  Pi  p]  and  regulated  output  v.  Foi 
the  interpretation  of  the  exogenous  input  we  refer  again  tc 
Section  IV. 


Assumption  2:  The  master  systems  Mc  and  Md  are  input 
to  state  stable  in  the  sense  that  there  exist  initial  states  x0  and 
a  positive  real  constant  6X  such  that 

||x(f)||2  <  6„  Vt  €  [0,  oo)  (14) 

for  all  continuous  time  reference  input/  r  which  satisfy 
IMtoo  =  sup,>0  |r(t)|  <  1. 

The  viewpoint  that  we  take  here  is  pragmatic  in  the  sense 
that  in  practice  one  is  not  interested  in  employing  a  master 
system  that  possesses  unbounded  trajectories.  Note  that  for  a 
zero  external  input  d  the  upper  bound  Sx  is  a  measure  for 
the  “size”  of  the  attractor  of  the  chaotic  master  system  [7]. 
The  Lur’e  systems,  matrix  D  and  initial  states  are  chosen 
such  that  the  master  system  satisfies  Assumption  2.  Using 
the  expression  for  tp{x)  one  obtains  ||<^(a:)]|2  ^  /3m|M|2  ix 
with  /3m  =  ||AA||2  +  fc||Bi||2||C'i||2  +fc«*||t  naila  and 
AA  =  Ai  -  A2.  In  case  Ci  =  C2  one  obtains  /?m  =  ||AA|2 
+k\\AB\\2  ||C2||2  where  AB  =  Bi~  B2.  From  Assumption 
2,  one  has  ||v?(x)||2  <  0mSx,  V*.  Note  that  this  upper 
bound  might  be  conservative.  On  the  other  hand,  this  approach 
has  led  to  useful  criteria  for  robust  synchronization  of  the 
autonomous  synchronization  scheme,  discussed  in  [27].  For 
the  upper  bound  we  will  consider  a  positive  constant  scaling 
factor  a 

||v?(x)||2  <  a(3m6x.  (15) 


IV.  Dissipativity  With  Finite  L2-Gain 

In  this  section,  we  first  formulate  assumptions  on  the 
nonlinearity  and  the  boundedness  of  the  trajectories  of  the 
master  system.  An  interpretation  for  the  exogenous  input  of 
the  standard  plant  representations  is  given.  Then  conditions 
for  dissipativity  with  finite  L2- gain  and  a  quadratic  storage 
function  are  derived  for  the  synchronization  schemes.  These 
conditions  are  expressed  as  matrix  inequalities. 

We  make  the  following  two  assumptions. 

Assumption  1:  The  nonlinearity  T)(C2ed'i  z)  in  (10)  belongs 
to  sector  [0,  k}: 

Tii(c2ted\  z)  _  cnjcled  4-  c£x)  -  <?i(c2,z) 

0  < - - —  r  **"” 

4 ]ed  °2ied 

<k,  Ved,  z;  i  =  1,  •••,  nh{<%xed  ^  0)  (11) 

where  denotes  the  zth  row  vector  of  C2.  The  same 
assumption  is  made  for  7?(C2,es;  z)  in  (6). 

The  following  inequalities  hold  [2],  [16],  [31]: 

Vi(c2t,e,;  z)  [Vi(c2.xes\  z)  - 

<0,  Ves,  z\  i  —  1,  ••  • ,  n-h 

Vi(c2,edi  z)  [ Vi(c2ied ;  z)  -  kcjed] 

<0,  Ve<f,  z\  i  =  l,  (12) 

It  follows  from  the  mean  value  theorem  that  for  differentiable 
<r(. )  the  sector  condition  [0,  k]  on  r\{. )  corresponds  to  [7] 

0  <  -y-  Oi{p ;  z)  <  k,  'ip,  z\  t  =  1,  •  •  • ,  n/,.  (13) 
dp 


In  order  to  analyze  the  I/O  properties  of  the  standard  plant 
representation  of  the  synchronization  scheme  with  static  state 
feedback  (6),  we  consider  the  quadratic  storage  function  [12], 
[13],  [32]: 

-<r«. -w  ^i[*i  £][;*] 

P  =  PT  >  0  (16) 

and  a  supply  rate  with  finite  L2- gain  7: 

s(w,  v)  =  72tyTit>  -  vT v  (17) 

with  regulated  output  v  and  exogenous  input  w.  As  exogenous 
input  we  take  w  =  [r;  e;  /?m6x]>  which  consists  of  the 
reference  input,  disturbance  signals  and  a  constant  signal 
related  to  the  parameter  mismatch  between  the  master-slave 
systems.  The  system  (6)  is  said  to  be  dissipative  [12],  [13], 
[32]  with  respect  to  supply  rate  (17)  and  the  storage  func¬ 
tion  (16)  if  4>  <  s( w,  v),  iw,  v.  The  following  Theorem 
holds. 

Theorem  1:  Let  A  =  diag  {A,}  be  a  diagonal  matrix 
with  Aj  >  0  for  t  =  1,  •••,«*.  A  sufficient  condition  for 
dissipativity  of  the  synchronization  scheme  with  full  static 
state  feedback  (6)  with  respect  to  the  storage  function  (16) 
and  the  supply  rate  with  L2-gain  7  (17)  is  given  by  the  matrix 
inequality 
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Z~Z\Zn  Z12  Zn  Zu  Zn 

Z22  Z22  Z2A  Z25  P21H  \ 


<0  (18) 


V1U1 

Zu  =  Al'Pn  +  pnM.  +  PP 

Zn  =  A\Pn  +  PnHsDT  +  P12R  ~  PT 

Zn  —P11B2.  +  kCj^A 

Zu=PnH,DU  +  Pi2S-pU 

Zu  =  "  PnHsF 
Z22  =  PiiHsDT  +  TtDtHJ  Pn 
+  P22P  +  pt  P22  +  ft'f 

Z23  =  P21P2. 

z2i  =  P2lHsDU  +  P22S  +  TTU 
Z2s  —  -P2\HsP 
Z33  =  2  A , 

Zaa  —  I  +  UTU. 

Z55  =-72I- 

Proof:  The  condition  (15)  is  expressed  as  Pm6*  ~ 
isTwlo?  >  0.  Together  with  the  sector  condition  on  r?  (  ), 

this  condition  is  employed  in  an  application  of  die  ^Procedure 
([2,  p.  23])  in  checking  the  condition  <j>  -  s  <  0.  Th 
that  positive  real  constants  A*  and  r  are  introduced^  tha 

i 

and  by  defining  A  =  diag{At}: 

-  s  -  2r?A (*?  -  kC2.es)  +  r(plf>l  ~  ^r)  <  °' 

Using  the  expression  for  the  supply  rate  s  —  7  (r  r  +  e  e  + 

Pmi)  -  pTv  and  Ch00S'ng  T  =  72  th‘S  COnditl°n  beCOmeS 

m  1  ^  _  72^Tr  \  eTe)  +  „r„  -  277TA(r?  -  fcC2.es) 

}  r 

_  2XJg  <  0, 

a2 

.  l^cTpc  +  and  the  equation  of  the  standard 

(I.  4  -  * 

form  CTZQ  <  0  with  <  =  [e.;  P\  t?i  r;  «;  f\  This  expression 
is  negative  for  all  'nonzero  (  if  ^  is  negative  defim  e. 

In  order  to  analyze  the  I/O  properties  of  the  standard  plant 
representation  of  the  synchronization  scheme  with  dynamic 
output  feedback  (10),  we  consider  the  quadratic  storage  func- 

ti0n  rPn  P»  ftalM 


and  the  supply  rate  with  finite  L2-gain  7  07)  and  exogenous 

XZZ,  t  ufi'=  diag(Ai)  b.  a  diago*!  -J 
\  >  0  for  i  =  1,  ■  »a.  A  sufficient  condition  for 

dissipativity  of  the  synchronization  scheme  with  dynamic 
output  feedback  (10)  with  respect  to  the  storage  faction (  ) 

and  the  supply  rate  with  L2-gain  7  (17)  is  given  by  the  matrix 

inequality 

Z~Z\Zn  zn  Zn  Zu  Zn  Zn  Pn 

.  Z22  Z23  Z24  Z23  Z2e  Pn 

.  Z33  ZM  Z35  Z36  Psi 

■  z4  4  0  0  0  <  0 

=  .  .  •  •  Zss  0  0 

•  Z66  0 


zn  =  (A2  -  FNHd)TPu  +  PniM  -  FNHd) 

+  HjGTP2i  +  PnGHd  +  PPT 
ZX2  =  (A2  -  FNHdfPn  +  Hj GtP22  -  PnFM  +  P12E 
Zn  =  (A2  -  FNHdfPn  +  HjGTP23 
+  PnDT  +  PnR  ~  PT 

Zu=PuB2  +  kC%\ 

Zn=PnDU  +  PnS-PU 
Zn=PnG-PnFN 

Z22  =  FTP22  +  P22F  -  MTFTP12  -  P21FM 
Z23  =  EtP2 3  -  MTFTPn  +  PnDT  +  P23R 
Z24  —  P21P2 
Z23  =  P21DU  +  P23S 

Z2  6  =  P22G  —  P2\FN  _ 

Zj3 .  rtPs3  +  p33fl + ttdtPi3 + ft  ^ rTr 

234  =  P3lP2 

Z35=P3iDU  +  P33S  +  TtU 

Z36  =  P32G  -  P31FN 
Z44  =  -2A 
255  =  — 727  +  UTU 
Zee  =  ~fP 

Proof:  According  to  the  proof  of  Theorem  1,  we  use  the 
ineoualitv  P2  &  -  v?T<p/«2  >  0  and  the  inequality  from  the 
S? con^on  ont  By  employing  these  inequalities  in  the 

5-procedure,  one  obtains 

j,  _  72(rTr  +  eTf)  +  ^  -  2  ^  -  fcc2 

t 

^  n 


P  =  PT  >  0 


i 

i 

i 

} 


V v) 

f  .wk  1Te.  (0  scaled  version  of  message  signal  sign 

Fig  2  Robust  nonlinear  Hoc  synchronization  of  Chua’s  circuit  :  ^ prefer  mismatch  of  the  master  with  respect  to  the  slave  system  is 

Icos  (0  5f)l  (■  ->  and  scaled  version  of  recovered  meSSag  tg.  _  o  01  The  original  message  is  not  recovered  in  this  case. 

£T,  =  0.001.  (b)  to  a  too  large  parameter  mismatch  ten  -  0.01.  The  ong 


and  by  defining  A  =  diag{A<}: 

0  _  72(rTr  +  (t€)  +  „r„  -  2rnT\(v  -  kC2ed) 

_2V>  <0. 

/v2 


ircino  J,  -  F  P(*  +  tfPtd  and  the  equation  of  the  standard 
representation  ^00)^  this  can  be  wntteh  as  the 
form  CTZC  <  0,  with  <  =  [^d\  P',  *Ji  r<  e’ 
expression  is  negative  for  all  nonzero  C  if  Z  is  negaiv^ 
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Fig.  3.  Static  state  error. feedback  (continued),  (a)  Transmitted  signals  p  which  are  a  linear  transformation  of  the  stale  variables  x  of  the  master  system, 
v. ith  pi  (-),  P2  (-  -),  ;^3  Applying  vector  field  modulation,  the  message  signal  is  invisible  on  the  chaotic  carrier  signal,  (b)  Control  signal  u  applied 
to  the  slave  system  using  full  static  state  error  feedback,  with  ti\  (-),  u-2  (-  -)♦  «3 

4 


V.  Robust.  Nonlinear  Hoc  Synchronization 

In  this  section,  we  explain  how  to  design  the  controllers 
Cs  and  Cd  based  on  the  matrix  inequalities  (18)  and  (20).  In 
nonlinear  Hoc  control  theory  (see  e.g.,  [14],  [30])  a  controller 
for  a  given  nonlinear  plant  is  designed  by  considering  a  supply 


rate  with  finite  L2-gain.  The  optimal  nonlinear  Hoc  control 
law  corresponds  to  the  minimal  achievable  I/2-gain  which 
makes  the  closed-loop  system  dissipative.  The  optimal  solution 
is  characterized  by  means  of  a  Hamilton-Jacobi  inequality 
with  respect  to  a  general  continuously  differentiable  nonlinear 
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feedback  (continued)  Behavior  of  the f  master r  an  d  ^  ofTeTve  sy“em°(cU  Aspect  »  time. 

_  ;(0)  =  [0.1;  0;  0].  (a)  (xi.  x2)  of  the  master  system,  w  t-i.  i\ 


Fig.  4.  Static  state  error  1 
and  initial  condition  x(0) 


storage  function.  On  the  other  hand,  in  our  previous  work  on 
nonlinear  Hoc  synchronization  and  in  the  present  paper, 
consider  a  quadratic  storage  function  which  leads  to  matrix 
inequalities  The  nonlinear  H*  synchronization  problem,  as 
defined  in  [25],  [26],  corresponds  to 


min  7«Ki.itui 
ec,P,  A,-r 


f  Z(9e,  P,  A,  7,  a)  <  o 
|  p  =  PT  >  0,  A  >  0«i. 


where  9C  denotes  the  parameter  vector  of  the  controller :  C. 
or  CA,  i  e.,  *c  =  F(0  ^  =  l^(0j  G(:);.  f  (j’ ^ 

respectively,  where  denotes  a  columnwise  scan  of  a 

matrix.  In  the  robust  nonlinear  Hoc  synchronization  pro  , 
the  parameter  a  is  maximized,  in  order  to  achieve  maximal 
robustness  with  respect  to  parameter  mismatch  between  th 
master-slave  systems,  as  follows  from  (15).  Using  a  penalty 
method  [9]  the  problem  can  be  formulated  as  follows. 


min  7  +  c  -  such  that 

0c,P,A,-r,af  ** 


Z(0C,  P ,  A,  7,  a)  <  0 
P  =  PT  >  0,  A  >  0 


where  c  is  a  positive  real  constant.  In  this  way,  the  influence 
from  the  exogenous  input  on  the  regulated  output  is  minimized^ 
taking  into  account  the  reference  input  (message  ^  *e 
disturbance  signal  e  and  the  parameter  mismatch.  Becaus 
it  is  well-known  from  control  theory  that  perfect  trac  ng 
is  impossible  for  all  possible  reference  input  signal,  bmary 
valued  continuous  time  reference  inputs  r  are  considered  su 
that  the  message  signal  can  be  recovered  from  sign  (J3  e^d) 
T25]  [26]  The  constraint  P  >  0  can  be  eliminated  y  g 
the  parametrization  P  =  QTQ-  The  same  applies  to  A.  In 
practice,  one  solves 

min  7  ■+■  c  -  such  that 

ec,Q,  A,  7.  a  Ot  .. 

Amaxl2(^c,  Q>  A,  7,  a)]  +  6  <  0  (23) 

where  Amax[. }  denotes  the  maximal  eigenvalue  of  a  symmetric 
JZ  a  small  posidve  com«;  Tim  consul  m  ^ 
ferentiable  as  long  as  the  two  largest  eigenvalues  of  Z  do  not 

coincide.  Otherwise  a  generalized  gradient  can  be  define  [ 
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Fig.  5.  Static  state  error  feedback  (continued).  Simulation  of  the  synchronization  scheme  for  the  same  case  as  Fig.  2(a)  but  with  zero  mean  white  Gaussian 
channel  noise  t  with  standard  deviation  0.0001. 


The  optimization  problem  is  nonconvex.  However,  suboptimal 
solutions  yield  satisfactory  results  as  we  will  show  by  an 
example  in  the  following  section. 


VI.  Example:  Chua’s  Circuit 


In  this  section,  we  illustrate  the  robust  nonlinear  Hoo  syn¬ 
chronization  method  on  Chua’s  circuit: 

'  ii  =  a[x 2  -  M^i)] 

i  X2  —  X2  +  X3  (24) 

k X3 = ~bx2 


with  nonlinear  characteristic 


h{x\)  =  +  5  (m0  -  mi)  (|xi  +  1|  -  l^i  -  1|) 

and  parameters  a  —  9,  b  =  14.286,  mo  =  ~  7  ♦  mi  =  7 
in  order  to  obtain  the  double  scroll  attractor  [4],  [5],  -[20]. 
The  nonlinearity  a(xi)  =  \  (l^i  +  1|  -  \xi  -  1|)  (linear 
characteristic  with  saturation)  belongs  to  sector  [0,  1].  Hence, 
Chua’s  circuit  can  be  interpreted  as  a  Lur’e  system  x  - 
Ax  +  Ba{Cx)  where 


A  = 

1 

O  T~l 

i1  J 

C3  ^ 

I 

1 _ 

,B  = 

a(mo  -  mi) 

0 

O 

-0 

1 

O 

_ 1 

0 

a  =  [1  00]. 


(25) 


We  assign  the  double  scroll  behavior  to  the  slave  system  by 
talcing  A2  —  A,  B2  =  Bt  C2  =  C.  The  parameter  mismatch 
is  considered  with  respect  to  this  nominal  slave  system. 

We  first  consider  the  synchronization  scheme  with  full 
static  state  error  feedback  (1).  Cryptographical  aspects  of  this 


scheme  are  discussed  in  [25],  where  Hs  or  an  additional 
multilayer  perceptron  with  square  and  full  rank  interconnection 
matrices  may  be  used  for  the  definition  of  a  secret  key,  used 
by  sender  and  receiver  for  enciphering  and  deciphering.  We 
illustrate  the  working  of  the  scheme  here  for  D  =  [1;  1; 
1],  H8  =  I  and  /?  =  [1;  0;  0].  For  the  reference  model 
Tl  a  first  order  Butterworth  filter  is  chosen  with  cut-off 
frequency  10  Hz.  For  robust  nonlinear  Hoo  synchronization, 
the  nonlinear  optimization  problem  (23)  has  been  solved  with 
c  -  1,  S  =  0.01.  In  order  to  limit  the  control  energy, 
an  additional  constraint  ||0cl|2  £  20  has  been  taken  into 
account.  The  optimization  problem  has  been  solved  using 
sequential  quadratic  programming  [9]  ( constr  in  Matlab).  As 
starting  point  for  the  optimization  problem  a  random  matrix  F , 
generated  according  to  a  normal  distribution  with  zero  mean 
and  variance  0.1,  was  chosen.  Further  we  select  Q  =  /,  A  = 
0.1,  7  =  100,  a  =1.  In  Figs.  2-5,  a  resulting  controller, 
corresponding  to  7  =1.47  and  a  =  6.84,  is  shown.  The 
scheme  has  previously  been  investigated  in  [25]  for  identical 
master-slave  systems.  Fig.  2  shows  the  recovery  for  binary 
valued  continuous  time  reference  inputs  or  message  signals, 
for  nonidentical  master-slave  system.  A  perturbation  of  the 
element  an  of  the  A  matrix  ban  =  0*001  is  taken  for 
the  master  system  with  respect  to  the  nominal  slave  system 
with  A2  =  A,  B2  =  B%  C2  =  C.  For  ban  =  0-01 
the  original  message  cannot  be  recovered.  This  illustrates  a 
difference  between  the  synchronization  scheme  with  reference 
input  (1)  and  its  autonomous  case,  i.e.,  without  a  message 
signal,  considered  in  [27].  In  the  autonomous  case  a  large 
parameter  mismatch  can  be  allowed  such  that  the  systems 


St'YKENS  el  ai:  ROBUST  NONLINEAR  H.  SYNCHRONIZATION 


901 


Fig.  7.  Dynamic  output  feedback  (continued),  (a)  Transmitted  signal  p  which  is  a  linear  combination  of  the  state  variables ;  x,  SyS‘em' 

Applying  vector  field  modulation,  the  message  signal  is  invisible  on  the  chaotic  earner  signal,  (b)  Control  signal  u  applied  to  the  slave  system. 


case  were  done  using  a  Runge— Kutta  integration  rule  [21] 
(ode23  in  Matla$.  Stochastic  systems  have  been  simulated 
using  an  Euler  integration  rule  [17]. 

The  case  of  robust  nonlinear  synchronization  of  Chua’s 
circuit  using  dynamic  output  error  feedback  is  shown  on 
Figs.  6-8.  Cryptographical  issues  of  this  scheme  are  discussed 
in  [26].  The  matrix  Hd,  together  with  parameters  of  Chua’s 
circuit,  can  be  chosen  as  a  key.  In  the  example  here  we 


take  one-dimensional  outputs  p,  q(l  =  1)  with  —  [0.5; 
-0.5;  0],  a  one-dimensional  control  signal  u(m  =  1)  with 
F  =  0  =  [1;  0;  0]  and  D  =  /?  =  [1;  0;  0].  The  same 
low  pass  filter  7Z  was  chosen  as  for  the  static  feedback 
case.  The  optimization  problem  (23)  has  been  solved  for 
c  —  5,  6  —  0.01.  An  additional  constraint  <  60 

is  taken  into  account.  A  third-order  SISO  conSoller  has 
been  selected,  which  turned  out  to  be  the  minimal  order 
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Fig.  8.  Dynamic  output  feedback  (continued).  Simulation  of  the  synchronization  scheme  with  parameter  mismatch  -  0.0001  and  zero  mean  white 
Gaussian  channel  noise  e  with  standard  deviation  0.0001. 


for  achieving  a  good  performance.  As  starting  point  for  the 
optimization  problem,  random  matrices  were  chosen  for  the 
controller  according  to  a  normal  distribution  with  zero  mean 
and  standard  deviation  0.1,  Q  =  /,  A  =  0.1,  7  =  100, 
and  a  =  1.  In  Figs.  6-8,  a  resulting  controller  with  7  = 
26.63  and  a  =  1.59  is  shown.  This  scheme  has  been  investi¬ 
gated  for  identical  master-slave  systems  in  [26].  In  Fig.  6, 
a  perturbation  San  =  0.001  is  considered  for  the  master 
system  with  respect  to  the  slave  system.  Perfect  recovery  is 
obtained  for  binary  valued  continuous  time  reference  inputs, 
but  not  for  a  larger  parameter  mismatch  San  —  0.005.  The 
transmitted  signal  and  control  signal  are  shown  on  Fig.  7. 
Simulations  with  zero  mean  white  Gaussian  channel  noise  with 
standard  deviation  0.0001  and  parameter  mismatch  6an  = 
0.0001  are  shown  on  Fig.  8.  Hence,  the  performance  of 
the  full  static  state  error  feedback  controller  is  better  than 
for  the  dynamic  output  feedback  controller,  while  the  latter 
may  lead  to  a  simpler  implementation  of  the  synchronization 
scheme. 

VII.  Conclusion 

The  influence  of  parameter  mismatch  between  master-slave 
Lur’e  systems  has  been  studied  with  respect  to  the  method 
of  nonlinear  Hoo  synchronization.  By  representing  the  syn¬ 
chronization  schemes  in  standard  plant  form  and  deriving 
conditions  for  dissipativity  with  finite  £2*g&in,  matri* 
equalities  have  been  derived.  Controller  design  based  on 
these  matrix  inequalities  involves  the  solution  of  an  opti¬ 
mization  problem.  The  controller  is  rendered  robust  with 
respect  to  channel  noise  and  parameter  mismatch  between  the 


master-slave  systems.  The  method  further  offers  the  possi¬ 
bility  for  incorporating  channel  models  in  the  scheme.  Both 
full  static  state  error  feedback  and  dynamic  output  error 
feedback  have  been  investigated.  For  the  latter  method  one 
can  transmit  a  single  signal,  which  may  lead  to  a  sim¬ 
pler  implementation  of  the  synchronization  scheme.  The  full 
static  state  feedback  method  on  the  other  hand  has  a  higher 
performance.  This  has  been  illustrated  on  Chua’s  circuit. 
While  in  previous  work  we  have  shown  that  for  the  au¬ 
tonomous  case  a  large  parameter  mismatch  is  tolerated  for 
master-slave  synchronization  of  the  scheme  up  to  a  relatively 
small  synchronization  error,  a  smaller  parameter  mismatch  is 
required  for  adequate  performance  of  the  scheme  with  message 
input. 
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Abstract — In  a  digital  communications  system,  data  is  trans¬ 
mitted  from  one  location  to  another  by  mapping  bit  sequences  to 
symbols,  and  symbols  to  sample  functions  of  analog  waveforms. 
The  analog  waveform  passes  through  a  bandlimited  (possibly 
time-varying)  analog  channel,  where  the  signal  is  distorted  and 
noise  is  added.  In  a  conventional  system  the  analog  sample 
functions  sent  through  the  channel  are  weighted  sums  of  one  or 
more  sinusoids;  in  a  chaotic  communications  system,  the  sample 
functions  are  segments  of  chaotic  waveforms.  At  the  receiver,  the 
symbol  may  be  recovered  by  means  of  coherent  detection,  where 
all  possible  sample  functions  are  known,  or  by  noncoherent  de¬ 
tection,  where  one  or  more  characteristics  of  the  sample  functions 
are  estimated.  In  a  coherent  receiver,  synchronization  is  the  most 
commonly  used  technique  for  recovering  the  sample  functions 
from  the  received  waveform.  These  sample  functions  are  then 
used  as  reference  signals  for  a  correlator.  Synchronization-based 
receivers  have  advantages  over  noncoherent  ones  in  terms  of  noise 
performance  and  bandwidth  efficiency.  These  advantages  are  lost 
if  synchronization  cannot  be  maintained,  for  example,  under  poor 
propagation  conditions.  In  these  circumstances,  communication 
without  synchronization  may  be  preferable.  The  main  aim  of 
this  paper  is  to  provide  a  unified  approach  for  the  analysis  and 
comparison  of  conventional  and  chaotic  communications  systems. 
In  Part  I,  the  operation  of  sinusoidal  communications  techniques 
is  surveyed  in  order  to  clarify  the  role  of  synchronization  and  to 
classify  possible  demodulation  methods  for  chaotic  communica¬ 
tions.  In  Part  II,  chaotic  synchronization  schemes  are  described 
in  detail  and  proposed  chaotic  communications  techniques  are 
summarized.  In  Part  III,  examples  of  chaotic  communications 
schemes  with  and  without  synchronization  are  given,  and  the 
performance  of  these  schemes  is  evaluated  in  the  context  of  noisy, 
bandlimited  channels. 

Index  Terms —  Chaos,  chaotic  communications,  chaotic  syn¬ 
chronization. 
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I.  INTRODUCTION 

HE  observation  by  Pecora  and  Carroll  [1]  that  two  chaotic 
systems  can  be  synchronized  has  generated  tremendous 
interest  in  transmitting  information  from  one  location  to  an¬ 
other  using  a  wideband  chaotic  signal. 

Many  modem  communications  applications,  such  as  mobile 
or  indoor  radio,  are  susceptible  to  multipath  propagation 
effects  arising  from  interaction  between  signals  at  the  receiver 
which  travel  along  different  propagation  paths.  By  contrast 
with  a  conventional  digital  modulation  scheme,  where  the 
transmitted  symbols  are  mapped  to  a  finite  set  of  periodic 
waveform  segments  for  transmission,  every  transmitted  sym¬ 
bol  in  a  chaotic  modulation  scheme  produces  a  different 
nonperiodic  waveform  segment.  Because  the  cross  correla¬ 
tions  between  segments  of  a  chaotic  waveform  are  lower 
than  between  pieces  of  periodic  waveforms,  chaotic  mod¬ 
ulation  ought  to  offer  better  performance  under  multipath 
propagation  conditions.  Thus,  chaotic  modulation  offers  a 
potentially  simple  solution  for  robust  wideband  communica¬ 
tions. 

The  chaotic  communication  schemes  which  have  been  pro¬ 
posed  to  date  have  been  developed  using  heuristic  arguments 
that  make  it  impossible  to  compare  them  with  conventional 
communications  systems.  Using  the  language  of  communica¬ 
tions  theory,  this  paper  extends  the  basis  function  approach 
to  proposed  chaotic  communications  systems  in  order  to 
provide  a  unified  framework  in  which  to  compare  and  contrast 
conventional  and  chaotic  communications  techniques. 

The  principal  difference  between  conventional  and  chaotic 
systems  is  that  segments  of  chaotic  waveforms,  rather  than 
sinusoids,  are  used  as  basis  functions  in  chaotic  communica¬ 
tions.  Because  of  the  nonperiodic  property  of  chaotic  signals, 

-there  is  a  fundamental  difference -between -conventional  und 

chaotic  systems.  The  parameters  of  the  received  chaotic  wave¬ 
form  that  are  required  in  order  to  recover  the  transmitted 
information  must  be  estimated  from  sample  functions  of  finite 
length.  Even  in  the  noise-free  case,  this  estimation  has  a 
nonzero  variance;  therefore,  the  symbol  duration  cannot  be 
reduced  below  a  certain  lower  bound. 

Most  of  the  research  in  the  field  of  chaotic  communications 
to  date  has  assumed  that  the  transmitter  is  connected  to  the 
receiver  by  an  ideal  channel  [2].  Since  the  principal  source 
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Source  decoder 


Source  encoder  _ _  _ _ _ _  _ 

Fig’  |.  Digital  communications  system  showing  source  and  channel  coding,  modulation,  and  channel. 

•  th*  ohnnnpl  given  Finally,  the  performance  of  these  systems  is  evaluated 
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it  is  impossible  to  quantify  the  performance  of  a  chaotic  in  the  context  or  y 

modulation  technique  by  assuming  an  ideal  channel.  A  realistic  r  MT  ,Mir  ATIOns 

channel  model  must  at  least  include  additive  noise  and  linear  II.  Overview  of  Digital  Communica 


filtering.  .  ..  . 

Recent  studies  of  chaotic  synchronization,  where  sigmfican 
noise  and  filtering  are  introduced  in  the  channel,  suggest  that 
synchronization  of  chaos  is  not  yet  sufficiently  robust  for 
practical  applications  in  communications  [3]. 

In  this  three-part  tutorial  paper,  we  explain  the  role  of  syn¬ 
chronization  in  a  digital  communications  system  and  evaluate 
the  performance  of  chaotic  modulation  schemes. 

In  Section  II  of  this  part,  we  describe  the  major  components 
of  a  digital  communications  system  and  show  that  the  primary 
source  of  errors  is  the  analog  channel.  We  explain  why  a 
realistic  channel  model  must  include  at  least  additive  white 
Gaussian  noise  and  band-limiting.  We  review  the  notion  of  bit 
error  rate  as  a  way  of  comparing  digital  modulation  schemes. 

In  Section  III,  we  show  how  a  signal  set  may  be  constructed 
from  a  limited  set  of  orthonormal  basis  functions  and  explain 

the  advantages  of  this  choice. 

In  Section  IV,  we  show  that  the  primary  motivation  tor 
carrier  synchronization  is  to  permit  coherent  detection,  the  ben¬ 
efits  of  which  are  improved  noise  performance  and  bandwidth 

efficiency.  .  . 

Under  poor  propagation  conditions,  where  synchronization 

cannot  be  maintained,  the  advantages  of  coherent  detection 
are  lost.  In  such  circumstances,  a  noncoherent  receiver  offers  a 
more  robust  and  less  complex  solution,  as  shown  in  Section  V. 

The  potential  advantages  of  using  a  chaotic  carrier  signal 
are  explained  in  Section  VI  by  highlighting  the  disadvantages 

“of  narrowband  (sinusoidal)  communications  when  propagation- 

conditions  are  poor. 

In  Part  II  of  the  paper,  we  consider  the  state-of-the-art  in 
synchronization  of  chaotic  systems  in  the  context  of  digital 
communications;  in  addition,  proposed  chaotic  communica¬ 
tions  techniques  are  surveyed. 

In  Part  III,  performance  targets  for  chaotic  communications 
techniques  are  summarized  and  examples  (CSK  with  synchro¬ 
nization,  noncoherent  CSK  and  DCSK  correlation  receiver)  are 


A.  Basic  Structure  of  a  Digital  Communications  System 

Communication  system  theory  is  concerned  with  the  trans¬ 
mission  of  information  from  a  source  to  a  receiver  through  a 
channel  [4],  [5]. 

The  goal  of  a  digital  communications  system,  shown 
schematically  in  Fig.  1,  is  to  convey  information  from  a 
digital  information  source  (such  as  a  computer,  digitize 
speech  or  video,  etc.)  to  a  receiver  as  effectively  as  possible. 
This  is  accomplished  by  mapping  the  digital  information  to 
a  sequence  of  symbols  which  vary  some  properties  of  an 
analog  electromagnetic  wave  called  the  earner.  This  process 
is  called  modulation.  Modulation  is  always  necessary  because 
all  practical  telecommunications  channels  are  bandlimited 
analog  systems  which  cannot  transmit  digital  signals  directly. 

At  the  receiver,  the  signal  to  be  received  is  selected  by  a 
channel  filter,  demodulated,  interpreted,  and  the  information 
is  recovered. 

Conversion  of  the  digital  information  stream  to  an  analog 
signal  for  transmission  may  be  accompanied  by  encryption 
and  coding  to  add  end-to-end  security,  data  compression,  an 
error-correction  capability. 

Built-in  error-correction  capability  is  required  because  rea 
channels  distort  analog  signals  by  a  variety  of  linear  an 
nonlinear  mechanisms:  attenuation,  dispersion,  intersymbol  in¬ 
terference,  intermodulation,  PM/AM  and  AM/PM  conversions, 
noise,  interference,  multipath  effects,  etc. 

-A  channel  encoder  introduces  algorithmic  redundancy  into 
the  transmitted  symbol  sequence  that  can  be  used  to  reduce 
the  probability  of  incorrect  decisions  at  the  receiver. 

Modulation  is  the  process  by  which  a  symbol  is  transformed 
into  an  analog  waveform  that  is  suitable  for  transmission^ 
Common  digital  modulation  schemes  include  amplitude  shift 
keying  (ASK),  phase  shift  keying  (PSK ),  frequency  shift  keying 
(FSK),  continuous  phase  modulation  (CPM),  and  amplitu  e 
phase' keying  (APK),  where  a  one-to-one  correspondence  is 
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established  between  amplitudes,  phases,  frequencies,  phase 
and  phase  transitions,  and  amplitudes  and  phases,  respectively, 
of  a  sinusoidal  carrier  and  the  symbols. 

The  channel  is  the  physical  medium  through  which  the 
information-carrying  analog  waveform  passes  as  it  travels 
between  the  transmitter  and  receiver. 

The  transmitted  signal  is  invariably  corrupted  in  the  channel. 
Hence,  the  receiver  never  receives  exactly  what  was  transmit¬ 
ted.  The  role  of  the  demodulator  in  the  receiver  is -to  produce  - 
from  the  received  corrupted  analog  signal  an  estimate  of  the 
transmitted  symbol  sequence.  The  role  of  the  channel  decoder 
is  to  reconstruct  the  original  bit  stream,  i.e.,  the  information, 
from  the  estimated  symbol  sequence.  Because  of  disturbances 
in  real  communications  channels,  error-free  transmission  is 
never  possible. 

Nonlinear  dynamics  has  potential  applications  in  several  of 
the  building  blocks  of  a  digital  communications  system:  data 
compression,  encryption,  and  modulation  [6].  Data  compres¬ 
sion  and  encryption  are  potentially  reversible,  error-free  digital 
processes.  By  contrast,  the  transmission  of  an  analog  signal 
through  a  channel  and  its  subsequent  interpretation  as  a  stream 
of  digital  data  are  inherently  error-prone. 

In  this  paper,  we  focus  on  the  application  of  chaos  as  a 
modulation  scheme.  In  order  to  compare  the  use  of  a  chaotic 
carrier  signal  with  that  of  a  conventional  sinusoidal  carrier, 
we  must  consider  a  realistic  channel  model  and  quantify  the 
performance  of  each  chaotic  modulation  scheme  using  this 
channel. 

In  this  section,  we  introduce  the  minimum  requirements  for 
a  realistic  channel  model  and  the  performance  measures  by 
which  we  will  compare  conventional  and  chaotic  modulation 
schemes. 

B .  Minimum  Requirements  for  a  Channel  Model 


physical  transmission  channel  (selection) 
medium  filter 


~ Fig~  27  Model  of  an  additive-white-Gaussian-noise  channel  including  the 
frequency  selectivity  of  the  receiver. 


The  simplest  channel  model  that  can  be  justified  when 
evaluating  the  performance  of  a  modulation  scheme  is  shown 
in  Fig.  2.  Note  that  the  channel  filter  is  used  only  to  select  the 
desired  transmission  frequency  band  at  the  receiver  and  not 
to  model  any  frequency  dependence  of  the  physical  transmis¬ 
sion  medium.  If,  in  addition  to  noise  and  attenuation,  other 
nonidealities  of  the  physical  transmission  medium  (such  as 
frequency  dependence,  selective  fading,  interferences,  etc.)  are 
to  be  taken  into  account,  then  these  should  be  included  in  the 
first  block  in  Fig.  2. 

In  the  model  shown  in  Fig.  2,  we  have  assumed  that  the 
received  signal  is  corrupted  by  AWGN.  In  a  real  telecom¬ 
munications  system,  the  noise  may  not  be  exactly  white  or 
Gaussian.  The  reasons  for  assuming  AWGN  are  that 

1)  it  makes  calculations  tractable; 

2)  thermal  noise,  which  is  of  this  form,  is  dominant  in  many 
practical  communications  systems;  and 

3)  experience  has  shown  that  the  relative  performance 
of  different  modulation  schemes  determined  using  the 
AWGN  channel  model  remains  valid  under  real  channel 
conditions,  i.e.,  a  scheme  showing  better  results  than 
another  for  the  AWGN  model  also  performs  better  under 
real  conditions  [4],  [5]. 


The  definition  of  the  telecommunications  channel  depends 
on  the  goal  of  the  analysis  performed.  In  the  strict  sense, 
the  channel  is  the  physical  medium  that  carries  the  signal 
from  the  transmitter  to  the  receiver.  If  the  performance  of 
a  modulation  scheme  has  to  be  evaluated,  then  the  channel 
model  should  contain  everything  from  the  modulator  output 
to  the  demodulator  input.  Even  if  the  physical  medium  can  be 
modeled  by  a  constant  attenuation,  the  following  effects  have 
to  be  taken  into  account: 

1)  In  order  to  get  maximum  power  transfer,  the  input  and 
output  impedances  of  the  circuits  of  a  telecommunica¬ 
tions  system  are  matched.  This  is  why  thermal  noise 
modeled  as  additive  white  Gaussian  noise  (AWGN)1  is 
always  present  at  the  input  to  an  RF  receiver. 

2)  The  bandwidth  of  the  channel  has  to  be  limited  by  a 
so-called  channel  (selection)  filter  in  order  to  suppress 
the  unwanted  input  signals  that  are  always  present  at  the 
input  of  a  radio  receiver  and  that  cause  interference  due 
to  the  nonlinearities  of  the  receiver. 

*The  definition  for  the  Gaussian  process  is  given  in  [4]  and  (7).  The 
autocorrelation  of  white  noise  is  a  Dirac  delta  function  multiplied  by  Ao/2 
and  located  at  7  =  0,  where  No  is  the  power  spectral  density  of  the  noise. 


C.  Performance  Measures 

The  primary  source  of  errors  in  a  digital  communications 
system  is  the  analog  channel.  The  fundamental  problem  of 
digital  communications  is  to  maximize  the  effectiveness  of 
transmission  through  this  channel. 

The  performance  of  a  digital  communications  system  is 
measured  in  terms  of  the  bit  error  rate  (BER)  at  the  receiver. 

-In  general,  this  depends  on  the  coding  scheme,  the  type  of 
waveform  used,  transmitter  power,  channel  characteristics,  and 

-demodulation  scheme. -The  conventional  graphical  representa-- - 

tion  of  performance  in  a  linear  channel  with  AWGN,  depicted  - 
in  Fig.  3,  shows  BER  versus  Eb/NQ ,  where  Eb  is  the  energy 
per  bit  and  No  is  the  power  spectral  density  of  the  noise 
introduced  in  the  channel. 

For  a  given  background  noise  level,  the  BER  may  be 
reduced  by  increasing  the  energy  associated  with  each  bit, 
either  by  transmitting  with  higher  power  or  for  a  longer  period 
per  bit.  The  challenge  in  digital  communications  is  to  achieve 
a  specified  BER  with  minimum  energy  per  bit .  A  further 
consideration  is  bandwidth  efficiency ,  defined  as  the  ratio  of 
data  rate  to  channel  bandwidth  [4]. 
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F,o.  3.  Comparison  of  the  noise  performances  of  digital  modulation 
schemes  From  left  to  right:  coherent  binary  phase  shift  keying  (  • 

£SJ*»  ,m  keying  (long  Sash),  c.haen.  <*»  d»h,  »d 
noncoherent  (dot)  binary  orthogonal  frequency  shift  keying. 


III.  Factors  Affecting  the  Choice 
of  Modulation  Scheme 

For  a  given  BER  and  background  noise  level,  the  main 
goal  in  the  design  of  a  digital  communications  system  is  to 
minimize  the  energy  required  for  the  transmission  of  each 
bit.  The  second  goal  is  the  efficient  utilization  of  channe 
bandwidth.  These  design  requirements  affect  the  choice  of  the 

modulation  scheme  to  be  used. 

While  modulation  is  a  relatively  straightforward  process  ot 
mapping  symbols  to  analog  waveforms  (elements  of  the  so- 
called  “signal  set”)  in  a  deterministic  manner,  demodulation, 
which  is  concerned  with  mapping  samples  of  a  corrupted 
stochastic  analog  signal  back  to  symbols,  is  a  more  difficult 

and  error-prone  task.  . 

In  this  section,  we  consider  ways  of  designing  the  signal 
set  to  maximize  the  bandwidth  efficiency  and  minimize  the 
probability  of  making  incorrect  decisions  at  the  receiver. 

A.  M-ary  Modulation  Schemes  for  Bandwidth  Efficiency 
In  binary  modulation  schemes,  where  the  bit  stream  is 
mapped  to  two  possible  signals,  bandwidth  efficiency  is  poor 
since  the  required  channel  bandwidth  is  proportional  to  the 

bit  rate.  . 

The  bandwidth  efficiency  can  be  improved  by  using  M-ary 

modulation  schemes,  where  the  signal  set  contains  M  possib  e 
signals.  In  almost  all  applications,  the  number  of  possible 
signals  M  is  2",  where  n  is  an  integer.  The  symbol  duration 
is  given,  by  T  =  nTb,  where  Tb  is  the  bit  duration. 

In  conventional  digital  communications  systems,  the  ele¬ 
ments  of  the  signal  set  are  sinusoids,  where,  for  example, 
the  amplitude,  phase  or  frequency  of  the  transmitted  sig¬ 
nal  is  varied  among  M  discrete  values  in  the  case  of  Al¬ 
ary  ASK  (MASK),  M-ary  PSK  (MPSK)  and  M-ary  FSK 
(MFSK),  respectively.  In  M-ary  APK  (MAPK),  of  which 
M-ary  quadrature  amplitude  modulation  (QAM)  [8]  is  an 
example,  both  the  amplitude  and  the  phase  of  the  reference 
sinusoid  are  varied. 


In  M-ary  modulation  schemes,  one  symbol  is  transmitted 
for  every  n  bits  in  the  data  stream.  In  particular,  the  incoming 
bit  stream  is  transformed  into  a  sequence  of  symbols  and 
every  symbol  is  mapped  to  an  element  of  the  signal  set.  Since 
symbols  are  transmitted  once  per  n  bits,  instead  of  once  per  bit, 
the  required  channel  bandwidth  is  proportional  to  the  symbol 
rate  rather  than  the  bit  rate  (except  in  the  case  of  MFSK  [4]), 
and  the  bandwidth  efficiency  is  improved  considerably. 

B.  Orthonormal  Basis  Functions  and  Correlation  Receivers 

A_  coherent  receiver  performs  demodulation  by  comparing 
the  incoming  signal  with  all  elements  of  the  signal  set.  If  a 
linear  AWGN  channel  model  is  assumed,  the  most  effective 
way  to  accomplish  this  is  by  correlating  the  received  signal 
with  every  element  of  the  signal  set  and  selecting  the  one 
with  the  largest  correlation. 

Therefore,  a  coherent  receiver  must  in  principle  know  all 
M  elements  of  the  signal  set.  Since  M  can  be  as  large  as 
256  in  modem  modulation  schemes,  this  seems  like  a  difficult 
task.  However,  the  large  number  of  signals  which  must  e 
known  at  the  receiver  can  be  reduced  by  introducing  the  idea 
of  orthonormal  basis  functions.  _ 

l)  Orthonormal  Basis  Functions:  Let  Si{t),  i  =  L  A 

. .  • ,  M  denote  the  elements  of  the  signal  set.  Our  goal  is  to 
minimize  the  number  of  special  signals,  called  basis  functions, 
that  have  to  be  known  at  the  receiver.  Let  the  elements  of 
the  signal  set  be  represented  as  a  linear  combination  of  A 
real-valued  orthonormal  basis  functions 

9j(t)i  j  =  L  2, 

where 

rT  f  1,  if  i  =  j 

/  9i  (0  9j(t)  dt  =  |  o,  elsewhere. 

Then  the  elements  of  the  signal  set  can  be  expressed  as  a 
linear  combination  of  basis  functions 

*  ro <t<r  m 

Si{t)  =  2J  \  i  =  1,  2,  •  •  • ,  M 

j—  1 

where  A  <  M.  In  conventional  digital  telecommunications 
systems,  sinusoidal  basis  functions  are  used;  the  most  common 
situation  involves  a  quadrature  pair  of  sinusoids. 

2)  Signal  Set  Generation:  The  coefficient  Sij  in  (1)  may 

be  thought  of  as  the  jth  element  of  an  A -dimensional  signal 
vector  Si.  The  incoming  bit  stream  is  first  transformed  into 

a  symbol  sequence;  the  elements  of  the  signal  vector  are 

then  determined  from  the  symbols.  The  signals  st(f)  to  be 
transmitted  are  generated  as  a  weighted  sum  of  basis  functions, 
as  given  by  (1). 

3)  Recovery  of  the  Signal  Vector  by  Correlation:  Because 
the  basis  functions  are  orthonormal,  the  elements  of  the  signa 
vector  can  be  recovered  from  the  elements  of  the  signal  set, 
i.e.,  from  the  received  signal,  if  every  basis  function  is  known 
in  the  receiver.  In  particular 

rT  fi  =  1,  2,  M  m 

Sii  =  J  Si(t)gj(t)dt,  |j  =  lt2i...f  A.  (2) 
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Fic.  4.  Block  diagram  of  correlation  receiver  for  A’  =  2. 


Thus,  a  demodulator  consists  of  a  bank  of  N  correlators, 
each  of  which  recovers  the  weight  Sij  of  basis  function 
Qj(f).  Since  there  exists  a  one-to-one  mapping  between  signal 
vectors  and  symbols,  the  transmitted  symbols  can  be  recovered 
by  post-processing  the  outputs  of  the  correlators,  and  the 
demodulated  bit  stream  can  thus  be  regenerated. 

C.  Orthonormal  Basis  Functions  for  Bandwidth  Efficiency 

The  main  advantage  of  using  orthonormal  basis  functions 
is  that  a  huge  signal  set  can  be  generated  from  a  small 
number  of  basis  functions.  Typically,  a  pair  of  quadrature 
sinusoidal  signals  (a  cosine  and  a  sine)  is  used  as  the  set 
of  basis  functions.  Since  quadrature  sinusoidal  signals  can 
be  generated  using  a  simple  phase  shifter,  it  is  sufficient 
to  know  (or  recover)  only  one  sinusoidal  signal  in  the  re¬ 
ceiver. 

An  example  showing  modulator  and  demodulator  circuits 
for  binary  PSK  (BPSK)  is  given  in  Section  V-A. 

IV.  Detection  of  a  Single  Symbol  in  Noise: 
the  Basic  Receiver  Configurations 

The  receiver  must  recognize  the  symbols  sent  via  the 
channel  in  order  to  recover  the  information  which  has  been 
transmitted.  For  the  sake  of  simplicity,  only  the  detection  of  a 
single  isolated  symbol  is  considered  in  this  section,  the  effect 
of  intersymbol  interference  (ISI),  i.e.,  the  interference  between 
successive  symbols  is  neglected  [9]. 

Our  goal  is  to  minimize  the  average  probability  of  symbol 
errors,  i.e.,  to  develop  an  optimum  receiver  configuration.  For 
an  AWGN  channel  and  for  the  case  when  all  symbols  to 
be  transmitted  are  equally  likely,  maximum  likelihood  (ML) 
detection  has  to  be  used  in  order  to  get  an  optimum  receiver 
18 J.  The  ML  detection  method  can  be  implemented  by  either 
correlation  or  matched  filter  receivers  [4]. 

In  this  section,  we  demonstrate  the  connection  between 
correlation  and  matched  filter  receivers,  and  consider  the 
relative  merits  of  coherent  and  noncoherent  detection.  , 


A.  Correlation  and  Matched  Filter  Receivers 

1)  Correlation  Receiver:  Equation  (2)  shows  how  the  sig¬ 
nal  vector  can  be  recovered  from  a  received  signal  by  correla¬ 
tors  if  the  basis  functions  gj(t)  are  orthonormal  and  are  known 
at  the  receiver.  Note  that,  in  addition  to  the  basis  functions, 
both  the  symbol  duration  T  and  the  initial  time  instant  of 
symbol  transmission  have  to  be  known  at  the  receiver.  The 
latter  data  are  called  timing  information.  The  idea  suggested 
by  (2)  is  exploited  in  the  correlation  receiver  shown  in  Fig.  4. 

In  any  practical  telecommunications  system,  the  received 
signal  is  corrupted  by  noise,  i.e.,  the  input  to  each  of  the 
correlators  is  the  sum  of  the  transmitted  signal  Si(t)  and 
a  sample  function  n(t)  of  a  zero-mean,  stationary,  white, 
Gaussian  noise  process.  The  elements  of  the  signal  vector 
can  still  be  estimated  using  correlators,  although  the  estimates 
may  differ  from  their  nominal  values,  due  to  corruption  in  the 
channel. 

The  outputs  of  the  correlators,  called  the  observation  vector , 
are  the  inputs  of  a  decision  circuit.  The  decision  circuit  applies 
the  ML  detection  method,  i.e.,  it  chooses  the  signal  vector 
from  among  all  the  possibilities  that  is  the  closest  to  the 
observation  vector.  Estimates  of  the  symbols  are  determined 
from  the  signal  vector  and  finally  the  demodulated  bit  stream 
is  recovered  from  the  estimated  symbol  sequence. 

Note  that  in  a  correlation  receiver  all  the  basis  functions  and 
the  timing  information  are  required;  these  must  be  recovered 
from  the  (noisy)  received  signal. 

2)  Matched  Filter  Receiver:  The  observation  vector  can  be 
also  generated  by  a  set  of  matched  filters  [4].  In  a  matched 
filter  receiver  a  bank  of  matched  filters  is  substituted  for 
the  correlators  in  Fig.  4.  In  this  case  the  basis  functions  are 
stored  locally  as  the  impulse  responses  of  the  matched  filters, 
i.e.,  only  the  timing  information  must  be  recovered  Tfom  the 
received  signal. 

B.  Coherent  and  Noncoherent  Receivers 

/ )  Coherent  Receivers:  Receivers  in  which  exact  copies  of 
all  the  basis  functions  are  known  are  called  coherent  receivers. 


In  practice,  coherent  correlation  receivers  are  used  almost 
exclusively  to  demodulate  ASK,  PSK,  and  its  special  case 
of  quadrature  phase  shift  keying  (QPSK),  MPSK,  and  M-ary 
QAM  (MQAM)  signals. 

The  required  impulse  response  of  a  matched  filter  can  at  best 
be  approximated  by  a  physically  realizable  analog  filter.  Any 
deviation  from  the  ideal  impulse  response  results  in  a  large 
degradation  of  performance.  Therefore,  coherent  matched  filter 
receivers  are  not  used  in  radio  communications. 

2)  Noncoherent  Receivers:  In  applications  where  the  prop¬ 
agation  conditions  are  poor,  the  basis  functions  gj{t)  cannot 
be  recovered  from- the  received  signal  In  these  casesr  the 
conventional  solution  is  to  use  MFSK  (M  >  2)  modulation 

and  a  noncoherent  receiver. - - 

The  basis  functions  gj(t)  or  the  elements  Si(t)  of  the 
signal  set  are  not  known  in  a  noncoherent  receiver,  but  one 
or  more  robust  characteristics  of  i  =  1,  2,  M 

can  be  determined.  Demodulation  is  performed  by  evalu¬ 
ating  one  or  more  selected  characteristics  of  the  received 

signal.  . 

For  example,  M  different  signaling  frequencies  are  used  in 

MFSK.  In  a  noncoherent  FSK  receiver,  a  bank  of  bandpass  fil¬ 
ters  is  applied  to  recognize  the  different  signaling  frequencies. 
The  observation  vector  is  generated  by  envelope  detectors  and 
the  decision  circuit  simply  selects  the  “largest”  element  of  the 
observation  vector  [4]. 

C.  Relative  Merits  of  Coherent  and  Noncoherent  Receivers 

It  is  often  claimed  that  the  main  advantage  of  coherent 
receivers  over  noncoherent  ones  is  that  their  performance  in 
the  presence  of  additive  noise  in  the  channel  is  better  than 
that  of  their  noncoherent  counterparts.  Let  us  estimate  the  size 
of  this  advantage  for  the  selected  application  domain:  digital 
communications. 

In  a  practical  digital  communications  system,  communica¬ 
tion  is  not  possible  if  the  BER  becomes  worse  than  10 
or  10“2  so  we  only  consider  operation  below  this  range. 
For  example,  the  average  value  of  “raw”  BER  for  terrestrial 
microwave  radio  systems  varies  from  10  7  to  10  ;  with  error 

correction,  this  can  be  reduced  to  below  10  9  [9]. 

The  noise  performance  of  coherent  and  noncoherent  binary 
FSK  receivers  is  shown  in  Fig.  3.  At  Eb/No  =  10  *  the 

Eb/No  required  by  the  noncoherent  FSK  receiver  is  only 
1.6  dB  greater  than  the  corresponding  value  for  the  coherent 
one.  Moreover,  at  high  values  of  Eb/No,  noncoherent  FSK 
receivers  perform  almost  as  well  as  coherent  ones  for  the 

same  Eb/No-  .... 

- The  real  advantage  of  the  coherent  technique  is  that  huge 

signal  sets  can  be  generated  by  means  of  very  few  orthonormal 
basis  functions.  For  example,  in  terrestrial  digital  microwave 
radio  systems,  256  signals  are  typically  generated  using  a  pair 
of  quadrature  sinusoidal  signals.  This  huge  signal  set  results 
in  excellent  bandwidth  efficiency.  Moreover,  the  receiver  must 
recover  just  one  sinusoidal  signal  from  the  incoming  signal. 

For  their  part,  noncoherent  techniques  offer  two  advantages 
over  coherent  detection: 


1)  When  propagation  conditions  are  poor ,  the  basis  func¬ 
tions  cannot  be  recovered  from  the  received  signal  A 
because  ri(t)  differs  too  much  from  s;(f).  In  this  case,  f 
a  noncoherent  receiver  is  the  only  possible  solution. 

2)  Noncoherent  receivers  can,  in  principle,  be  implemented  . 
with  very  simple  circuitry,  because  the  basis  functions  do 

"not  need  to  be  recovered.  '  ~~~  j 

V.  The  Role  of  Synchronization  j 

in  Digital  Communications  | 

In  this  section,  we  consider  two  fundamental  synchroniza¬ 
tion  problems:  timing  recovery,  which  is  an  essential  part 
of  digital  communications,  and  carrier  recovery,  which  is 
necessary  only  for  coherent  detection.  We  illustrate  these 
issues  in  the  context  of  BPSK. 

A.  Example:  Coherent  Detection  of  BPSK 

The  block  diagram  of  a  coherent  BPSK  transceiver  can  be 
developed  from  (1)  and  Fig.  4.  As  shown  in  Fig.  5,  the  most 
important  operations  performed  in  the  receiver  are 

1)  recovery  of  the  basis  function  <h(f)  and  tinlinS  infor' 
mation; 

2)  determination  of  the  elements  ztj  of  the  observation 
vector;  and 

3)  decision  making. 

In  the  case  of  BPSK,  two  symbols  are  used  to  transmit  the 
bit  stream  bk.  Thus,  the  signal  set  contains  two  sinusoidal 
signals  5i(i)  and  s2(t).  The  binary  symbols  0  and  1  are 
mapped  to  the  signals 

si(t)  =  y^Y  c°sM) 
and 

S2(t)  =  ~  ]j "jT  cos  iuct) 

respectively,  where  0  <  t  <  T,  T  =  If.  and  Eb  is  the 
transmitted  energy  per  bit. 

To  simplify  the  recovery  of  the  basis  function,  each  trans¬ 
mitted  symbol  is  designed  to  contain  an  integral  number  of 
cycles  of  the  sinusoidal  carrier  wave.  Given  that  there  is  just 
one  basis  function  of  unit  energy 

9l{t)  =  yl ^cosM),  0  <t<T 
we  recover  the  elements  of  the  signal  vector  from  (2)  as 
_  -Sii  —  ■sr\/~Eb 


and 

S21  =  —\fEb- 

Let  us  assume  equally  likely  symbols;  then  ML  detection 
yields  an  optimum  receiver  [8].  The  decision  rule  is  simp  y  to 
make  the  decision  in  favor  of  symbol  0  if  the  received  signal  is 
“closer”  to  si(f),  i.e.,  if  the  output  of  the  correlator  is  greater 
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Decision 


Fig.  5.  Block  diagram  of  a  coherent  BPSK  receiver. 


than  zero  at  the  decision  time  instant.  If  the  observation  signal 
zn  is  less  than  zero,  then  the  receiver  decides  that  a  symbol 
1  has  been  transmitted.  The  decision  circuit  is  simply  a  level 
comparator  with  zero  threshold. 

B.  Carrier  Recovery  and  Timing  Recovery 

1 )  Carrier  Recovery  and  the  Need  for  Synchronization  in 
Coherent  Detection:  In  general,  coherent  reception  requires 
knowledge  of  the  basis  functions  at  the  receiver.  Because 
matched  filter  receivers  cannot  be  implemented  in  the  analog 
signal  domain,  only  correlation  receivers  can  be  used  for  co¬ 
herent  detection,  and  synchronization  must  be  used  to  recover 
the  basis  functions. 

In  the  special  case  of  sinusoidal  basis  functions,  knowledge 
of  both  the  frequency  and  phase  of  a  carrier  is  required.  The 
basis  functions  are  typically  recovered  from  the  received  noisy 
signal  by  means  of  a  suppressed  carrier  phase-locked  loop 
(PLL).  In  conventional  systems,  estimation  of  the  frequency 
and  phase  of  the  carrier  is  called  carrier  recovery  [9]. 

2 )  Timing  Recovery  and  the  Need  for  Symbol  Synchroniza¬ 
tion  in  Digital  Communications:  A  second  and  more  impor¬ 
tant  type  of  synchronization  also  arises  in  digital  communi¬ 
cations.  In  any  practical  system,  not  only  an  isolated  single 
symbol,  but  a  sequence  of  symbols,  has  to  be  transmitted. 
To  perform  demodulation,  the  receiver  has  to  know  precisely 
the  time  instants  at  which  the  modulation  can  change  its 
state.  That  is,  it  has  to  know  the  start  and  stop  times  of  the 
individual  symbols  in  order  to  assign  the  decision  time  instants 
and  to  determine  the  time  instants  when  the  initial  conditions 
of  the  correlators  have  to  be  reset  to  zero  in  the  receiver. 
Determination  of  these  time  instants  is  called  timing  recovery 
or  symbol  synchronization. 

In  contrast  with  carrier  recovery,  which  is  an  optional  step 
that  is  required  only  by  coherent  receivers,  timing  recovery  is 
a  necessary  function  in  digital  communications.  The  decision 
times  at  the  receiver  must  be  aligned  in  time  (synchronized) 
with  those  corresponding  to  the  ends  of  symbol  intervals  T 
at  the  transmitter.  Symbol  synchronization  must  be  achieved 


as  soon  as  possible  after  transmission  begins,  and  must  be 
maintained  throughout  the  transmission. 

This  paper  is  aimed  at  providing  a  clear  exposition  of  the 
important  issues  in  both  conventional  and  chaotic  modula¬ 
tion/demodulation  techniques.  Although  symbol  synchroniza¬ 
tion  has  to  be  solved  in  every  digital  communications  system, 
it  belongs  to  the  decision  circuit  and  not  to  the  demodulation 
process.  Therefore,  the  details  of  the  timing  recovery  problem 
are  not  discussed  in  this  paper.  The  interested  reader  can  find 
excellent  expositions  of  timing  recovery  in  [8]  and  [11],  for 
example. 

In  the  next  section,  we  discuss  the  advantages  and  disad¬ 
vantages  of  synchronization  for  basis  function  recovery  in 
coherent  receivers. 


C.  Advantages  and  Disadvantages  of  Synchronization 

The  main  advantage  of  synchronization  is  that  it  makes  the 
implementation  of  coherent  receivers  possible.  As  mentioned 
in  Section  IV-C,  the  most  significant  feature  of  a  coherent  re¬ 
ceiver  when  used  with  a  sinusoidal  carrier  is  that  by  recovering 
just  one  signal,  the  carrier,  (and  regenerating  the  quadrature 
basis  function  by  means  of  a  simple  phase-shifter)  a  pair  of 
orthonormal  basis  functions  can  be  generated  and  therefore 
a  huge  signal  set  can  be  used  (256-QAM,  for  example). 
In  addition,  a  coherent  receiver  has  marginally  better  noise 

performance  than  its  noncoherent  counterpart. - 

-  .However,  there  .are.. significant  eosts -associated  with  syn¬ 
chronization,  in  terms  of  synchronization  time,  circuit  com¬ 
plexity,  and  severe  penalties  associated  with  loss  of  synchro¬ 
nization.  In  this  section,  we  discuss  these  issues.  — 

1)  Costs  Associated  with  Achieving  Synchronization  in  a 
Coherent  Receiver:  In  conventional  digital  communications 
systems,  various  types  of  PLL’s  are  used  to  perform  synchro¬ 
nization  [10]. 

Two  basic  operation  modes  have  to  be  distinguished  for 
a  PLL.  Under  normal  operating  conditions,  the  phase-locked 
condition  has  been  achieved  and  is  maintained.  The  PLL 
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simply  follows  the  phase  of  an  incoming  signal;  this  is  called 

^  Before  XThase-locked  condition  ^ qu^d 

operates  in  a  highly  nonlinear  capture  mode.  The  time  requ 
to  the  PLL  to  achieve  the  phase-locked  condition  is  called  h^ 
Dull  in  time  The  transient  time,  which  is  associa 
3*iug  mode,  is  always significantly  shorter  Han  the  pul  - 


In  a  digital  communications  system  where  to  sy®*™™ 
to  is  lost  at  the  beginning  of  cent  new 

-symbol-can  be.  estimated  from  the  noisyreceived  s,gnnJ  al 

iter  me  basis  functions  have  been  recovered  i.e  only  after  ^ 
the  chase-locked  condition  has  been  achieved.  ’  th 

t  t&frou  time  associated  with  each  bh  ,  me  sum  0 

the  pull-in  time  and  the  estimation  time_  fa  P^1C  ’  1  *  C1 

pull-in  time  results  in  a  very  low  ti 

synchronization  is  always  maintained  in  the  earner  rec  ry  ^ 
dreuits  of  conventional  digital  communications  systems.  & 

2,  Penalties  far  Ming  -n  Acbicve  , 

Coherent  Receiver:  The  ^  ^The  received  signal  is  c 
relation  receiver  is  shown  in  Fig.  -  *  r 

basi^fiinctimt^'ln  conventional  receivers,  the  varimtce  of  tins 

Indecisions.  depends  on  the  mean  value  and  «c  o 

estimation.  The  main  disadvantage  of 

from  the  sensitivity  of  noise  performance  to  the  goodnes 

rtf  recovery  of  the  basis  functions. 

The  most  serious  problem  is  caused  by  the  sl*s 

PLL's  used  for  recovering  a  suppressed  earner  Due  to  h 

h”h  probability  due  to  the tL^hS 

^  cycles  with  res^t 
,0  the  reference  phase.  Every  cycle  slip .“polity 

S’,  ~in 

noise  power.  This  phenomenon  results  in  a  large  degra  an 

in  MESS  transmission  medium  can  be  character- 
to  pure  actuation,  a  small  enor  in  the  phase  of  -he 
recovered  earner  may  be  present  due  to  nonideal  propem  s  of 
-■  me  synchronization  circuit.  This  error  generally  causes  a  l  g 
Sedation  in  the  noise  perfotmance  of  a  coherent  recetver 

^  A  real  telecommunications  channel  always  causes  som 
transfomtation  of  the  basis  functions.  This  ^hfrmj  espe¬ 
cially  hard  to  overcome  mc°herenl  r“"  chanuel 

functions.  This  can  be  accomplished  only  by  means  o 


k  h  pi  I  circuit  However,  in  this  case  the  recovered  basis 

BsnSS  3  mSScrpassed  by  the  channei  filter 
values.  This  aiso  results  in  performance 

'^etuictem^m  cStemm  receivers  exploiting  syn- 

uo  .e  ..  oxtt>  jc  iow  the  propagation  conditions 

performance  if  the  SNR  is  ow,  me  v  vb 
F  the*  nrnnerties  of  the  channel  are  time-varying, 

^^probability  of  deep  fading  is  relatively  ht^  ta  the* 
cases,  a  more  robust  modulation  scheme  such  as  FSK  with 

TSrSranTgforatherent  receiver  from  an 
implementation  point  of  view  is  that  it  generally  reqmres  more 
complicated  circuitry  than  its  noncoherent  counterpart. 


VI  why  Use  a  Chaotic  Carrier? 

In  the  previous  sections,  we  have  shown  that  the  use  of 
sinusoidal  ^f.  “  ^ f 

S3otr.S"Ss  functions  can  be  rcconsuucted  c»ly 
which  uses  power  is 

over  narrow  frequency  bands.  This  means  t 
may  become  very  low  or  even  a  dropout  may  <k«r 
in  a  narrowband  communications  system.  L 
results  in  symbol  errors  due  to  the  cycle  slips  m  the 
carrier  recovery  circuit.  The  extremely  itt&  — ® 
causes  not  only  a  dropout  in  reception,  but  also  loss  o 
synchronization.  Recall  that  when  synchronization  is  los 
in  a  dherent  receiver,  all  symbols  transmitted  during  .be 
pull-in  time  of  the  receiver’s  synchronization  circu.  n 

2)  Duetto0  the1  high  transmitted  power  spectral  density 
narrowband  communications  cause  high  eve  s  of  in 
;r:tth  oto  users.  Therefore,  they  are  not  suitabl 
for  unlicensed  radio  applications. 

3)  Narrowband  signals  are  sensitive  to  narrow 

ference. 
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4)  Because  of  the  high  transmitted  power  spectral  density, 
the  probability  of  interception  of  narrowband  communi¬ 
cations  is  high. 

5)  The  reception  of  messages  by  an  unauthorized  receiver 
is  very  simple  because  limited  a  priori  knowledge  is 
required  for  demodulation. 

The  difficulties  summarized  above  can  be  overcome  by 
using  spread-spectrum  (SS)  techniques,  where,  in  addition  to 
a  conventional  digital  modulation  scheme,  a  pseudorandom 
spreading  sequence  is  used  to  spread  the  spectrum  of  the  trans¬ 
mitted  signal  [14].  The  benefits  of  spreading  can  be  achieved 
only  if  the  pseudorandom  sequences  in  the  transmitter  and 
receiver  are  synchronized . 

Spread-spectrum  communications  using  spreading  se¬ 
quences  has  two  major  disadvantages:  it  is  not  possible  to 
achieve  and  maintain  synchronization  under  poor  propagation 
conditions,  and  the  spreading  and  despreading  processes 
require  additional  circuitry. 

Chaotic  signals  are  wideband  signals  that  can  be  generated 
using  very  simple  circuitry.  A  potentially  cost-effective  so¬ 
lution  for  wideband  communications  is  to  use  a  wideband 
chaotic  carrier.  In  this  approach,  sample  functions  of  chaotic 
waveforms  are  used  as  basis  functions  or  as  the  elements  of 
the  signal  set. 

VII.  Concluding  Remarks 

Much  of  the  recent  research  in  chaotic  communications  has 
focused  on  synchronization.  Our  objectives  in  this  paper  are 

1 )  to  provide  a  theoretical  context  in  which  the  performance 
of  modulation  schemes  based  on  chaotic  synchronization 
can  be  evaluated; 

2)  to  develop  a  unified  framework  for  discussing  and 
comparing  conventional  and  chaotic  communications 
systems;  and 

3)  to  highlight  the  special  problems  that  arise  when  chaotic 
basis  functions  are  used. 

In  Section  II,  we  described  the  major  components  of  a 
digital  communications  system  and  emphasized  that  the  pri¬ 
mary  source  of  errors  is  the  analog  channel.  We  identified  the 
minimum  requirements  for  a  realistic  channel  model  (additive 
white  Gaussian  noise  and  band-limiting)  and  illustrated  the 
performance  measures  by  which  modulation  schemes  are 
judged. 

The  signal  set  in  a  conventional  digital  communications 
system  is  constructed  from  orthonormal  sinusoidal  basis  func¬ 
tions.  In  Section  III,  we  explained  the  advantages  of  this 
choice  in  terms  of  bandwidth  efficiency  and  easy  recovery 
of  basis  functions. 

In  Section  IV,  we  demonstrated  the  equivalence  of  corre¬ 
lation  and  matched  filter  receivers  and  explained  the  ideas  of 
coherent  and  noncoherent  detection.  The  primary  motivation 
for  carrier  synchronization  is  to  permit  coherent  detection. 
Coherent  detection,  in  turn,  offers  greater  potential  bandwidth 
efficiency. 

Under  poor  propagation  conditions,  where  synchronization 
cannot  be  maintained,  the  advantages  of  coherent  detection 


are  lost.  In  such  circumstances,  a  noncoherent  receiver  offers 
a  more  robust  and  less  complex  solution. 

Synchronization  can  be  exploited  in  two  ways  in  a  digi¬ 
tal  communications  system.  Synchronization  is  required  for 
timing  recovery  to  establish  the  starts  and  ends  of  symbols 
in  the  transmitted  sequence.  If  coherent  detection  is  used, 
synchronization  is  also  required  to  recover  the  earner,  typically 
by  means  of  a  PLL.  In  Section  V,  we  showed  when  and  how 
coherent  detection  fails:  . . 

We  motivated  the  use  of  a  chaotic  carrier  signal  in 
Section  VI  by  highlighting  the  disadvantages  of  narrowband 
communications  when  propagation  conditions  are  poor. 

In  Part  II  of  the  paper,  we  consider  the  state-of-the-art  in 
synchronization  of  chaotic  systems  in  the  context  of  digital 
communications,  and  current  chaotic  communications  tech¬ 
niques  are  surveyed. 

In  Part  III,  performance  targets  for  chaotic  communications 
techniques  are  summarized  and  examples  (CSK  with  synchro¬ 
nization,  noncoherent  CSK  and  DCSK  correlation  receiver)  are 
given.  Finally,  the  performance  of  these  systems  is  evaluated 
in  the  context  of  a  noisy  and  bandlimited  channel. 
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Synchronization  of  Chaotic  Systems 
Using  Phase  Control 

Alexander  Volkovskii 


Abstract — Synchronization  of  chaotic  systems  by  control  using 
a  phase  feedback  loop  is  investigated.  Suggested  algorithm  of 
synchronization  can  be  used  both  for  discrete  time  and  for 
continuous  time  systems.  Due  to  similarity  to  the  usual  phase  lock 
loop,  this  method  allows  to  generalize  the  majority  of  applications 
of  phase  lock>in  for  chaotic  systems. 

Index  Terms — Chaos,  control,  phase  lock-in,  synchronization. 
I.  Introduction 

YNCHRONIZATION  OF  chaotic  systems  has  become 
an  attractive  field  for  research  activities  in  recent  years. 
Spread  spectrum  communications  [l]-[4]  nondestructive  test¬ 
ing,  failure  monitoring,  and  system  identification  [5],  have 
been  proposed  as  potential  applications  of  chaotic  synchroniza¬ 
tion  and  motivate  further  studies.  Many  methods  suggested  for 
synchronization  and  repeatedly  tested  on  various  dynamical 
systems  can  be  divided  in  two  groups.  Passive  ones,  based 
on  coupling  [6],  [7],  threshold  lock-in  [8],  and  synchronous 
chaotic  response  [9],  are  simple  and  robust,  but  unable  to 
track  an  inevitable  in  experiments  drift  of  parameters.  From 
this  point  of  view,  the  active  synchronization  using  control  of 
systems  parameters  [3],  [10]— [14]  seems  to  be  preferable. 

In  most  of  these  studies,  the  concept  of  synchronization  of 
two  m-dimensional  chaotic  systems 

Eh  =  Ffc  (Xly  '  '  *  ,  £m), 

Vk  =Fk(yi,  •••,  2/rn),  k  =  l,2, 

is  based  on  the  existence  of  the  identical  solutions:  Xi(t)  = 

J however  a  few  attempts  to  describe  synchronization 
of  nonidentical  chaotic  systems  have  also  been  undertaken 
[1 S]— [17].  Another  kind  of  chaotic  oscillations  that  should 
be  naturally  considered  as  synchronous  can  be  achieved  if 
the  systems  outputs  are  shifted  in  time:  Xi{t  -  f0)  = 
to  —  const.  This  situation  is  quite  usual  for  periodic  systems 
synchronized  by  phase  lock  loops  (PLL).  The  main  feature  of 
synchronization  in  periodic  case  is  that  a  control  parameter 
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(period)  is  just  a  time  scaling  factor,  and  variations  of  it 
do  not  change  the  dynamics  of  the  adjusting  oscillator.  In 
this  paper,  we  show  that  the  same  principle  can  be  -used 
for  synchronization  of  chaotic  systems  and  demonstrate  by 
computer  simulation  that  a  broad  versatility  of  applications 
of  PLL  (in-phase  and  anti-phase  synchronization,  frequency, 
phase  and  phase  shift  key-in  modulation  and  demodulation, 
etc.)  can  be  generalized  on  chaotic  signals. 

II.  SYNCHRONIZATION  BY  PHASE  CONTROL 

The  basic  idea  of  phase  synchronization  is  to  control  a 
time  scale  parameter  ra  of  adjusting  system  (we  use  upper 
and  upper  “a”  indexes  for  leading  and  adjusting  sys¬ 
tems  correspondently)  in  order  to  keep  a  constant  value  of 
the  phase  (time)  shift  between  the  oscillations,  but  suppose 
first  that  the  time  scale  parameters  are  identical:  rl  =  ra. 
In  this  case  synchronization  can  be  achieved  by  control  of 
other  parameters  pf  using  error  signals  detected  on  (ra  -  1)- 
dimensional  Poincare  cross  sections  Tl  and  Ta  in  the  phase 
subspaces  of  leading  and  adjusting  systems.  One  of  the  most 
general  method  of  this  synchronization  is  based  on  the  Ott, 
Grebogi,  Yorke  “controlling  chaos”  (OGY)  [18]  and  has 
been  applied  for  synchronization  of  2-d  maps  [10].  Two 
other  methods  of  controlling  chaos — occasional  proportional 
feedback  [19]  and  adaptive  parametric  control  [20],  can  be  also 
used  here.  As  a  result  of  control,  the  trajectories  of  leading 
and  adjusting  systems  (on  Tl  and  Ta  surfaces)  converge  to 
become  identical.  However,  this  synchronism  is  extremely 
sensitive  to  perturbations  of  the  time  scale  parameters.  Any 
(even  small)  detunings  At  =  r*  -ra  will  result  in  a  difference 
of  the  time  moments  tl(n)  and  tu(n)  when  trajectories  cross 
the  Fl  and  Fa  surfaces.  Thus,  two  identical  in  the  phase 
subspaces  Trajectories  Avill  diverge  in  time.  This 'seems  to  be 
the  reason  why  synchronization  using  OGY  control  has  not 
been  realized  in  experiments  with  autonomous  continuous  time 
chaotic  systems. -Experimental -results  presented  in  [11],  [12] 
have  been  achieved  on  two  nonlinear  resonators  externally 
driven  by  synchronous  sinusoidal  signals.  In  this  case,  time 
scale  parameters  are  determined  by  the  period  of  the  driving 
signal  and  can  be  exactly  the  same:  rl  =  ra. 

““To  realize  synchronization  by  “controlling  chaos”  In T more 
general  case,  the  time  dependence  of  parameters  should  be 
taken  into  account,  and  the  phase  space  should  be  augmented 
by  time  coordinate.  From  a  variety  of  possibilities  to  choose 
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t  -  loop 


x-loop 


Suppose  the  tinie  intervals  between  two  intersections  of  T' 
and  ra  surfaces  tl(n)  —  tl(n  —  1)  and  ta(n)  —  ta(n  —  1)  are 
functions  of  phase  variables  and  systems  parameters 

f'(n)  -  tl(n  -  1)  =TlT[xlk(n  -  1),  p|] 
ta(n)  -  f“(n  -  1)  =Ta(n  -  l)T[xak(n  -  1),  pf(n  -  1)]. 

Then  taking  into  account  (1),  we  obtain  the  following  lin¬ 
earized  evolution  equation  for  the  time  shift  A t(n): 

At(n)=At(n  -  1)  +  T[xlk(n  -  1),  p']  . 

•  (Ar(0)  —  <t>[At(n  —  1)]} 

+  t1(t'xax  +  t;ap)  (2) 


Fig.  1.  Schematic  illustration  of  the  x-r  control  scheme. 

cross  sections  in  this  (2m  +  l)-dimensional  phase  space  two 
can  be  specified.  The  first  one  is  t  =  t0  +  An,  A  >  0, 
n  =  0,  1,  2,  •  •  •  (shift  mapping).  A  control  strategy  on  this 
map  can  be  described  as  “to  bring  together  trajectories  at 
the  same  time  moments.”  The  limit  A  -+  0  leads  to  the 
continuous  feedback  control.  The  second  is  the  Poincare 
cross  sections  T'  and  Ta  in  the  phase  subspaces  of  leading 
and  adjusting  systems  supplemented  by  time.  The  feature 
of  this  choice  is  that  it  requires  to  measure  only  2(m  -  1) 
Values  of  phase  variables  (instead  of  2m)  and  time  moments 
when  trajectories  cross  T1  and  Ta.  This  can  be  essential  if 
some  phase  variables  are  not  accessible  and  time-delayed 
coordinates  (in  application  to  control  see  [18],  [21])  can  not 
be  used  due  to  computation-time  and  storage  limitations.  The 
time  associated  coordinates  usually  can  be  measured  in  an 
experiment  and  directly  controlled  by  variation  of  parameter 
r“.  Due  to  the  advantages  of  this  method  we  have  concentrated 
on  it. 

The  control  scheme  is  illustrated  in  Fig.  1.  It  includes  two 
almost  independent  feedback  loops:  r-loop  to  control  the  time 
scale  by  adjusting  parameter  ra  and  x-loop  to  control  phase 
variables  on  r'  and  Fa  by  adjusting  parameters  p“.  The  x- 
loop  can  be  based  on  the  OGY  or  any  other  control  strategy 
that  leads  to  elimination  of  the  differences  |x*(n)  -  x“(n)|, 
where  ii(n)  are  trajectories  of  the  Poincare  maps.  The  r-loop 
can  be  constructed  in  the  same  manner  as  the  ordinary  phase 
or  astatic  frequency  control  loop.  We  have  accented  on  the 
former  because  the  latter  seems  hardly  possible  to  be  used  in 
potential  applications  due  to  unpredictable  (but  constant)  time 
shift  between  the  chaotic  oscillations  in  synchronous  regime. 
The  control  equation  for  phase  lock  loop  can  be  written  as 

Ar(n)  =  Ar(0)  -  <j>[At(n)}  (D 

where  Ar(n)  =  r°(n)  -  r'  is  the  current  detuning  of  the  time 
scale  parameters;  A t(n)  =  ta{n)  —  tl(n)  is  the  phase  shift 
between  the  oscillations;  <f>(  At)— characteristic  of  the  phase 
discriminator.  It  is  assumed  to  be  a  smooth  function,  defined 
in  some  interval  At  €  [tmim  <max]- 


\x{-xt\<l,  \Pi  -Pli\  «  1, 

tx  dX ‘ 

ml  irp 

T'vAP^j-Win-V-V1^ 

1  =  1 

As  it  has  been  mentioned  above  the  time  scale  parameter 
does  not  have  an  effect  on  the  system  dynamics  so  the  x- 
loop  performs  independently.  Suppose  that  it  is  designed  to  be 
stable  in  accordance  with  one  of  known  methods  of  controlling 
chaos  and  converges  under  n  — ►  oo  to  x£  =  xlk  and  p“  =  !>, 
that  leads  to  vanishing  AX  and  A p  in  (2).  The  evolution 
equation  for  the  time  shift  between  the  oscillations  (2)  has, 
therefore,  the  stationary  solution 

At*  =  <?!>_1[Ar(0)]  =  const  (3) 

that  determines  the  phase  shift  At*  in  synchronous  regime. 
This  regime  is  stable  (provided  that  x-loop  is  stable)  if 

Equations  (2H4)  are  very  similar  to  those  for  periodic  PLL 
[for  periodic  oscillations  T(x/t(n),  pi)  =  const],  and  the  main 
properties  of  synchronous  regime  are  common  for  periodic 
and  chaotic  cases:  1)  the  synchronous  regime  exists  in  the 
interval  of  initial  detunings  cj)m in  <  Ar(0)  <  <t> max.  where 
0mm  and  (pmd.x  are  the  maximum  and  minimum  output  signals 
of  the  phase  discriminator,  and  2)  the  residual  phase  shi 
At*  in  the  synchronous  regime  is  determined  by  the  initial 
detuning.  At(.0),  By  analogy  with  the  periodic  PLL,  x  -r_ 
loop  can  be  used  for  transmitting  the  information  by  chaotic 
signals.  Modulation  of  the  time  scale  parameter  t1  (frequency 
modulation)  leads  to  the  modulation  of  Ar(0).  In  synchronous 
regime  output  of  the  phase  discriminator  D i  is  a  function  of 
Ar(0)  and,  therefore,  the  information  can  be  recovered. 

III.  Computer  Simulations 

Chaotic  synchronization  by  phase  control  loop  has  been 
tested  in  computer  simulation  with  rink  oscillators  [22]  use 


as  chaotic  systems.  Mathematical  model  for  a  single  circuit 
(see  [23]  for  circuit  implementation)  is  the  following: 

TX  i  =X2 

T±2  =  -X,  -  Sx2  +  X3 

rx3  =  7[F(xi)  -  x3]  -  crx2  (5) 

where 

rO.528,  x  <  1.2 

F(x)  =  <  ax(l  -  x2),  —1.2  <  x  <  1.2 

l  -0.528,  x  >  1.2 
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Fig.  3.  The  transient  processes  of  the  normalized  time  shift  between 
the  oscillations  A f„r  =  At/Atmax  and  the  adjusted  parameters: 
A Tnr  =  l7"a(n)  ^]/A^maxi  A 7nr  =  [7°(n)  '7^]/A'/max  for 

Ql  -Qa  =  16,  6*  =  6a  =  0.43,  a1  zzora  =  0.72,  7*  =0.1,  7a(0)  =  0.11. 

leading  oscillator  was  considered  as  the  SYSTEM,  the  adjusting 
oscillator  as  the  MODEL.  Parameters  of  the  MODEL  were 
controlled  instead  of  the  SYSTEM  ones.  It  was  proposed  that 
only  x[  variable  is  received  by  the  adjusting  system.  As  the 
Poincare  cross  sections  we  used  the  planes  x\  =  0  and  x[  =  0. 
Parameter  7°  was  used  as  the  control  parameter.  Perturbations 
were  made  in  accordance  with  equation 

7a(n  +  1)  =  7°(n)  +  n[ x“(n)  -  x[(n))  (6) 

where  //  is  the  constant  parameter  of  the  adaptive  control. 

As  far  as  the  adaptive  parametric  control  [20]  assumes 
coupling  between  the  MODEL  and  the  SYSTEM,  the  rrf 
variable  was  adjusted  after  calculation  7 a(n  +  1)  so  that 
£j(n)  =  x[(n). 

The  results  of  simulations  are  shown  in  Figs.  3-5.  In-phase 
synchronization  of  oscillations  corresponding  to  attractors  Ar 
[Fig.  2  (a)]  is  illustrated  in  Fig.  3.  In  this  computer  experiment 
both  the  time  scale  parameter  ra  and  the  essential  for  the 
system  dynamics  parameter  7°  was  disturbed  at  the  starting 
point  t  —  0.  Available  for  control  ranges  of  parameters  were 
restricted  as 

0.5  <ra  <  1.5  0.09  <  7a  <  0.11. 


r-time  scale  parameter. 

The  system  (5)  demonstrates  a  variety  of  chaotic  behavior. 
The  synchronization  algorithm  has  been  tested  on  two  types 
of  attractors  shown  in  Fig.  2(a)  and  (b). 

We  have  simulated  as  phase  discriminator  Di  in  r-loop 
a  simple  bistable  flip-flop  circuit.  It  can  be  set  to  a  high 
output  level  at  time  moments  tl(n)  when  the  trajectory  of 
leading  system  crosses  the  Poincare  surface  T7  and  reset  at 
tQ(n)  corresponding  to  the  adjusting  systems  intersection  of 
P.  In  this  case,  function  <f>(A t)  is  proportional  to  At  inside 
the  interval  At  G  [0,  tmin],  where  tmin  =  min {tln-tln_u  t“- 
^n— 1  }>  n  —  1,  2,  3,  •.  Outside  this  interval,  4>{At)  — 

<t>{At,  n)  is  a  chaotic  function.  The  adaptive  parametric  control 
[20]  was  used  in  the  rr-loop.  To  apply  the  original  method  to 
synchronization  it  was  transformed  in  the  following  way.  The 


At  the  time  moment  t  —  500  the  control  was  turned  on  and 
the  systems  converged  to  the  stationary  synchronous  regime. 
In  spite  of  the  constant  phase  shift  the  oscillations  can  be 
considered  as  synchronous  chaotic  oscillations  and  values  of 
parameters  of  leading  and  adjusting  systems  are  equal. 

In  practice,  however,  some  parameters  could  be  inacces¬ 
sible  for  control.  Detunings  of  these  parameters  destroy  the 
stationary  solution  (3).  In  this  case,  the  behavior  of  the  phase 
shift  became  chaotic.  Fig.  4  shows  the  transient  process  for 
the  case  of  uncontrollable  detuning  of  aa,  while  parameters 
7°  and  ra  were  controlled.  Uncontrollable  detunings  lead  to 
appearance  of  chaotic  fluctuations  of  the  phase  shift.  Increasing 
of  detunings  leads  to  increasing  of  the  amplitude  of  the 
fluctuations,  and  when  the  'fluctuations  leave  the  . rinterval 
[0,  tm in],  «ynchronization  is  lost 
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Fie  4  The  influence  of  the  detunings  of  the  uncontrollable  parameter  a 
on  the  amplitude  of  fluctuations  of  the  phase  shift  in  synchronous  regime: 
on  me  amp 043  gl  =  ga  =  Q72  y  =  al>  r{0)  =  o.ll,  «“  =  16.  and 

1)  a‘  =  16;  2)  16.7;  3)  16.9 


shown  in  Rg.  2(h).  In  accordance  with  some  message  phase  | 
shift  key-in  x\  ->  -x\  was  made  at  time  moments  when  x[  =  | 
0.  As  far  as  the  phase  of  oscillations  in  the  receiver  (adjusting  , 
system)  is  not  changed  the  message  can  be  recovered  by  r 
comparing  the  phases  of  the  signals  x\  and  Xj. 

IV.  Conclusion  | 

Synchronization  by  x-t  loops  is  a  generalization  of  phase  f 
lock-in  for  chaotic  systems.  The  independent  control  of  a  time  | 
-  scale  parameter  allows  to  reduce  a  dimension  of  calculations  f 
required  for  synchronization  of  continuous  time  autonomous 
chaotic  systems  by  OGY  method  of  controlling  chaos.  The  . 
main  properties  of  synchronization  scheme  presented  here  are 
very  similar  to  those  of  the  ordinary  PLL  and  the  majority 
of  applications  of  PLL  can  be  directly  transformed  to  the  . 
chaotic  case.  In  particular,  frequency  and  phase  shift  key-in  * 
modulation  can  be  used  with  chaotic  signals  on  the  analogy 
of  periodic  ones. 


leading  - adjusting 


TIME 


Fig.  5.  The  key-in  modulation  of  chaotic  signals. 

It  is  known  that  PLL  can  be  used  for  synchronization  in  both 
anti-phase  and  in-phase  modes.  The  control  scheme  providing 
in-phase  and  antiphase  synchronization  is  the  same  as  shown 
in  Fig.  1,  but  discriminators  Di  and  £>2  are  working  with  the 
absolute  values  of  signals.  Since  x\  =  0  and  x{  =  0  surfaces 
were  taken  as  Poincare  cross  sections  the  r-loop  is  equivalent 
to  that  shown  in  Fig.  1,  whereas,  the  control  equation  for  the 
x-loop  (6)  is  changed 

7°(n  +  1)  =  7 “(n)  +  M  sign  [x?(n)]  [|*“(n)|  -  |*i(n)ll- 

As  it  is  easy  to  see  this  control  scheme  is  invariant  with  respect 
to  the  substitution  x[  ->  -x[  and  can  be  used  to  achieve  m- 
phase  and  anti-phase  synchronization.  As  far  as  switchings  of 
the  input  variable  x[  -  -4  do  not.  break  synchronization, 
this  control  scheme  can  be  used  for  communicating  with 
chaotic  signals.  Fig.  5  demonstrates  the  possibility  of  phase 
shift  key-in  modulation  and  demodulation  of  chaotic  signals. 
It  should  be  mentioned  that  phase  shift  key-in  modulation  is 
of  great  importance  for  high  speed  communication  systems, 
because  each  bit  of  information  is  transmitted  during  half 
of  the  period  of  the  carrier  signal  with  relatively  narrow 
frequency  band  of  a  channel.  The  graphs  in  Fig.  5  was  plotted 
for  parameters  of  the  systems  corresponding  to  the  attractors 
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The  Effect  of  Natural  Frequency  Distribution  on 
Cluster  Synchronization  in  Oscillator  Arrays 

Grigori  V.  Osipov  and  Mikhail  M.  Sushchik 

Abstract— The  synchronization  in  an  array  of  oscillators  is  investigated, 
numerically  for  different  spatial  distributions  of  natural  frequencies 
~Song  the  array.  Principal  attention  is  focused  on  the  naturaT  frequency 
distribution  when  the  total  range  of  frequency  values  fc  consten  but 
particular  forms  of  distribution  are  changed.  Under  these  condition, 
the  synchronization  increases  significantly  at  the  transition  fro1" 
frequencies  varying  monotonically  along  the  array  to  completely  irregular 
distribution. 

Index  Terms — Control,  lattice  of  nonlinear  oscillators,  synchronization. 
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I.  Introduction 

The  relationship  between  the  changes  in  space  and  time  in  extended 
systems  and  their  array  analogs  has  recently  been  attracting  attention 
of  the  researchers  in  terms  of  both  diagnostics  [1],  [2]  and  feasibility 
of  different  regimes  [3]-[5].  It  was  found,  and  it  may  seem  surprising 
at  first  sight,  that  under  certain  conditions  time-periodic  behavior  is 
realized  only  in  the  presence  of  spatial  disorder  generated  either  by 
the  system  itself  [3]  or  introduced  from  the  outside,  for  example,  by 
the  dispersion  of  parameters  of  the  elements  in  the  array  [],[]• 
particular,  a  periodic  regime  may  be  realized  in  an  array  of  identic 
nonlinear  pendulums  with  harmonic  forcing  behaving  chaotically, 
if  there  is  a  dispersion  in  their  parameters  [4].  In  an  analogous 
mathematical  system  but  without  external  periodic  forcing,  that 
models  a  parallel  array  of  current-biased  Josephson  junctions  coupled 
via  inductors,  a  small  dispersion  in  the  currents  gives  rise  to  enhanced 
mutual  synchronization  of  oscillations  in  these  junctions  [5].  In  the 
present  brief,  we  also  analyze  the  problem  of  the  effect  of  disorder  on 
synchronization  but  in  a  slightly  different  formulation.  Specifically: 
How  does  the  change  of  parameter  (natural  frequencies  in  the  case 
of  interest)  distribution  along  the  array  influence  synchronization,  if 
the  range  of  their  values  remains  unchanged?  We  take  as  an  examp  e 
a  one-dimensional  array  of  oscillators  described  by  a  discrete  analog 
of  the  Ginzburg-Landau  equations  to  take  into  consideration  the 
following  frequency  distribution: 

Aw*  (j-  l)(Aw-Aw*) 

Uj  =  wo  +  -g-  + - Jf  T  ^ 1 


0  =  1,--,  zV) 

where  &  are  uniformly  distributed  random  numbers  in  the  interval 
[-0.5;  +0.5],  N  is  the  number  of  elements  in  the  array,  and  Aw  is 
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Fig.  1.  Averaged  frequencies  (lj  at  different  values  of  coupling  coelficients 
d  for  A  =  2  ■  10~3. 

the  interval  of  frequency  dispersion.  As  Aw*  is  changing  from  0  to 
Aw  the  distribution  changes  from  monotonic,  completely  regular  to 
a  completely  irregular  one.  Such  a  choice  of  regular  distribution  m 
the  form  of  the  frequency  variation  that  is  linear  along  the  array  is 
explained  by  the  fact  that  this  consideration  may  be  of  independent 
interest. 

II.  SYNCHRONIZATION  CLUSTERS  AND  MULTISTABILITY  AT  LINEAR 

Variation  of  Natural  Frequencies  Along  the  Array 
Arrays  of  oscillators  with  the  natural  frequencies  varying  linearly 
along  them  are  interesting  both  conceptually  and  because  they  are 
encountered  in  a  natural  fashion  in  various  situations.  The  presence 
of  a  sufficiently  strong  coupling  between  oscillators  leads  to  loc 
frequencies  of  excited  collective  oscillations  that  strongly  differ  from 
the  natural  frequencies.  Besides,  steps  in  the  form  of  well  pronounced 
and  rather  extended  plateaus  intermitting  with  relatively  narrow 
transition  region  appear  in  their  dependence  on  spatial  coordinate. 
We  briefly  characterize  this  effect  as  cluster  synchronization,  where 
under  a  cluster  we  understand  a  coupled  set  of  oscillators  having 
the  same  average  period  T  or  the  corresponding  mean  frequency 
~  r_1,  with  no  demand  for  constant  phase  difference  between 
the  elements  and  with  allowance  for  limited  variations  in  time. 

Theoretical  investigations  of  cluster  synchronization  in  arrays  wi 
linear  frequency  variations  have  been  carried  out  for  a  long  time  (see 
[6]  and  references  cited  therein).  The  formulation  and  analysis  of  the 
problem  in  the  general  context  were  attempted  in  [6]  in  the  frame 
of  the  phase  equation.  Although  that  research  enabled  its  authors  to 
explain  in  a  natural  fashion  a  number  of  the  peculiarities  observed 
and  to  correlate  them  with  the  general  properties  of  the  array  the 
investigations  performed  almost  at  the  same  time  [7]  (see  a  so  l  ! 
revealed  some  effects  in  which  amplitude  variations  are  significant 
A  vivid  manifestation  is  formation  of  clusters  of  oscillators  wi 
infinitesimal  amplitude,  even  if  the  conditions  of  self-excitation  in 
the  absence  of  coupling  are  fulfilled  for  each  of  them  (this  effect 
is  known  as  “oscillator  death”  [9]-[ll]).  The  amplitude  effects  are 
also  essential  for  the  formation  and  restructuring  of  cluster  structures, 
therefore,  here  we  employ  equations  for  slow  complex  amplitudes. 
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Their  solution  is  more  complicated  than  analysis  of  phase  equations. 
Consequently,  we  have  to  use  partial  solutions  obtained  numerically. 

A.  Model 

We  take  as  a  model  a  one-dimensional  array  of  oscillators  having 
different  natural  frequencies.  Each  oscillator  is  coupled  diffusively 
with  its  two  nearest  neighbors.  The  consideration  is  earned  out  in 
a  quasiharmonic  approximation  in  its  traditional  interpretation.  The 
model  equations  may  be  written  in  the  form 

+  (2) 

1 j=i]  (3) 


ZiJ-{~0  j  *  '  } 
/,J={o  j  *i} 


(4) 


that  is  a  discrete  analog  of  the  Ginzburg-Landau  equation.  Here,  the 
Vector— column  c  and  the  diagonal  matrix  Z  are  made  up  of  the  A 
functions  zi .  •  •  • .  zs  =  xj  +  iyj)  characterizing  self-oscillations 
of  N  oscillators,  the  elements  of  the  diagonal  matrix  A(Aj. 

A  v )  are  equal  to  the  frequency  mismatch  of  the  oscillators  relative 
to  the  frequency  of  the  first  oscillator,  and  d  is  the  coefficient  of 
coupling  between  the  oscillators.  The  elements  of  matrix  A  are  equal 
to  an  =  fljvN  =  —  1;  Ojj  =  —2;  a>.>+ 1  =  a>+ i.j  =  l(j  —  ^  **  *  ’ 
N  -  1),  while  all  the  rest  aXJ  =  0.  We  take  as  the  synchronization 
conditions  the  coincidence  of  averaged  partial  frequencies  estimated 
from  the  relation 

where  nj(T)  is  the  number  of  the  typical  features  of  the  time  series 
;  —  xj  +  iyj  (e.g.,  the  maximal  r,  exceeds  certain  values);  T  = 
2  •  105  is  averaging  time.  A  qualitative  picture  of  the  spatio-temporal 
structure  of  oscillations  was  obtained  by  plotting  shadowgraphs  of 
Zj(t)  on  the  (j,  /  )-plane.  Arrays  of  100  elements  were  investigated 
in  all  experiments. 


B.  Regimes  of  Cluster  Synchronization 

The  averaged  frequencies  of  slow  motions,  fi,  ,  typical  of  the  cases 
of  small  frequency  gradients  ( A  =  A,+i  -  A,  <  2-10  3 )  are  plotted 
in  Fig.  1  for  different  values  of  coupling  coefficients  d  and  the  same 
initial  conditions:  x,(0)  =  —2  for  even  j  and  t,(0)  =  —2  for  odd  j 
=  o  for  all  j].  Given  sufficiently  large  coupling  coefficients, 
the  oscillators  are  synchronized  all  through  the  array,  i.e.,  global 
synchronization  occurs.  As  the  coupling  is  decreased,  smaller  clusters 
are  formed  (Fig.  1)  but  with  perfect  clusters  analogous  to  those 
shown  in  Fig.  2(b)  observed  only  in  a  definite  interval  of  parameters 
optimal  for  the  formation  of  the  given  number  of  clusters.  Deviation 
from  perfectness  outside  this  interval  [Fig.  2(a)  and  (c)]  may  be 
attributed  to  competition  of  the  effects  of  intracluster  and  intercluster 
interaction.  The  values  of  frequency  for  each  cluster  (except  the  edge 
ones)  are  close  to  those  obtained  by  averaging  natural  frequencies 
over  all  the  elements  forming  the  cluster.  In  the  considered  case  of 
linear  dependence  of  phase  mismatch  on  j  in  Fig.  1,  this  corresponds 
to  the  intersection  of  the  lines  Q,  =  fi(i)  and  ft,  —  j  A  exactly  in 
the  middle  of  the  cluster. 

The  size  of  the  almost  perfect  clusters  AN„  shown  in  Fig.  1 
satisfies,  to  an  accuracy  of  ±1  element,  the  relations  for  the  middle 

..dusters: - - - - - - — . . 


-A'— 2Aro 
AA„  =  — - — 


and  for  the  edge  clusters: 


AN,,  = 


-  -N  -  2 No 


+  No.. .. 


. (5) 


..(6).. 


Here,  N(=  100)  is  the  number  of  elements,  «(=  2,  •  ••)  is  the 
number  of  clusters,  and  N0{=  8)  is  the  correction  allowing  for 
nonuniformity  due  to  edge  effects.  The  difference  between  the  edge 
and  middle  clusters  grows  with  decreasing  A  and  diminishes  as  A 
is  increased.  : 
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Fig  3.  Critical  values  of  frequency  gradient  “x "  in  the  range  A  ~ i0j5g  1? 
10-3  for  d  =  i  and  of  coupling  coefficient  “+"  in  the  range  d  ~  0.3-3 .8  tor 
A  =  2  •  10-3  at  which  the  n-cluster  structure  breaks  at  the  transition  f 
t0  („  +  l)-cluster  depending  on  the  size  of  the  middle  cluster  AA^The 
scale  is  logarithmic  to  an  accuracy  of  arbitrarily  chosen  coordinate  origin,  the 
straight  lines  correspond  to  the  dependence  (5). 

It  is  clear  from  Fig.  3  that  the  size  of  such  clusters  at  the  instant 
they  break  is  scaled  by  the  parameters  A  and  d: 

-~ar. 

It  is  interesting  that  a  similar  scaling  (see,  e.g.,  [8]) 

(A;V  +  2)~QQ  (8) 

specifies,  in  the  phase  equation  approximation  (M  =  M  = 
const),  the  limiting  size  of  the  array  with  free  ends  in  which  global 
synchronization  may  occur.  However,  one  should  not  exaggera  e 
significance  of  such  a  similarity  because,  as  will  be  clear  below 
coupling  of  clusters  yields  more  complicated  effects.  Of  the  greatest 
significance  is  their  manifestation  at  large  coupling  coefficients  an 
mismatching,  since  amplitude  variations  and  multistabihty  are  o 
principal  importance  in  this  case. 


-5  •  HT4  The  values  from  the  steady-state  solution  obtained  in 
the  previous  variant  were  taken  as  the  initial  conditions  for  (2)  in 
each  subsequent  variant.  Although  the  procedure  described  does  not 
guarantee  that  all  possible  regimes  will  be  found,  it  enables  us  to 
reveal  qualitatively  different  transitions  between  the  states  possessing 
a  different  number  of  clusters.  In  the  parameter  regions  where 
bistability  (multistability)  is  observed,  i.e.,  there  exist  two  (several) 
states  with  different  number  of  clusters,  the  transition  between  them 
occurs  as  the  parameters  are  changed,  in  a  stepwise  fashion-  hard 
transit  on.  Such  states  in  the  space  of  the  parameters  in  the  absence 
of  multistability  are  divided  by  a  finite  interval,  so  that  the  transition 
occurs  in  a  “soft”  way,  through  a  sequence  of  unsynchronized  states 
'transforming  one  into  another.  These  two  transition  types-  may^be 
identified  by  the  corresponding  spatial  distributions  of  aver  g 
values  of  the  local  frequencies.  An  example  of  a  “hard  jransi  ion 
without  intermediate  structures  from  the  state  with  four  clusters  to 
the  state  with  five  clusters  is  given  in  Fig.  5(a)  when  A  _  5 
Fie  5(b)  shows  a  “soft”  transition  that  occurs  at  a  mucu  greater 
interval  of  variations  A  *  2.2  •  1(T3  with  a  smooth  transition  of 
intermediate  dependences  9.j  =  9(j)  one  into  another. 

Another  manifestation  of  multistability,  besides  the  hard  tran¬ 
sitions,  is  the  absence  of  simple  dependence  on  parameters  of  the 
number  of  clusters  formed  under  the  same  initial  condition  .  m 
particular,  Fig.  4  (see  the  points  “o”)  demonstrates  that,  for  monotonic 
variation  of  the  gradient  of  frequency  mismatch  A,  the  transition  may 
occur  both  toward  increasing  and  decreasing  the  number  of  clusters. 
This  suggests  that  pattern  formation  may  be  controlled  by  relative  y 
weak  perturbation  of  parameters  chosen  at  random. 

Ill  The  Effect  of  Nonuniformity  of  Frequency  Mismatch 
Gradient  on  Formation  of  Synchronized  Clusters 

A.  Controlling  Structures  by  Regular  Nonuniformities 

We  can  distinguish  at  least  two  mechanisms  of  controlling  the 
spatial  structure  of  the  system  of  interest  when  adchtional  mh^ 
mogeneities  of  mismatch  gradient  A,  periodic  along  the  array  are 
introduced.  One  of  them  is  associated  with  destruction  of  an  abactor 
,  (or  attractors),  the  other  one  is  attributed  to  changes  only  of  attraction 
hasins  (see  e.g.  [4],  [5]).  It  can  be  expected  that  the  second 
mechanism ’is  readily  realized  in  the  case  of  nontrivial  dependence 
of  the  number  of  clusters  on  the  magnitude  of  frequency  misma  c 
,  gradient.  Indeed,  for  the  parameter  values  and  initial  conditions  I  ke 
»  f„  Section  II-B  (point  in  Fig.  4  for  d  =  5),  a  relatively  small, 
periodic  along  j  correction  to  the  natural  frequencies: 


u7j  —  j 


f 2 7r  *  n*(j  -  1) 
-  1)  +  £  sin  1 - y 


leads  to  formation  of  n*  instead  of  n  clusters  observed  at  *  -  0. 


C.  Multistability 

Investigations  into  transition  processes  revealed  multistability  that 
is  manifested  in  formation  of  structures  containing  a  different  numbe 
of  clusters  depending  on  initial  conditions  for  the  same  values  of 
parameters.  For  determination  of  the  regions  of  the  parameters  at 
which  different  cluster  patterns  (Fig.  4)  may  be  formed  we  invest  - 
gated  the  solutions  obtained  at  small  variations  of  frequency  mismatch 
A  and  simultaneous  “adaptation”  of  initial  conditions.  Specifically, 
the  “adaptation”  procedure  was  the  following.  For  the  g'ven4va  ue® 
of  d,  the  mismatch  A  was  varied  successively  by  +0  •  10  or  oy 


Particularly,  s  =  10-4  for  n  =  6,  n  =  5,  A  -  0.9  •  1  • 

Bv  introducing  a  perturbation  with  a  much  larger  amplitude  > 
2 . 10-3trone  J  influence  not  only  the  process  of  cluster  formation 
in  the  regime  of  transition  but  also  the  structures  that  have  already 
been  formed.  For  example,  the  transition  from  6  to  5  clusters  <*cu 
-----  _  2  .  jQ-ar.  ±  _  0.9  •  10"*.  This  case  corresponds  to  the 

firet  mechanism  of  forcing,  namely,  destruction  of  one  of  multistable 
states'  in  this  case,  the  structure  of  6  clusters.  Another  possible 
manifestation  of  this  mechanism  is  formation  of  synch— 
clusters  from  a  nonsynchronized  state,  when  the  transition  from  < 
chaotic  state  in  space  and  time  to  a  state  with  n’  clusters  takes  place 
ul  Z  (9)  does  not  give  a  clear  picture  of  the  relations*, 
between  the  magnitudes  of  uniform  and  nonuniform  componen 
of  frequency  mismatch.  Only  comparison  either  of  the.r  gred.en 
or  of  their  changes  over  the  modulation  period  along  the  array 
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physically  meaningful.  By  comparing  these  quantities  one  can  see 
that  the  perturbation  is  determined  by  the  parameter  (z/A)(2nn/N) 
that  did  not  exceed  0.3  in  all  the  cases  considered. 

B.  The  Effect  of  Random  Dispersion  of  Natural 
Frequencies  on  Cluster  Synchronization 

We  restrict  our  consideration  to  one  aspect  of  the  effect  ex¬ 
erted  by  spatially  irregular  parameter  variations  on  the  formation 
of  synchronized  structures.  Namely,  we  investigate  the  dependence 
of  spatial  structures  on  the  magnitude  of  random  distribution  of 
mismatch  relative  to  some  mean  at  a  constant  complete  range  of 
frequency  variations.  According  to  (1),  the  difference  between  natural 
frequencies  of  the  neighboring  elements  is 

Aj  =  1  — 

=  ~A—  +  (10) 

A 

where  £,  are  the  random  numbers  distributed  in  the  interval  [—0.5; 
+0.5].  In  the  case  of  interest,  it  is  reasonable  to  speak  about  averaged 
characteristics  because,  unlike  the  case  considered  above,  for  the  same 
number  of  clusters  their  size  and  location  in  space  differ  greatly  in 
different  samples  of  random  numbers. 

The  critical  values  of  d  averaged  over  20  samples  of  random 
numbers,  at  which  the  transition  between  cluster  structures  occurs, 
are  presented  in  Fig.  6  for  different  dispersions  of  natural  frequen¬ 
cies,  &u>* .  The  increase  in  dispersion  leads,  on  the  average,  to  a 
more  regular  spatial  pattern.  Simultaneously,  the  properties  of  time 
coherence  of  oscillations  are  improved.  These  effects  are  the  most 
pronounced  for  global  synchronization,  and  their  manifestation  is  less 
distinct  in  shorter  clusters.  In  particular,  it  is  clear  from  Fig.  6  that,  in 
the  transition  from  a  completely  regular  distribution  (Au/  .=  0)  to  a 
completely  random  one  (Aj*  =  Au;),  the, critical  value  of  coupling 
coefficient,  </rr,  at  which  global  synchronization  occurs  decreases  by 
more  than  20  times.  This  has  the  following  qualitative  explanation. 
In  the  case  of  linear  frequency  distribution,  the  left  neighbor  of  an 
element  has  a  phase  lag  relative  to  it  on  the  average,  while  the  right 


neighbor  a  phase  advance,  respectively.  In  other  words,  they  “pull” 
the  oscillator  in  opposite  directions  and  their  actions  are  compensated 
in  this  sense.  For  random  frequency  distribution,  both  the  neighbors 
may  either  have  a  phase  lag  or  a  phase  advance  relative  to  a  certain 
oscillator,  i.e.,  they  “pull”  it  in  one  direction.  As  a  result,  average 
frequencies  of  all  the  three  elements  are  getting  close,  which  leads  to 
the  formation  of  a  synchronization  cluster.  Evidently,  such  clusters 
may  arise  at  an  arbitrary  site  of  the  array. 


IV.  Conclusion 

In  this  brief,  the  synchronization  in  an  array  of  oscillators  has  been 
investigated  numerically  for  different  spatial  distributions  of  natural 
frequencies  along  the  array.  We  have  found  two  scenarios:  “soft”  and 
“hard”  of  the  transition  between  clusters  of  the  synchronization.  In 
the  first  one,  a  gradual  adjustment  of  frequencies  is  observed,  while 
in  the  other  one  the  transition  from  the  state  with  n  clusters  to  the 
state  with  n  H-  1  clusters  occurs  without  intermediate  structures,  that 
is  the  consequence  of  multistability.  Principal  attention  is  focused  on 
the  natural  frequency  distribution  when  the  total  range  of  frequency 
values  is  constant  but  particular  forms  of  distribution  are  changed. 
Under  these  conditions,  the  synchronization  increases  significantly  at 
the  transition  from  the  frequencies  varying  monotonically  along  the 
array  to  completely  irregular  distribution. 

v~The  discrete  Ginzburg-Landau  equation  considered  above  may  "be' 
regarded  as  a  model  of  an  arbitrary  discrete  nonequilibrium  medium 
near  a  critical  point.  Consequently,  the  results  presented  may  be 
extended  to  a  broad  class  of  discrete  media  from  different  fields. 
The  analysis  of  the  synchronization  processes  in  Ginzburg-Landau 
equation  presented  here  agrees  with  the  similar  results  obtained  for  a 
chain  of  coupled  Van  der  Pol  generators  [12].  Moreover,  many  of  the 
effects  observed  in  the  chain  of  coupled  periodic  oscillators  were  also 
revealed  in  analysis  of  the  regimes  of  chaotic  phase  synchronization 
in  a  chain  of  coupled  Rossler  oscillators  [13]. 

We  believe  that  the  results  obtained  may  find  practical  applica¬ 
tions  to  electronic  circuits.  For  examp-e,  for  designing  high  power 


1010 


iEEE  TRANSACTIONS  ON  CIRCUITS  AND  SYSTEMS—!:  FUNDAMENTAL  THEORY  AND  APPLICATIONS,  VOL.  44,  NO.  10,  OCTOBER  19^7 


07 


A=0.008 


0.6 


20  40  60  60 

j 

A=0.0075 


100 


0  hm 
0 


A=0.0064 


20  40  60  80 

j 

A=0.006 


100 


-T  1  <2  . ^mmniiiiml1 . . . g . lum^ 


a  os  y 

0 


. (Illllll  '1***4*wt*WWH^^  ' 


80  100 


0.5 


20  40  60  80 

j 

A=0.0055 


100 


i  - r 

CJ  0.5  - 

— ,  iiiuiiinin  i  mutm 


20  40  60  80  100 
j 

A=0.0065 


20  40 


60  80 


100 


A=0.005 

G  07  ’|r||1|||[.^4^ 


20 


40  60 

i 

A=0.006 


80 


100 


20 


40  60 

j 

A=0.0042 


80 


100 


Cf  0.5 
0 


0.4 


■  1 1 1 1 

a"  l_  limit  ^  ” '  ■  ■  ■  ■* ■  ' 

v « &  »i i  itiLun.‘'*pi^i’i * 

0  Up^^— f  J  r  1 


20 


(a) 


40  60 

j 


80 


100 


20 


40  60 

j 

(b) 


80 


100 


Fig.  5.  Averaged  frequencies  Qj  in  the  transitions  from  n- to  (/?  +  l)-clusters.  (a)  “Hard”  transition  for  d  -  5.  (b)  “Soft  transition  for  d  1.  The 
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Fig.  6.  Critical  values  of  coupling  coefficient  d  averaged  over  20  sam¬ 
ple  random  frequency  distributions.  Region  “1”  corresponds  to  the  global 
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£^ub“  USTtS  are 

filled  with  multiple  scrolls.  Their  birth  goes  through  the  mechanism  of  mternuttency. 


1.  Introduction 

Among  the  many  generalizations  proposed  to 
Chua’s  circuit  (see  e.g.  [Chua,  1994;  Madan,  1993]), 
the  one  introduced  by  Suykens  and  Vandewalle 
[1993]  considers  additional  breakpoints  in  the  non¬ 
linear  characteristic  in  order  to  generate  multi¬ 
ple  scrolls,  resulting  into  so-called  n-double  scroll 
attractors,  where  n  is  a  natural  number.  The 
well-known  double  scroll  corresponds  to  a  1-double 
scroll  within  this  framework.  An  electrical  cir¬ 
cuit  implementation  has  been  made  by  Arena  etd. 
[1996]  which  confirms  the  existence  of  n-double 
scrolls.  Moreover  this  implementation  makes  use 
of  a  piecewise  linear  representation  of  the  nonlinear 
characteristic. 

On  the  other  hand  many  interesting  phenom¬ 
ena  have  been  observed  by  taking  Chua’s  circuits 
as  cells  in  Cellular  Neural  Networks  (CNNs)  (see 
e.g.  [Chua  k  Roska,  1993;  Chua  et  al.,  1995]), 
with,  for  example,  unidirectional  or  diffusive  cou¬ 
pling  between  the  cells.  One-dimensional  CNNs 


with  diffusive  coupling  have  been  investigated  in 
[Zheleznyak  &  Chua,  1994;  Pivka,  1995;  Nekorkin 
&  Chua,  1993]  with  phenomena  occurring  such  as 
spatiotemporal  chaos,  spatial  disorder  and  traveling 
waves.  In  two-dimensional  CNNs  phenomena  such 
as  traveling  waves,  spiral  waves,  trigger  and  tar¬ 
get  waves  and  Turing  patterns  have  been  observed 
[Perez-Munuzuri  et  al.,  1993;  Pivka,  1995;  Chua 
fc  Goras,  1995].  Scroll  waves  and  scroll  rings  can 
be  generated  in  three-dimensional  CNNs  with  dif¬ 
fusive  coupling  [Pivka  et  al,  1995].  Unidirectional 
coupling  in  one-dimensional  CNNs  has  been  stud¬ 
ied  in  [Kapitaniak  et  al,  1994;  Kapitaniak  &  Chua, 


1994]. 

In  the  latter  work  of  Kapitaniak  &  Chua,  hy- 
perchaotic  behavior  has  been  generated  by  coupling 
identical  Chua’s  circuits  that  behave  individually  as 
double  scrolls.  In  the  common  state  subspace  of  the 
cells  the  birth  of  a  so-called  double-double  scroll 
attractor  has  been  observed.  The  work  reported 
in  our  paper  is  very  much  related  to  this  result. 
Taking  a  1D-CNN  consisting  of  n-double  scroll  cells 
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with  weak  unidirectional  or  diffusive  coupling  be¬ 
tween  the  cells,  an  n-double  scroll  hypercube  is  ob¬ 
tained  in  the  common  state  subspace  of  the  cells. 
The  dimension  of  this  hypercube  is  equal  to  the 
number  of  cells  in  the  array.  The  number  of  scrolls 
within  the  hypercube  increases  with  the  number  n 
of  the  n-double  scroll  cell.  For  the  arrays  that  have 
been  simulated,  the  number  of  positive  Lyapunov 
exponents  is  equal  to  the  number  of  cells,  which 
has  been  stated  also  in  [Kapitaniak  &  Chua,  1994]. 
The  birth  of  the  double-double  scroll  attractor  in 
[Kapitaniak  &  Chua,  1994]  goes  by  means  of  clas¬ 
sical  intermittency,  with  occasioned  bursts  from  a 
three-dimensional  manifold  to  higher  dimensions.  A 
similar  mechanism  is  at  the  basis  of  the  birth  of  the 
n-double  scroll  hypercube. 

An  engineering  motivation  for  studying  higher 
dimensioned  hyperchaotic  arrays  is  in,  for  instance, 
their  use  for  secure  communication  applications  (see 
e.g.  [Wu  &  Chua,  1994]).  CNNs  consisting  of  n- 
double  scroll  circuits  cem  be  represented  as  Lur’e 
systems  for  which  a  condition  of  master-slave  syn¬ 
chronization  is  given  in  [Suykens  &  Vandewalle, 
1996].  The  latter  condition  is  based  on  a  Lur’e- 
Postnikov  Lyapunov  function  for  the  error  system 
and  is  expressed  as  a  matrix  inequality. 

This  paper  is  organized  as  follows.  In  Sec.  2  we 
review  the  equations  of  n-double  scroll  circuits.  In 
Sec.  3  1-D  CNNs  with  unidirectional  and  diffusive 
coupling  of  n-double  scroll  cells  are  described.  In 
Sec.  4  the  existence  of  n-double  scroll  hypercubes 
for  weak  coupling  is  reported.  In  Sec.  5  the  route 
from  synchronization  to  hypercubes  is  discussed. 

2.  n-Double  Scroll  Circuits 

The  electrical  circuit  for  obtaining  n-double 
scrolls,  according  to  the  implementation  of  Arena 
et  al.  [1996],  is  given  by 

x  =  a[y  -  h(x)] 

y  =  x  -  y  +  z  (1) 

z  =  -Py 

with  as  nonlinear  function  the  piecewise  linear  char¬ 
acteristic 


consisting  of  2(2n— 1)  breakpoints,  where  n  is  a  nat¬ 
ural  number.  In  order  to  generate  n-double  scrolls 
one  takes  a  =  9  and  p  =  14.286.  Some  special  cases 
are: 

•  1-double  scroll: 

mo  =  -1/7  mi  =  2/7 
ci  =  1 

corresponding  to  the  well-known  double  scroll 
(see  e.g.  [Chua  et  al.  1986;  Chua,  1994;  Madan, 
1993]). 

•  2- double  scroll: 

mo  =  -1/7  mi  =  2/7  m2  =  -4/7  m3  =  mi 
ci  =  1  C2  =  2.15  C3  =  3.6 

•  3-  double  scroll: 

mo  =  —1/7  mi  =  2/7  m2  =  -4/7 
m3  =  mi  m4  =  m2  mo  =  m3 
ci  =  1  C2  —  2.15  C3  =  3.6  C4  =  8.2  C5  =  13 . 

The  2-double  scroll  and  3-double  scroll  are  shown 
in  Fig.  1.  For  more  details  about  n-double  scrolls 
we  refer  to  [Suykens  &  Vandewalle,  1993;  Arena 
et  al.  1996]. 

3.  One-Dimensional  CNNs  with 
n^Double  Scroll  Cells 

Let  us  now  consider  the  following  one-dimensional 
cellular  neural  network  (CNN)  consisting  of  identi¬ 
cal  n-double  scroll  cells,  with  either  unidirectional 
coupling  between  the  cells 

{x(j)  —  a[yO)  _  h(a;tO)] 

y(j)  =  XU)  _  yU)  +  ZU)  +  Kj-i{y W  -  yb-D) 
iO)  =  -0y(J)f  j  =  1,  2, ... ,  L 

(3) 

or  diffusive  coupling  as 


—  777. 2  n — jX 

j  1 

+o  E  C77^-1  ~  m<)(l*  +  Ci\  -  \x  -  a\) , 

1  i=i 

(2) 


r  xO)  =  a[yW  —  h(xb'))] 

+  Dx(xV-»-  2ib')  +  a;C;+i)) 

yfr)  =  x b")  —  yfr)  -f-  zb) 

.  ib>  =  -Py(J),  j  =  1,  2, ...,  L 


(b) 

Fig.  1.  (a)  Three-dimensional  view  on  the  2-double  scroll  attractor;  (b)  three-dimensional  view  on  the  3-double  scroll 

attractor. 
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or  as 

'  =  a[yW  —  A(x^))] 

yU)  —  x(j)  _  y(J)  +  z0) 

'  +  D,(x<J-»-  2®W +*««))  (  ) 

J(j)  =  -py(j),  j  =  1,  2, ... ,  L 

where  L  denotes  the  number  of  cells.  We  impose  the 
conditions  yW  =  y(L)  for  Eq.  (3)  and  x^  =  x^L\ 
x(i+1)  =  xl1)  for  Eqs.  (4)  and  (5).  For  the  coupling 
constants,  Ko  =  0,  Kj  =  K  (j  =  1, . . . ,  L  -  1)  and 
positive  diffusion  coefficients  Dx,  Dy  are  chosen. 

The  scheme  Eq.  (3)  with  unidirectional  cou¬ 
pling  has  been  studied  by  Kapitaniak  &  Chua  [1994] 
for  the  case  n  =  1  with  Chua’s  circuits  as  cells.  The 
other  schemes  of  1-D  reaction-diffusion  CNNs  has 
been  described  in  [Chua  et  al.  1995;  Pivka,  1995; 
Zheleznyak  &  Chua,  1994]. 

4.  Weak  Coupling:  n-Double 
Scroll  Hypercubes 

Let  us  consider  first  the  case  n  =  2  with  2-double 
scroll  circuits  in  the  CNNs  [Eqs.  (3)  and  (5)].  Both 
for  weak  unidirectional  and  diffusive  coupling  one 
obtains  a  2-double  scroll  hypercube  in  the  common 
state  subspace  of  the  cells,  i.e.  in  (x^1),  x^)  for  L  = 
2;  (x^,  x(3))  for  L  =  3;  (x^,  x®,  x^,  x^) 

for  L  =  4,  etc.  The  dimension  of  the  hypercube 
is  equal  to  the  number  of  cells  L.  So  one  obtains 
for  L  =  2,  3,  4  a  2-double  scroll  square,  cube  and 
hypercube,  respectively  (see  Figs.  2  and  3).  This 
phenomenon  is  typically  obtained  for  ‘small’  values 
of  K,  Dx  or  Dy,  such  as  0.01  or  0.001.  For  this  weak 
coupling,  the  individual  cells  remain  behaving  as  2- 
double  scrolls  while  the  hypercube  is  formed  in  the 
common  cell-space  (Fig.  4).  Simulation  results  for 
10  cells  with  the  formation  of  a  ten-dimensional  hy¬ 
percube  are  shown  in  Fig.  5.  The  initial  states  were 
chosen  ‘close’  to  the  origin  (according  to  [Kapita¬ 
niak  &  Chua,  1994]):  x^  =  0.01  +  (j  —  1)0.001, 
yb)  =  o,  ztO  —  0  for  j  =  1,  2, . . . ,  L  and  L  =  2,  3, 
4,  10.  Similar  phenomena  were  obtained  for  other 
choices  of  the  initial  state. 

For  the  case  n  =  3  with  3-double  scroll  cells 
in  the  CNNs  [Eqs.  (3)  and  (4)],  similar  phenomena 
occur.  3-Double  scroll  squares,  cubes  and  hyper- 
cubes,  obtained  for  L  =  2,  3,  4,  respectively  are 
shown  in  Figs.  6  and  7.  The  larger  the  number  of  n 
the  more  scrolls  the  //-dimensional  hypercube  con¬ 


tains.  The  same  initial  states  were  chosen  as  for  the 
corresponding  n  =  2  cases. 

For  the  simulation  results  of  weak  coupling,  de¬ 
scribed  in  this  section,  the  number  of  positive  Lya¬ 
punov  exponents  is  equal  to  the  number  of  cells, 
which  means  hyperchaos  is  obtained  for  L  >  2. 
This  confirms  the  conjecture  on  the  number  of  pos¬ 
itive  Lyapunov  exponents  made  in  [Kapitaniak  & 
Chua,  1994].  The  estimated  Lyapunov  exponents 
are  shown  in  Table  1.  The  algorithm  with  Gram- 
Schmidt  orthonormalization  described  in  [Parker  & 
Chua,  1989]  has  been  implemented  in  Matlab  with 
joint  simulation  of  the  system  equation  and  its  vari¬ 
ational  equation  using  a  Runge-Kutta  integration 
rule  ( ode23  in  Matlab).  The  variational  equations 
were  analytically  derived  from  Eq.  (1).  A  Matlab 
to  C  compiler  (mcc  in  Matlab)  has  been  used.  All 
simulations  were  done  on  a  SUN  Ultral-140  work¬ 
station.  The  estimated  values  of  the  negative  Lya¬ 
punov  exponents  much  depend  on  the  choice  of  the 
time  horizon  T  on  which  the  system  and  its  varia¬ 
tional  equation  Eire  simulated.  Choosing  a  larger  T 
(but  still  making  sure  that  no  overflow  occurs  in  the 
variational  equation)  results  in  a  larger  estimate  for 
the  Lyapunov  dimension  of  the  system.  Indeed,  ac¬ 
cording  to  Kaplan  and  Yorke  the  Lyapunov  dimen¬ 
sion  is  defined  as  T>i  =  j+(AH - hAj)/|Aj+i|  where 

j  is  the  largest  integer  such  that  Ai  H - 1-  Xj  >0, 

provided  the  Lyapunov  exponents  Eire  ordered  as 
Ai  >  •  •  •  >  A d,  with  d  being  the  dimension  of  the 
state  space  [Parker  &  Chua,  1989]. 

5.  Route  from  Synchronization 
to  the  Hypercube 

For  the  case  n  =  2  and  2  cells  with  unidirectional 
coupling  one  obtains  synchronization  for  K  <  —1.3 
and  instability  for  K  >  0.38.  The  route  from  syn¬ 
chronization  to  the  hypercube  goes  through  inter- 
mittency  with  occasional  bursts  to  higher  dimen¬ 
sions,  as  shown  on  Fig.  8  for  the  case  of  diffusive 
coupling  with  3  cells.  This  phenomenon  has  been 
reported  in  [Kapitaniak  &  Chua,  1994]  as  well.  For 
the  case  of  diffusive  coupling  and  3  cells,  the  ar¬ 
ray  synchronizes  approximately  for  Dv  >  0.1.  For 
Dy  =  0.1  and  Dv  =  0.09  the  system  behaves  ‘close’ 
to  synchronization,  with  the  formation  of  additional 
scrolls  in  the  common  cell-space,  but  the  array  is 
not  able  to  develop  the  full  hypercube.  For  the  sim¬ 
ulations,  the  SEune  initial  states  were  taken  as  in  the 
previous  section. 
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Fie.  2.  (a)  2-double  scroll  square  from  a  1D-CNN  with  2  cells  of  2-double  scroll  circuits  and  unidirectiond  coupling  between 

the  cells  (K  =  0.001).  Note  the  resemblance  and  difference  with  Fig.  2  in  [Kapitaniak  4c  Chua,  1994].  Shown  is  e  p  e 
(x(i)  t  x(2>).  (b)  2-double  scroU  cube  from  a  1I>-CNN  with  3  cells  of  2-double  scroll  circuits  and  unidirectional  coupling  between 

the  cells  (K  =  0.001).  The  subspace  (x0),  xw,  *(3))  is  shown. 
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(a) 


(b) 

Fig.  3.  2-double  scroll  hypercube  from  a  1D-CNN  with  4  cells  of  2-double  scroll  circuits  and  diffusive  coupling  between  the 
cells  (Dv  =  0.01).  Two  views  axe  shown  on  this  four-dimensional  hypercube:  (a)  (*<*>,  *<2\  x'3));  (b)  (*‘a\  x">). 


0>) 

cli  (ceU  1  and  3):  (a)  (*<”,  y<»,  *(1)),  0>)  (x'3),  V<3),  *W)- 
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■  between  the 

,X«>). 
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Table  1.  In  this  Table  estimations  of  Lyapunov  exponents  are  made 
for  lD-CNNs  with  2-  and  3-double  scroll  cells  and  different  numbers 
of  cells.  For  weak  coupling  the  array  has  a  number  of  positive  (A+), 
zero  (Ao)  and  negative  (A-)  Lyapunov  exponents  equal  to  the  number 
of  cells  L.  Vi  is  the  estimated  Lyapunov  dimension  and  T  is  the  time 
horizon  on  which  the  array  together  with  its  variational  equation  have 
been  simulated. 


Array  Coupling  A+  Ao  X-  Vi 


=  2,  L  =  2 

K  =  0.001 

0.30 

0.28 

0.00 

0.00 

II 

JO 

II 

Dv  =  0.01 

0.34 

0.00 

n  =  2,  L  =  10  £», 


0.28  0.00 

0.23  0.00 

0.17  0.00 

=  0.001  0.34  0.00 

0.32  0.00 

0.31  0.00 

0.31  0.00 

0.29  0.00 


-0.87  4.6  30 

-0.90 

-1.41  8.7  20 

-1.43 

-1.46 

-1.48 

-2.62  21.1  10 

-2.77 
-2.86 
-2.92 
-2.96 
-2.99 
-3.02 
-3.04 
-3.07 
-3.10 

-0.88  4.6  30 

-0.91 

-1.42  8.8  20 

-1.43 

-1.47 

-1.49 


0.28 

0.00 

0.27 

0.00 

0.26 

0.00 

0.26 

0.00 

0.23 

0.00 

=  3,  L  m  2 

K  =  0.01 

0.28 

0.00 

0.27 

0.00 

II 

00 

11 

Dx  =  0.001 

0.33 

0.00 

0.29 

0.00 

0.25 

0.00 

0.23 

0.00 

Fig.  8.  This  figure  shows  unidirectional  coupling  between  two  2-double  scroll  circuits  for  K  —  -1.2.  Occasional  synchroniza¬ 
tion  between  the  two  cells  is  clearly  visible  on  (a)  (z(1),  xw)  and  (b)  xw(t)-xm(t). 


n -Double  Scroll  Hypercubes  CNN  1885 


6.  Conclusion 

In  this  paper  the  new  phenomenon  of  n-double 
scroll  hypercubes  has  been  described,  which  occurs 
in  weak  unidirectional  or  diffusive  coupling  of  n- 
double  scroll  cells  in  one-dimensional  CNNs.  The 
dimension  of  the  hypercube  is  equal  to  the  number 
of  cells  in  the  array.  The  hypercube  is  filled  with  a 
number  of  multiple  scrolls  that  increases  with  the 
number  of  n.  For  weak  coupling  the  individual  cells 
remain  behaving  as  n-double  scrolls,  while  the  hy¬ 
percube  is  formed  in  the  common  cell-space.  For 
the  simulations  that  have  been  done,  the  array  be¬ 
haves  hyper-chaotically  with  a  number  of  positive 
Lyapunov  exponents  equal  to  the  number  of  cells. 
The  route  from  synchronization  to  the  hypercube 
in  the  array  goes  by  means  of  intermittency,  as  ear¬ 
lier  described  by  Kapitaniak  and  Chua  for  unidi¬ 
rectional  coupling  of  Chua’s  circuits  in  1-D  CNNs. 
Potential' applications  of  the  n-double  scroll  hyper- 
cube  CNN  are  in  the  use  of  high-dimensional  chaos 
for  secure  communication  applications  and  artificial 
neural  information  processing  systems. 
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In  this  paper  a  master-slave  synchronization  scheme  for  Lur’e  systems  is  investigated,  which 
consists  of  vector  field  modulation  by  means  of  the  message  signal.  Using  a  full  state  error 
feedback  mechanism  and  formulating  the  synchronization  problem  within  the  standard  plant 
framework  of  modern  control  theory,  it  is  shown  how  the  original  message  can  be  recovered 
for  a  class  of  binary-valued  continuous  time  reference  inputs  or  message  signals.  Input/output 
properties  of  the  synchronization  scheme  are  analyzed  using  the  system-theoretical  approach 
of  dissipativity  with  a  quadratic  storage  function  and  a  supply  rate  of  finite  Lj-gain.  The 
feedback  matrix  is  designed  such  that  the  influence  of  the  exogenous  input  on  a  tracking  error 
is  minimized,  corresponding  to  a  so-called  nonlinear  Hoo  synchronization  scheme.  Channel 
noise  is  taken  into  account  in  the  design.  The  method. is  illustrated  on  Chua’s  circuit  and  an 
n-double  scroll  circuit. 


1.  Introduction 

Prom  existing  work  on  synchronization  of  nonlinear 
systems,  it  becomes  clear  that  there  is  a  close  rela¬ 
tionship  between  synchronization  and  control  prob¬ 
lems  [Wu  &:  Chua,  1994;  Curran  &  Chua,  1996; 
Suykens  &  Vandewalle,  1996].  Conditions  for  syn¬ 
chronization  of  e.g.  two  identical  chaotic  systems, 
such  as  Chua’s  circuit,  are  often  based  on  Lyapunov 
functions  in  order  to  prove  global  asymptotic  sta¬ 
bility  of  the  error  system.  Especially  for  Lur’e  sys¬ 
tems,  one  can  observe  this  link  between  the  syn¬ 
chronization  problem  and  absolute  stabilization  of 
the  corresponding  systems. 


In  this  paper  we  consider  synchronization  prob¬ 
lems  of  Lur’e  systems,  with  respect  to  applications 
for  secure  communication.  In  secure  communica¬ 
tion  an  information  bearing  signal  is  hidden  on  a 
chaotic  carrier  signal  (see  [Hasler,  1994;  Wu  & 
Chua,  1994]).  Prom  the  viewpoint  of  control  the¬ 
ory,  this  message  signal  can  be  considered  as  the 
external  “reference  input”  in  the  synchronization 
scheme.  Generally  speaking,  in  control  theory  one 
is  interested  in  obtaining  desirable  properties  for 
control  schemes  such  as  internal  stability,  optimal 
tracking,  disturbance  rejection  [Boyd  &  Barratt, 
1991;  Maciejowski,  1989].  Often  one  starts  by 
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studying  internal  stability  of  the  autonomous  sys¬ 
tem  (without  external  reference  inputs).  The  next 
step  is  then  to  introduce  the  reference  input  in  the 
control  scheme  and  to  study  conditions  for  achiev¬ 
ing  optimal  performance  such  as  optimal  tracking 
and  disturbance  attenuation.  A  similar  approach 
could  and  partially  has  been  followed  already 
for  synchronization  problems,  by  first  considering 
schemes  without  external  input.  Basically  two 
schemes  for  introducing  the  information  signal  into 
the  synchronization  scheme  have  been  proposed 
then  in  literature:  Chaotic  masking  and  vector  field 
modulation  (see  (Kennedy,  1995]).  Chaotic  masking 
has  the  disadvantage  that  distortion  and  noise  in¬ 
troduced  by  the  channel  are  indistinguishable  from 
the  signal.  We  will  investigate  a  type  of  vector  field 
modulation  which  corresponds  to  a  model  reference 
control  scheme. 

One  advantage  of  considering  synchronization 
schemes  from  the  viewpoint  of  control  theory  is  that 
it  offers  a  framework  for  taking  noise  and  distur¬ 
bances  into  account  in  the  design.  According  to 
modern  control  theory  (such  as  Hoo  and  fx  robust 
control  theory  [Maciejowski,  1989]  and  NLg  neu¬ 
ral  control  theory  [Suykens  et  al.,  1996]),  we  will 
represent  the  synchronization  scheme  in  standard 
plant  form,  with  as  regulated  output  the  tracking 
error  and  as  exogenous  input  the  message  signal 
together  with  a  disturbance  input.  The  scheme 
consists  of  linear  full  static  state  error  feedback. 
One  is  interested  then  in  seeking  a  feedback  ma¬ 
trix  such  that  the  influence  from  the  exogenous  in¬ 
put  on  the  regulated  output  is  minimized,  accord¬ 
ing  to  a  certain  norm.  The  approach  that  we  take 
in  this  paper  is  based  on  the  fundamental  system- 
theoretical  concept  of  dissipativity  [Willems,  1972; 
Hill  &  Moylan,  1976,  1990;  Wyatt  et  al.,  1981].  We 
consider  a  quadratic  storage  function  and  a  supply 
rate  of  finite  L2-gain  and  derive  sufficient  conditions 
for  dissipativity  of  the  synchronization  scheme,  ex¬ 
pressed  as  matrix  inequalities  [Boyd  et  al.,  1994]. 
The  feedback  matrix  is  then  designed  by  solving  a 
constrained  nonlinear  optimization  problem.  Con¬ 
sidering  the  feedback  matrix  of  the  synchronization 
scheme  as  the  “controller”,  the  design  corresponds 
to  nonlinear  Hco  control  [Isidori  &:  Astolfi,  1992; 
van  der  Schaft,  1996],  which  leads  us  to  the  intro¬ 
duction  of  the  new  term  nonlinear  Hoo  synchroniza¬ 
tion.  Previous  approaches  to  make  synchroniza¬ 
tion  schemes  more  flexible  and  robust  have  been 
studied  (e.g.  in  [Chua  et  al.,  1996;  Wu  &  Chua, 
1993,  1994,  1996])  with  investigations  of  parame¬ 


ter  mismatch  and  coping  with  time-varying  chan¬ 
nels.  The  latter  topics  are  not  studied  here,  but 
also  fit  within  frameworks  of  robust  control  theory, 
where  parametric  uncertainties,  unmodeled  dynam¬ 
ics,  noise  and  disturbances  are  analyzed  and  could 
be  taken  into  account  in  the  controller  synthesis 
(Maciejowski,  1989]. 

It  is  also  clear  from  control  theory  that  achiev¬ 
ing  perfect  tracking  for  all  possible  reference  inputs 
is  impossible.  In  order  to  avoid  this  problem  we 
consider  binary  valued  continuous  time  reference  in¬ 
puts.  Though  perfect  tracking  cannot  be  achieved 
for  this  class  of  reference  inputs,  the  original  mes¬ 
sage  is  recovered  by  implementing  a  hard-limiting 
operation  on  the  output.  Furthermore,  it  is  well- 
known  that  error  feedback  synchronization  algo¬ 
rithms  are  among  the  best  methods  concerning 
tolerance  of  noise,  which  is  confirmed  here  by  com¬ 
puter  simulations.  The  scheme  however  requires 
transmission  of  the  full  state  vector  of  the  master 
system. 

The  type  of  nonlinear  systems  that  we  consider 
in  the  synchronization  scheme  are  of  Lur’e  form, 
which  consist  of  a  linear  dynamical  system  intercon¬ 
nected  by  feedback  to  a  static  nonlinearity  that  sat¬ 
isfies  a  sector  condition  [Khalil,  1992;  Vidyasagar, 
1993].  Chua’s  circuits  [Chua  et  al.,  1986;  Chua, 
1994;  Madan,  1993]  and  piecewise  linear  imple¬ 
mentations  of  n-double  scroll  circuits  [Suykens  &: 
Vandewalle,  1993;  Arena  et  al.,  1996]  are  examples 
of  Lur’e  systems  and  have  been  employed  here  to  il¬ 
lustrate  the  nonlinear  Hoo  synchronization  scheme. 
Also  arrays  with  linear  coupling  of  Lur’e  cells  are 
representable  as  Lur’e  systems.  Examples  with 
Chua’s  circuits  and  n-double  scroll  circuits  can  be 
found  in  [Kapitaniak  &  Chua,  1994;  Suykens  & 
Chua,  1997]  respectively. 

This  paper  is  organized  as  follows.  In  Sec.  2  we 
outline  the  synchronization  scheme.  In  Sec.  3  we 
discuss  the  error  system  and  its  standard  plant  rep¬ 
resentation.  In  Sec.  4  we  consider  the  autonomous 
case  and  derive  a  sufficient  condition  for  global 
asymptotic  stability  of  the  error  system,  based  on 
a  quadratic  Lyapunov  function.  In  Sec.  5  the  non- 
autonomous  case  is  considered  with  the  message  sig¬ 
nal  as  external  input.  A  condition  for  dissipativity 
with  finite  La-gain  is  derived,  based  on  a  quadratic 
storage  function.  In  Sec.  6  design  of  the  feedback 
matrix  in  the  nonlinear  Hoo  synchronization  scheme 
is  discussed.  In  Sec.  7  some  cryptographical  as¬ 
pects  of  the  synchronization  scheme  are  discussed. 
Finally,  in  Sec.  8  examples  are  proposed  for  two 
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Lur’e  systems:  Chua’s  circuit  and  a  2-double  scroll 
circuit. 

2.  Synchronization  Scheme 

Let  us  consider  the  following  master-slave  synchro¬ 
nization  scheme 

m  =  Rm  +  Sr 
d  =  Tm  +  Ur 

..  \x  =  Ax  +  Ba(Cx)  +  Dd  m 

M:\p=Hx  (1) 

fz  =  Az  +  Ba(Cz)  +  F(p  +  E-q) 

S:\q  =  Hz 

with  master  system  M,  slave  system  S,  linear  filter 
71,  state  variables  x,  z  G  En  and  m  €  E"r,  out¬ 
puts  of  the  subsystems  p,  q  €  En  and  d  G  E,  mes¬ 
sage  signal  r  G  E  and  disturbance  input  e  €  Kn 
(Fig.  1).  At  the  transmitter  M,  a  linear  transfor¬ 
mation  H  G  Enxn  is  applied  to  the  state  x.  The 
resulting  vector  p  is  sent  on  the  channel.  At  the 
receiver,  error  feedback  (full  static  state  feedback) 
between  the  output  q  of  5  and  the  transmitted  sig¬ 
nal  p,  which  is  corrupted  by  e,  is  applied  with  feed¬ 
back  matrix  F  €  Enxn.  In  the  autonomous  case, 
the  master  and  slave  system  (without  feedback)  are 
identical  Lur’e  systems  [Khalil,  1992;  Vidyasagar, 
1993]  with  A  G  Enxn,  B  €  Enxnfc  and  C  €  En'-Xn 


where  n/,  corresponds  to  the  number  of  hidden  units 
(in  case  one  interprets  the  Lur’e  system  as  a  class 
of  recurrent  neural  networks  [Suykens  et  al.,  1996]). 
The  diagonal  nonlinearity  cr(-)  :  Rnh  En*  is  as¬ 
sumed  to  belong  to  sector  (0,  k]  (typically  a  lin¬ 
ear  characteristic  with  saturation  or  tanh(-)).  At 
the  master  system  the  vector  field  is  modulated  by 
means  of  the  term  Dd.  One  has  to  ensure  then 
that  the  norm  of  this  term  is  “small”  compared  to 
the  norm  of  the  other  terms  in  the  system  dynam¬ 
ics,  by  taking  a  small  amplitude  for  the  message  r 
and  choosing  the  matrices  R  €  En'xn",  5  €  E"rXl, 
T  €  Elxnr,  U  €  E  of  the  low  pass  filter  71  ap¬ 
propriately.  The  scheme  Eq.  (1)  is  different  from 
chaotic  masking,  which  simply  adds  the  information 
bearing  signal  to  the  output  of  a  chaotic  system. 
The  latter  method  suffers  from  the  fact  that  chan¬ 
nel  noise  is  indistinguishable  from  the  transmitted 
signal  (see  [Kennedy,  1995]).  Finally,  the  method 
of  recovering  the  message  r  is  based  on  a  control 
theoretic  interpretation  of  the  scheme  Eq.  (1)  and 
is  explained  in  the  next  section. 

3.  Error  System  and  Standard 
Plant  Interpretation 

Defining  the  signal  e  =  p  —  q  one  obtains  the  error 
system: 

£  :  e  =  A»e  +  B*7?(C*e;  z)  +  HDd  -  HFc  (2) 


e 


r 

d 

1  rw 

p 

.  p  ■*' 

— 

i 

j 

s 

r- 

w  = 

r 

Standard 

e 

Plant 

v  =  d  -  pT(p-q) 


Fig.  1.  (Top)  Synchronization  scheme  with  master  system  Ai  and  slave  system  S.  The  vector  field  of  the  master  system  is 
modulated  by  means  of  the  signal  d,  which  is  the  output  of  a  linear  filter  with  as  input  the  message  r.  The  state  x  of  A4 
is  linearly  transformed  into  the  transmitted  signal  p.  The  output  of  the  channel  is  corrupted  by  the  signal  c.  The  filtered 
message  d  is  recovered  by  means  of  a  tracking  mechanism,  using  full  state  error  feedback  between  p  and  q.  The  signal  q  is 
the  result  of  a  linear  state  transformation  (same  as  for  / A )  on  the  state  z  of  S.  (Bottom)  Control  theoretic  interpretation ^)f 
the  synchronization  scheme  by  its  standard  plant  representation,  with  exogenous  input  w  and  regulated  output  v  =  d  —  f3  e 
with  e  =  p-  q.  The  exogenous  input  consists  of  the  filtered  message  signal  d  and  the  channel  noise  e.  The  aim  is  to  find  a 
feedback  matrix  such  that  the  influence  of  the  exogenous  input  on  the  tracking  error  v  is  minimized.  This  is  done  in  the  sense 
of  a  nonlinear  Hoc  control  scheme,  finding  the  minimal  L2-gain  by  solving  a  constrained  nonlinear  optimization  problem  that 
involves  matrix  inequalities.  Considering  binary  valued  continuous  time  reference  inputs  rt  the  original  message  is  recovered 
from  /?Te. 
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with  A,  =  HAH-1  -  HF,  B .  =  HB,  C.  =  CH~X 
and  nonlinearity  J?(C,e;  z)  =  cr(C*e  +  Cz)  -<r(Cz). 
For  the  autonomous  case  (zero  d  and  e)  the  signal  e 
is  an  error  signal  in  the  sense  that  one  is  interested 
in  asymptotically  synchronizing  two  chaotic  Lur’e 
systems  such  that  ||e||  =  ||p  -  g||  — *■  0  as  t  — ►  oo. 
However,  the  non-autonomous  case  with  non-zero 
external  input  r  requires  another  notion  of  “error”, 
since  e  is  not  tending  towards  the  origin  for  non-zero 
external  inputs.  Therefore  we  will  consider  the  sys¬ 
tem  {71,  M,  5}  as  a  model  reference  control  scheme 
with  reference  model  71  where  a  feedback  matrix  F 
has  to  be  designed  such  that  the  tracking  error : 

v  —  d  —  0T  e  (3) 

is  minimized,  where  0  =  [1;  0;  0; . . . ;  0]  selects  the 
first  component  of  the  signal  e. 

In  modern  control  theory  one  considers  so- 
called  standard  plant  forms,  with  regulated  and 
sensed  output  and  exogenous  and  actuator  input 
[Boyd  &  Barratt,  1991;  Maciejowski,  1989;  Suykens 
e<  al. ,  1996].  The  regulated  output  then  consists 
of  the  tracking  error  and  eventually  also  the  con¬ 
trol  signal,  in  case  one  wants  to  minimize  the  con¬ 
trol  energy.  The  exogenous  input  includes  the  ref¬ 
erence  input,  disturbance  inputs  and  noise.  For  the 
synchronization  scheme  {£ ,  71} ,  the  standard  plant 
representation  is  of  the  form 

[< =/«.»)  (4) 


with  exogenous  input  w  =  [r;  e],  regulated  output 
v  and  state  vector  £  =  [e;  mj.  More  specifically  one 
obtains  the  equations: 


tracking  error  u  for  all  possible  message  signals  r 
is  impossible.  This  problem  is  avoided  by  assum¬ 
ing  binary  valued  continuous  time  reference  inputs  r 
and  recovering  the  message  by  doing  a  hard-limiting 
operation  on  the  variable  0Te.  This  principle  will 
be  demonstrated  in  the  examples  of  Sec.  8. 


4.  Autonomous  Case:  Internal 
Stability 

Let  us  first  consider  the  autonomous  case  for  the 
standard  plant  form  of  the  synchronization  scheme, 
i.e.  with  zero  exogenous  input  w,  yielding 


e  =  A,e  +  HDTm  4-  B*i](C,e;  z ) 
m  =  Rm . 


Assume  that  the  nonlinearity  p(C*e;  z)  belongs  to 
sector  [0,  fc]  [Curran  &  Chua,  1996;  Suykens  & 
Vandewalle,  1996]: 

n  KiifSfi  f}  _  ai(<Ze +  <%*)- *(<%*)  s  . 


-  Ve,  z ,  i  1, . . . ,  7i/i .  (7) 

The  following  inequality  holds  then  [Boyd  et  al., 
1994;  Khalil,  1992;  Vidyasagar,  1993]: 

J?,(c£e;  z)[T}i(c£.e;  z)  -  kc^.e]  <  0  , 

Ve,  z,  i  =  1, . . . ,  rtf, . 

It  follows  from  the  mean  value  theorem  that  for 
differentiable  cr(-)  the  sector  [0,  A;]  condition  on  rj(-) 
corresponds  to  [Curran  &  Chua,  1996]: 


0  <  z)  <  k ,  Vp,  z\  i  =  1,...,  nh.  (9) 

Defining  £  =  [e;  m]  and  taking  a  quadratic 

Lyapunov  function 

n{)-«rPf=i<r  ™Ti[pn  pI!lf'  . 

^21  22  J  [m 

P  =  Pr  >  0 ,  (10) 


One  aims  then  at  minimizing  the  influence  of  the 
exogenous  input  on  the  regulated  output  and  track¬ 
ing  low  pass  filtered  signals  d,  as  specified  by  means 
of  the  filter  1Z.  An  additional  filter  could  be  speci¬ 
fied  for  the  disturbance  input  e,  when  a  noise  model 
for  the  channel  is  available.  On  the  other  hand,  it 
is  clear  from  control  theory  that  achieving  a  zero 


which  is  radially  unbounded,  it  is  straightforward 
then  to  find  a  sufficient  condition  for  global  asymp¬ 
totic  stability  of  Eq.  (6). 

Theorem  1.  Let  A  =  diag{At}  be  a  diagonal  ma¬ 
trix  with  A t  >  0  for  i  =  1, . . . ,  n*.  Then  a  sufficient 
condition  for  global  asymptotic  stability  of  Eq.  (6), 
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based  on  the  quadratic  Lyapunov  function  Eq.  ( 10 ),  is  given  by  the  matrix  inequality 


Y  =  Yt  = 


\A^Pn  +Pn>l, 


AlPn  +  PnR 

RtP2  2  +  P22R  +  TtDtHtP12  +  P2\HDT 


PnB,  +  kC?  A] 


P21B* 

— 2A 


<0.  (11) 


Proof.  Taking  the  time-derivative  of  the  Lyapunov 
function  and  applying  the  5-procedure  [Boyd  et  ai, 
1994],  using  the  inequalities  from  the  nonlinearities, 
one  obtains: 

V  =  zTPt  +  ?p£ 

<  iTPS  +  ZTP£  -  E  2XMVi  -  kcj.  e) 

i 

<  (A»e  +  HDTm  +  B*r))T (P\\e  +  Pi2m) 

+  {Rm)T(P2\e  +  P22m ) 

+  (eTPn  +  mTP2i)(A,e  +  HDTm  +  B.t?) 

+  (erPi2  +  mT P22)Rm  -  E  2^iVi(Vi  —  kc^.e) 

i 

<  CrFC  <  0 

where  £  =  [e;  m;  7/].  The  latter  expression  is  neg¬ 
ative  V  nonzero  C  provided  Y  is  negative  definite. 

■ 


5.  Non- Autonomous  Case: 

Dissipativity  with  Finite 
L2-Gain 

In  order  to  study  input/output  properties  of  the 
synchronization  scheme  Eq.  (1),  we  follow  the  dis¬ 
sipativity  approach,  introduced  in  system  theory 
by  Willems  [1972]  and  further  developed  in  [Hill 
&  Moylan,  1976,  1980].  With  respect  to  the  stan¬ 
dard  plant  form  Eq.  (5),  we  consider  the  supply 
rate  with  finite  L2-gain  7  (see  [Hill  &  Moylan,  1976, 
1980]): 

s(w,  v)  =  'y2wTw  —  vTv .  (12) 

Another  well-known  type  of  supply  rate  takes  the 
inner  product  between  the  input  and  output  of  the 
system,  which  corresponds  to  the  well-known  case 
of  passivity.  The  system  Eq.  (5)  with  supply  rate 
Eq.  (12)  is  said  to  be  dissipative  if  for  all  locally 
square  integrable  w  and  all  tf  >  0  one  has 

rli 

/  s(w(t),  1 At))dt  >  0 

Jo 


with  f(0)  =  0  and  s(w,  v)  integrated  along  the  tra¬ 
jectory  of  Eq.  (5)  [Hill  &  Moylan,  1976, 1980].  Note 
that  the  assumption  of  locally  square  integrability 
of  w  is  not  satisfied  when  the  channel  noise  e  is  a 
zero  mean  white  Gaussian  noise  signal.  Therefore, 
at  the  theoretical  level,  we  will  consider  e  rather  as  a 
deterministic  disturbance  input  than  as  a  stochastic 
input  and  simulate  the  obtained  results  afterwards 
with  noisy  inputs  (as  is  usually  done  in  Hoo  control 
theory).  Furthermore  the  system  Eq.  (5)  is  dissi¬ 
pative  with  respect  to  supply  rate  Eq.  (12)  if  there 
exists  a  storage  function  <f>(£)  :  Rn  R  satisfying 
<f>(0  >  0  for  £  #  0  and  0(0)  =  0  and  [Hill  &  Moylan, 
1976,  1980] 

4>(£)  <  s(w,  v) ,  Vie,  v.  (14) 

The  following  theorem  proves  then  dissipativity 
with  finite  L2-gain  of  the  synchronization  scheme 
with  respect  to  a  quadratic  storage  function 

m=(rPt,  p=pt>  0.  (15) 

Note  the  resemblance  between  the  use  of  the  qua¬ 
dratic  storage  function  for  the  non-autonomous  case 
and  the  quadratic  Lyapunov  function  for  the  au¬ 
tonomous  case. 

Theorem  2.  Let  A  =  diag{A;}  be  a  diagonal  ma¬ 
trix  with  Xi  >  0  for  i  =  1,...,  nh.  Then  a  suffi¬ 
cient  condition  for  dissipativity  of  the  synchroniza¬ 
tion  scheme  Eq .  (5)  with  respect  to  the  quadratic 
storage  function  Eq.  (15)  and  the  supply  rate  with 


finite  L^-gain  7  Eq. 

(12) 

is  given  by 

the  matrix  in- 

equality 

mZn 

Z\2 

Zn 

Zu 

Z\h 

• 

Z22 

z23 

Zu 

Z25 

N 

II 

N 

II 

• 

■ 

Z33 

0 

0 

<  0 

• 

• 

• 

Z44 

0 

• 

• 

• 

Z55. 

(13) 


(16) 
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with 


Zn  =  A?Pn  +  PuA9  +  P0T 

Zu  —  A^  P\2  +  P\\HDT  +  P12R  —  ST 

Z13  =  P\iB *  +  kCj  A 

Zu  =  P11HDU  +  PnS  -  0U 

Zu  =  -PnHF 


Z22  =  P21HDT  +  TtDtHtP12  +  P22R  +  RTP22  +  TtT 
Z23  =  P2lB+ 

Z24  =  P21HDU  +  P22S  +  TtU 
Z25  —  —P21HF 

Z33  =  — 2A,  Z44  =  -l2 1  +  ^rf/,  ^55  =  - 72/. 


Proof.  Writing  the  expression  for  ^  —  s(w,  v)  and  applying  the  5-procedure  [Boyd  et  al.,  1994],  using  the 
inequalities  for  the  nonlinearity,  one  obtains 

4>  -  s(w,  V )  =  fPt,  +  fjpi  -  s(w,  V ) 

<  iTPi  +  fPi  -  E  2XiJ]i(m  -  kc9.e)  -  s{w ,  v) 

i 

<  (A.e  +  B,rj  +  HDTm  +  HDUr  -  HFe)T(Pne  +  Pl2m)  +  (Rm  +  5r)r(P2ie  +  P22m) 

+  (erPn  +  mTP2i)(A9e  +  B. t\  +  HDTm  +  HDUr  -  HFe)  +  (erPi2  +  mrP22)(Pm  +  Sr) 
-  £  2XiT]i(T)i  -  hole)  -  7  V  +  eTe)  +  (Tm  -  ft  +  Urf(Tm  -  (fe  +  Ur) 

i 

<  c^c  <  0 

where  C  =  [e;  rn;  77;  r;  e].  The  latter  expression  is  negative  V  nonzero  £,  if  Z  is  a  negative  definite  matrix. 


6.  Nonlinear  Hoc  Synchronization 

Given  the  matrix  inequality  of  Theorem  2,  the  ques¬ 
tion  arises  as  to  how  to  design  the  feedback  ma¬ 
trix  F  for  the  given  master-slave  synchronization 
scheme.  In  nonlinear  Hoo  control  theory  (see  e.g. 
[Isidori  &  Astolfi,  1992;  van  der  Schaft,  1996])  one 
designs  a  controller  for  a  given  nonlinear  plant  by 
considering  a  supply  rate  with  finite  L2-gain  like 
Eq.  (12).  The  optimal  Hoo  control  law  corresponds 
then  to  the  minimal  L2-gain  7  that  is  achievable  for 
the  system  such  that  the  closed-loop  system  is  dis¬ 
sipative.  In  nonlinear  Hoo  control  theory,  the  opti¬ 
mal  solution  is  characterized  by  a  Hamilton-Jacobi 
inequality  with  respect  to  a  continuously  differen¬ 
tiable  nonlinear  storage  function.  For  Lur’e  systems 
and  a  quadratic  storage  function  on  the  other  hand, 
the  optimal  solution  can  be  expressed  in  terms  of 
matrix  inequalities,  as  is  shown  in  Theorem  2.  The 
nonlinear  Hoo  synchronization  problem  is  formu¬ 
lated  then  as: 

min  7  such  that  Z(F,  P,  A,  7)  <  0.  (17) 

F,PA,-r 

This  problem-formulation  itself  suggests  a  way 


of  solving  it  by  means  of  constrained  nonlinear  opti¬ 
mization.  The  constraint  is  differentiable  as  long  as 
the  two  largest  eigenvalues  of  the  matrix  Z  do  not 
coincide  [Polak  &  Wardi,  1982],  Otherwise  a  gen¬ 
eralized  gradient  can  be  defined  according  to  the 
theory  of  non-differentiable  optimization.  A  con¬ 
vergent  algorithm  has  been  described  in  [Polak  & 
Wardi,  1982],  including  an  analytic  expression  for 
the  gradient  of  the  constraint  in  Eq.  (17).  In  gen¬ 
eral  the  problem  Eq.  (17)  is  non-convex.  Hence  one 
may  need  several  starting  points  or  a  global  search 
method,  though  suboptimal  solutions  often  already 
yield  satisfactory  results,  as  will  be  demonstrated 
in  the  examples  of  Sec.  8. 

7.  Some  Cryptographical  Aspects 

According  to  Kerckhoff ’s  principle  of  cryptography, 
it  is  assumed  in  secret  key  algorithms  that  the  al¬ 
gorithm  is  known  in  public  and  that  the  key,  used 
by  the  sender  and  receiver,  is  secret  and  is  used  for 
enciphering  and  deciphering  [Ford,  1994;  Schneier, 
1994].  An  example  is  the  widely  used  DES  (Data 
Encryption  Standard)  algorithm,  which  makes 
use  of  a  64-bit  input  and  a  56-bit  key.  For  the 
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synchronization  scheme  this  means  that  the  Lur’e 
system  and  the  model  reference  filter  are  known, 
i.e.  the  matrices  A,  B,  C,  R,  5,  T,  U  are  known 
in  public.  A  possible  key  for  the  synchronization 
scheme  is  the  matrix  H.  One  may  generate  full 
rank  random  matrices  H  using  as  key  the  seed  of 
the  random  generator.  Once  H  is  known  by  the  re¬ 
ceiver,  F  can  be  calculated  from  the  nonlinear  op¬ 
timization  problem  Eq.  (17)  and  the  message  can 
be  recovered.  The  security  can  be  easily  enhanced 
further  by  applying  an  additional  static  nonlinear 
transformation  on  the  vector  p,  by  means  of  a  mul¬ 
tilayer  perceptron  with  l  layers: 

p*  =  W\  tanh(W2  tanh(W3 . . .  tanh (W/p) . . .)) 

(18) 

with  full  rank  matrices  Wi  €  Knxn  for  i  =  1, . . . ,  /. 
One  could  generate  the  matrices  Wi  in  the  same 
way  as  H.  The  activation  function  tanh(-)  is  applied 
componentwise  to  the  elements  of  the  vectors  (diag¬ 
onal  nonlinearity).  Because  the  activation  function 
tanh(-)  is  invertible,  the  received  signal  p*  is  readily 
transformed  back  into  p. 

8.  Examples 
8.1.  Chua’s  circuit 

Let  us  take  the  following  representation  of  Chua’s 
circuit: 

'i\  =  a[x2  —  M^i)] 

<X2  =  X 1  -  X2  +  X3  (19) 

.±3  =  -0X2 

with  nonlinear  characteristic 

h(x i)  =  m\X\  +  i(m0  -  mi)(|xi  +  c|  -  |xi  -  c|) 

(20) 

and  parameters  a  =  9,  0  =  14.286,  mo  =  —1/7, 
mi  =  2/7  in  order  to  obtain  the  double  scroll  attrac¬ 
tor  [Chua  et  al.,  1986;  Chua,  1994;  Madan,  1993]. 
The  nonlinearity  <p(x i)  =  ^(|xi  +  c|  -  |xi  -  c|)  (lin¬ 
ear  characteristic  with  saturation)  belongs  to  sector 
[0,1].  Hence  Chua’s  circuit  can  be  represented  as 
the  Lur’e  system  x  =  Ax  +  B<p(Cx)  with 


’—am  i 

a 

O' 

— a(mo  —  mi) 

A  = 

1 

-1 

1 

,  5= 

0 

0 

-0 

0. 

0 

C  =  [l  0  0],  (21) 


The  nonlinear  Hoo  synchronization  problem 
Eq.  (17)  was  solved  by  means  of  sequential  qua¬ 
dratic  programming  ( constr  in  Matlab)  [Fletcher, 
1987],  with  numerical  calculation  of  the  gradients, 
in  a  slightly  modified  way  than  Eq.  (17).  The  pos¬ 
itive  definite  matrix  P  has  been  parameterized  as 
P  =  QtQ  and 

minFtQ,A,7  7  such  that  Amax  \Z{F,  Q,  A,  7)]+*<0 

(22) 

with  6  =  0.01  has  been  solved  instead,  where  Amax  [  ] 
denotes  the  maximal  eigenvalue  of  a  symmetric  ma¬ 
trix.  In  the  experiments  D  =  [1;  1;  1],  0  =  [1;  0;  0] 
and  H  is  a  randomly  generated  matrix,  according 


Fig.  2.  Simulation  results  for  Chua’s  circuit  as  master-slave 
Lur’e  systems:  (Top)  signals  /3Te  (-)  and  d  correspond¬ 
ing  to  r  =  0.01(cos(0.5<)  +  cos(2()).  Hence  the  tracking  is 
not  perfect,  but  the  waveforms  are  basically  the  same  up  to 
a  constant  scaling.  (Bottom)  scaled  signal  j3T e  (-)  such  that 
the  error  with  d  (--)  is  minimal. 
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to  a  normal  distribution  with  zero  mean  and  vari¬ 
ance  one.  For  the  reference  model,  a  first  order 
Butterworth  filter  was  chosen  with  cut-off  frequency 
10  Hz.  As  starting  point  for  the  nonlinear  opti¬ 
mization  a  random  matrix  was  taken  for  the  feed¬ 
back  matrix  F,  generated  according  to  a  normal 
distribution  with  zero  mean  and  variance  0.1,  and 
Q  =  In+nr,  A  =  0.1/nA,  7  =  100.  For  multistart 
local  optimization  with  10  such  random  starting 
points,  the  minimal  obtained  L2-gain  7  was  equal 
to  0.82. 

Simulation  results  of  the  synchronization 
scheme  with  the  obtained  feedback  matrix  F  are 
shown  on  Figs.  2-6.  On  Fig.  2  a  reference  input 


Fig.  3.  Chua’s  circuit  (continued).  (Top)  scaled  signed  0Te 
(-)  and  r  =  0.01  sign(cos(0.5t)  +  cos(2t))  (--).  (Bottom) 
scaled  version  of  the  hard-limited  signal  sign(/3Te)  and  r  = 
0.01  sign(cos(0.5t)  +  cos(2())  (--)  showing  that  the  message 
can  be  recovered  for  a  class  of  binary  valued  continuous  time 
reference  inputs. 


Fig.  4.  Chua’s  circuit  (continued).  (Top)  transmitted  sig¬ 
nals  p.  Because  of  the  modulation  of  the  vector  field  by  the 
message  signal  r(t)  (corresponding  to  Fig.  3)  with  a  small  am¬ 
plitude,  the  message  signal  is  invisible  on  the  chaotic  wave¬ 
form.  (Bottom)  3  components  of  the  signal  e  of  the  error 
system:  ei  (-),  t2  (--),  63  (-),  corresponding  to  Fig.  3. 


r  =  0.01(cos(0.5f)  +  cos(2t))  has  been  taken.  The 
recovered  signal  /?re  is  approximately  equal  to  the 
filtered  message  signal  d,  up  to  a  constant  scal¬ 
ing.  This  motivates  the  use  of  the  synchronization 
scheme  for  binary  valued  continuous  time  reference 
inputs,  as  is  shown  on  Fig.  3,  where  perfect  recov¬ 
ery  of  the  message  is  obtained,  also  in  the  case  of 
channel  noise  (Fig.  6).  The  message  signal  is  invis¬ 
ible  on  the  transmitted  signals  (Fig.  4),  because  of 
the  small  amplitude  of  r  for  the  vector  field  mod¬ 
ulation  of  the  master  system.  The  attractor  for 
the  x  and  corresponding  p  variables  are  shown  on 
Fig.  5.  The  simulations  of  the  deterministic  systems 
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Fig.  5.  Chua’s  circuit  (continued).  (Left)  state  variables  x  of  the  double  scroll  at  the  master  system,  modulated  by  the  signal 
d  corresponding  to  Fig.  3.  (Right)  transformed  attractor  p  -  Hx. 


with  noise  signal  e  (zero  mean  white  Gaussian  with  zero  mean 
and  standard  deviation  0.001).  This  amount  of  noise  can  be 
tolerated  in  the  scheme.  Note  that  the  design  of  the  feedback 
matrix  takes  into  account  the  disturbance  input  e  through  the 
exogenous  input  w. 


are  done  by  means  of  a  Runge-Kutta  integration 
rule  ( ode23  in  Matlab)  [Parker  &  Chua,  1989]. 
Stochastic  systems  were  simulated  using  an  euler 
integration  rule  [Kloeden,  1991]. 

8.2.  2-Double  scroll 

In  [Suykens  &  Vandewalle,  1993]  a  generalization 
of  Chua’s  circuit  has  been  proposed  by  introducing 
additional  breakpoints  in  the  nonlinear  characteris¬ 
tic,  in  order  to  generate  multiple  scrolls,  resulting 
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(3Te  (-)  and  r  =  0.01  sign(cos(0.5£)  4-  cos(i)  +  cos(2f))  (--)■ 

(Bottom)  scaled  version  of  the  recovered  hardlimited  sig-  Fig.  9.  2-double  scroll  (continued).  (Top)  transmitted  sig- 

nal  sign(/3re)  and  r  =  0.01  sign(cos(0.5t)  +  cos (f)  +  cos(2t))  nals  p.  The  message  signal,  corresponding  to  Fig.  8,  is  again 

invisible  on  the  chaotic  waveform.  (Bottom)  3  components 
of  the  signal  e  of  the  error  system:  e\  (-),  62  (--),  63  (-•)» 
corresponding  to  Fig.  8. 


into  so-called  n-double  scrolls  attractors,  where  n 
is  a  natural  number.  The  well-known  double  scroll 
corresponds  to  a  1-double  scroll  within  this  frame¬ 
work.  An  electrical  circuit  implementation  has  been 
made  by  Arena  et  al.  [1996],  which  makes  use  of 
a  piecewise  linear  representation  of  the  nonlinear 
characteristic.  The  latter  n-double  scroll  circuit  is 
described  as: 

{±1  -  a[x2  -  /i(xi)] 

±2  =  xi  -  x2  +  X3  (23) 

x3  =  -0x2 

with  as  nonlinear  function  the  piecewise  linear 


characteristic: 

j  2n-l 

h{xi)  =  m2n-\xi  +  -  -  nii) 

L  »=i 

X  (|xi  +Ci\  -  |xi  —  c*|) ,  (24) 

consisting  of  2(2n  —  1)  breakpoints,  where  n  is  a 
natural  number.  We  will  consider  here  the  2-double 
scroll  attractor,  which  is  obtained  for  a  =  9,  0  — 
14.286,  m0  =  -1/7,  mx  =  2/7,  m2  =  -4/7,  m3  = 
mi,  Ci  =  1,  c2  =  2.15,  c3  =  3.6. 
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Fig.  10.  2-double  scroll  (continued).  (Top)  state  variables 
x  of  the  double  scroll  at  the  master  system,  modulated  by 
the  signal  d  corresponding  to  Fig.  8.  (Bottom)  transformed 
attractor  p  =  Hx. 


The  2-double  scroll  circuit  can  be  represented 
as  the  Lur’e  system  x  =  Ax  +  B<p(Cx)  with 


‘—ami 

a 

O' 

'bn 

f>12 

bi3 

A  = 

1 

-1 

1 

,  B  = 

0 

0 

0 

0 

-P 

0. 

0 

0 

0 

C  = 


1  0  0 
1  0  0 
1  0  0 


(25) 


with  &n  =  -a(mo  -  mi),  612  =  -a(mi  —  m2), 
i>i3  =  — a(m2  -  m3).  The  nonlinearity  <£>(•)  belongs 
to  sector  [0,1]  with  y>i(x\)  =  j(|xi  +  Cj|  —  |xi  —  Cj|). 

The  nonlinear  Hoo  synchronization  problem 
Eq.  (22)  was  solved  by  means  of  sequential  qua¬ 
dratic  programming  in  the  same  way  as  for  the  ex¬ 
ample  on  the  double  scroll,  with  the  same  choice 
for  6 ,  D,  /?,  H,  the  reference  model  and  the 


Fig.  11.  2-double  scroll  (continued).  Simulations  of  the  syn¬ 
chronization  scheme,  corresponding  to  Fig.  8  (Bottom),  but 
with  noise  signal  e  (zero  mean  white  Gaussian  with  zero  mean 
and  standard  deviation  0.001).  This  amount  of  noise  can  be 
tolerated  in  the  synchronization  scheme. 


number  of  starting  points  for  the  optimization  prob¬ 
lem.  The  minimal  L2-gain  obtained  for  7  was  equal 
to  1.16.  Simulation  results  of  the  synchronization 
scheme  with  the  obtained  feedback  matrix  F  are 
presented  on  Figs.  7-11.  On  Fig.  7  a  reference  input 
r  =  0.01(cos(0.5f)+cos(t)+cos(2<))  has  been  taken. 
Like  for  the  double  scroll,  the  recovered  signal  (3Te 
is  approximately  equal  to  the  filtered  message  sig¬ 
nal  of,  up  to  a  constant  scaling.  The  application 
to  a  binary-valued  continuous  time  reference  input 
r  =  0.01sign(cos(0.5f)  +  cos(t)  +  cos(2f))  is  shown 
on  Fig.  8,  with  perfect  recovery  of  the  message,  also 
in  the  case  of  channel  noise  (Fig.  11).  The  message 
signal  is  invisible  on  the  transmitted  signals  (Fig.  9). 
The  attractor  for  the  x  and  corresponding  p  vari¬ 
ables  are  shown  on  Fig.  10. 


9.  Conclusion 

A  master-slave  synchronization  scheme  for  Lur’e 
systems  has  been  investigated  with  vector  field  mod¬ 
ulation  of  the  master  system  by  the  message  signal. 
The  scheme  has  been  interpreted  in  a  control  the¬ 
oretical  sense  by  means  of  its  standard  plant  rep¬ 
resentation.  A  method  of  nonlinear  Hoo  synchro¬ 
nization  has  been  proposed  for  recovery  of  binary 
valued  continuous  time  reference  inputs.  It  involves 
the  design  of  a  state  feedback  matrix  such  that  the 
influence  from  the  exogenous  input  on  the  regulated 
output,  characterized  by  its  L2-gain,  is  minimized.. 
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Channel  noise  is  taken  into  account  in  the  design  of 
the  feedback  matrix.  The  method  could  be  modified 
to  incorporate  channel  and  noise  models.  The  non¬ 
linear  Hoo  synchronization  scheme  has  been  demon¬ 
strated  on  Chua’s  circuit  and  a  2-double  scroll  cir¬ 
cuit.  The  method  also  applies  to  arrays  that  consist 
of  Lur’e  cells  with  linear  coupling  between  the  cells. 
However,  the  proposed  scheme  basically  requires 
transmission  of  the  full  state  vector  of  the  master 
system.  A  suggestion  for  further  research  is  to  in¬ 
vestigate  output  feedback  mechanisms  which  would 
require  fewer  signals  to  be  transmitted.  Also,  the 
influence  of  parameter  mismatch  between  the  Lur’e 
systems  can  be  further  studied.  An  extension  of  the 
present  nonlinear  Hoo  synchronization  scheme  that 
takes  into  account  these  parametric  uncertainties  in 
addition  to  channel  noise,  may  finally  lead  to  a  com¬ 
plete  framework  for  robust  synthesis  of  master-slave 
synchronization  schemes. 
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Several  results  on  synchronization  by  Pecora  and  Carroll  [1991],  Cuomo  and  Oppenheim  [1993] 
and  Wu  and  Chua  [1994]  are  evaluated  in  the  context  of  absolute  stability  theory,  with  signif¬ 
icant  generalizations  being  achieved.  A  robustness  property  of  the  resulting  synchronization 
criteria  is  established. 


1.  Introduction 

Recently  there  has  been  a  great  deal  of  interest  in 
the  problem  of  synchronization  [Pecora  &  Carroll, 
1991;  Wu  k  Chua,  1994;  Hasler,  1994].  Chaotic 
systems  have  received  particular  attention  against 
the  general  background  of  a  significant  international 
research  effort  towards  the  development  of  secure 
communications  based  on  chaotic  systems  [Kocarev 
et  al.,  1992;  Parlitz  et  al,  1992;  Cuomo  k 
Oppenheim,  1993]. 

The  principal  aim  of  this  paper  is  to  show  that 
certain  synchronization  results  of  Pecora  and 
Carroll  [1991],  Cuomo  and  Oppenheim  [1993]  and 
Wu  and  Chua  [1994],  may  be  unified  and  general¬ 
ized  in  the  framework  of  absolute  stability  theory. 
Further,  every  synchronization  criterion  derived  by 
constructing  a  quadratic  Lyapunov  function  for  the 
error  system  [Cuomo  k  Oppenheim,  1993;  Wu  k 
Chua,  1994],  may  be  systematically  derived  in  this 
framework.  Whereas  the  majority  of  the  Lyapunov 


functions  actually  developed  (as  distinct  from  de¬ 
velopment  in  principle)  in  the  existing  literature 
on  synchronization  have  been  of  very  low  dimen¬ 
sion  (usually  3),  or  have  consisted  of  elementary 
combinations  of  such  functions  in  the  case  of  large 
scale  systems,  absolute  stability  theory  reduces  the 
generation  problem  for  n-dimensional  systems  to 
the  problem  of  solving  Linear  Matrix  Inequalities 
(LMIs)  [Boyd  et  al .,  1994],  or  to  the  problem  of  de¬ 
termining  when  such  solutions  exist.  There  exist 
efficient  numerical  algorithms  for  the  resolution  of 
both  of  these  problems  [Boyd  et  al.,  1994]. 

Although  applicable  to  only  a  restricted  num¬ 
ber  of  schemes  of  the  Pecora-Carroll  type  the  syn¬ 
chronization  criteria  obtained  (being  in  the  form  of 
LMIs)  are  algebraic  and  do  not  require  the  calcula¬ 
tion  of  conditional  Lyapunov  exponents  [Pecora  k 
Carroll,  1991]. 

This  framework  also  permits  the  development 
of  synchronization  criteria  for  n-dimensional  sys¬ 
tems  containing  multiple  nonlinearities.  Once  more, 
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the  synchronization  problems  for  these  systems  are 
reduced  to  Linear  Matrix  Inequalities  and  are  there¬ 
fore  rendered  numerically  tractable.  Given  the  re¬ 
cent  concensus  that  secure  communication  systems 
require  high  dimensional  chaos  (and  consequently 
high  dimensional  chaotic  synchronizing  subsys¬ 
tems),  this  feature  is  of  primary  importance. 

A  synchronization  criterion  will  be  of  little  prac¬ 
tical  value  if  the  synchronization  it  predicts  is  not 
robust  to  subsystem  mismatch  and  channel  noise, 

1. e.  if  synchronization,  pertaining  in  the  ideal  sys¬ 
tem,  fails  entirely  in  the  presence  of  arbitrarily  small 
levels  of  these  quantities.  We  prove  that  the  syn¬ 
chronization  criteria  presented  in  this  paper  also 
imply  robust  synchronization  and  are  therefore 
meaningful  in  practical  synchronization  problems. 

2.  Generalization  of  Result  of 
Cuomo  and  Oppenheim 

Consider  a  system  having  the  form 

x  =  Ax  +  ffqjx,  qjx,...,  qjx,  t)(bcT -cbT)x  (1) 

A  e  EnXn,  qr ,  6,  c  E  Rn,  b  and  c  linearly 

independent.  It  is  clear  that  the  Lorenz  equations 
provide  an  example  of  a  system  having  this  special 
form.  This  system  may  be  viewed  as  a  Lur’e  sys¬ 
tem  possessing  two  nonlinearities  [Khalil,  1992],  but 
with  the  special  property  that  these  nonlinearities 
are  identical  This  property  permits  one  to  gener¬ 
ate  an  absolute  stability  criterion  for  such  systems 
which  is  applicable  under  much  broader  conditions 
than  any  of  the  standard  absolute  stability  criteria 
for  general  Lur’e  systems.  A  special  case  of  this 
criterion  for  the  Lorenz  equations  appears  in  the 
work  of  Cuomo  and  Oppenheim  [1993].  After  the 
fashion  of  Cuomo  and  Oppenheim  [1993],  and  em¬ 
ploying  the  state  feedback  of  Wu  and  Chua  [1994], 
we  propose  the  following  synchronization  scheme 

x  —  Ax  +  f(qfxy . . . ,  qjxy  t)(bcT  -  cbT)x 
y  =  Ay  +  f(qfxy...y  qjx,  t)(bcT  -  cbT)y  (2) 

with  K  E  JRnxn.  Defining  the  error  signal  e  =  x  —  y, 
one  obtains  the  error  system 

e  =  Ae  +  f(qfx,...,  qjx,  t)(bcT  -  cbT)e  +  Ke. 

(3) 

A  sufficient  condition  for  synchronization  of  (2)  is 
that  (3)  be  globally  asymptotically  stable  (Khalil, 


1992].  Selecting  a  positive  definite  quadratic 
Lyapunov  function  (which  is  radially  unbounded) 

V (e)  =  eTPe ,  P  =  PT  >  0  (4) 

a  sufficient  condition  for  global  asymptotic  stability 
-  of  (3)  is  presented  in  the  following  Theorem. 

Theorem  1.  A  sufficient  condition  for  global 
asymptotic  stability  of  error  system  (3)  for  any  f 
which  is  bounded  when  its  arguments  are  bounded, 
is  that 

AT(sI  —  (A  +  K))~XA  be  strictly  positive  real 

(5) 

where  A  =  [6,  c]. 

Proof.  Using  (3)  one  obtains  for  the  derivative 
of  V 

V(e)  =  eT\(A  +  KfP  +  P(A  +  K)\e 

+  f(q\x,...,qfx,  t)eT(BTP  +  PB)e 

(6) 

where  B  =  bcT  —  cbT .  We  require  that  V  be  less 
than  a  negative  definite,  time-invariant  function  for 
any  f  which  is  bounded  for  bounded  arguments. 
This  requirement  is  satisfied  if  and  only  if 

(A+KfP+P(A+K)  <  0 ,  BtP+PB  =  0 .  (7) 

It  is  readily  shown  that  when  matrix  B  has  the 
special  form  bcT  —  cbT  then 

BTP  +  PB  =  0  iff  Pb  =  76,  Pc  =  7 c  (8) 

7  €  1R  with  7  >  0  as  P  >  0.  Equations  (7)  and  (8) 
imply 

P[b,  c]  =  7 [b,  c] , 

(A  +  K)tP  +  P(A  +  K)  <  0 . 

A  necessary  and  sufficient  condition  for  the  exis¬ 
tence  of  P  >  0  such  that  (9)  holds  is  that 

At(sI  —  (A  +  /Q^A  be  strictly  positive  real 

(10) 

where  I  is  the  n  x  n  identity  matrix  and  A  =  [6,  c). 
See  Khalil  [1992,  lemma  5.1]  for  proof.  ■ 

As  previously  noted,  Theorem  1  significantly 
generalizes  the  result  of  Cuomo  and  Oppenheim 


Absolute  Stability  and  Synchronization  1377 


[1993].  The  paucity  of  restrictions  imposed  on  / 
in  this  criterion  is  remarkable  and  reflects  the  spe¬ 
cial  form  of  system  (1).  For  general  Lur’e  systems 
one  must  impose  more  stringent  restrictions  on  /  to 
obtain  useful  synchronization  criteria. 

Equation  (9)  is  a  Linear  Matrix  Inequality 
(LMI).  It  has  been  noted  in  recent  years  [Boyd 
et  al. ,  1994]  that  it  is  often  easier  to  numeri¬ 
cally  test  (9)  directly,  than  to  test  (10).  Hence, 
although  (10)  is  (in  the  sense  of  being  free  of  ex- 
istentials)  a  more  complete  criterion,  it  is  not  (in 
the  sense  of  numerical  testability)  the  most  useful 
criterion. 


3.  Generalization  of  Result  of 
Wu  and  Chua 

Now  consider  the  general  Lur’e  system  [Vidyasagar, 
1978] 

x  =  Ax  -  bf  (cTx,  tj  (13) 

A  g  !nXn;  b,  c  e  Rn.  A  system  of  this  kind  which 
frequently  arises  in  the  synchronization  literature  is 
the  celebrated  Chua  oscillator  [Chua  et  al. ,  1993]. 
Consider  the  following  synchronization  scheme 

x  =  Ax  -  bf(cTx,  t)  ^ 

y  —  Ay  —  bf(cTy,  t)  —  K(x  —  y) 


2.1.  Example:  Cuomo  and  Oppenheim 


As  an  application  of  LMI  (9)  consider  the  system 
investigated  by  Cuomo  and  Oppenheim  [1993].  For 
suitable  choice  of  state  vector  this  system  has  form 
(1)  with 


—0 

0 

0  ' 

V 

A  = 

0 

-1 

0 

,  b  = 

0 

0 

0 

-/?. 

1 

c  = 


0 

1 

0 


(11) 


For  (11)  to  possess  (as  required  by  Cuomo  and 
Oppenheim)  a  quadratic  Lyapunov  function  inde¬ 
pendent  of  any  restriction  (except  boundedness)  on 
u(t),  the  above  argument  asserts  that  there  must 
exist  a  3  x  3  symmetric  matrix  P  >  0  satisfying  (9) 
with  K  set  to  zero.  One  may  assume  7  =  1  without 
loss  of  generality.  Hence 


P  = 


pn  0 

0  1 

0  0 


0 

0 

1 


>0, 


AtP  +  PA  = 


-2pnv  Pn° 

pucr  -2 

0  0 


0 

0 


<0. 


-2/? 


(12) 


One  may  readily  show  that  (12)  permits  a  solu¬ 
tion  pa  if  and  only  if  a  >  0,  /?  >  0.  Cuomo  and 
Oppenheim  [1993]  offer  the  particular  solution 
pu  =  1.  The  general  theory  yields  the  full  range  of 
solutions  0  <  pa  < 


where  K  €  lnXn.  Defining  error  signal  e  =  x  -  y 
one  determines  the  error  system 

e  =  (A  +  K)e 

-  b[f(cTe  +  cTy,  t)  -  f(cTy,  f)] 

=  (A  +  K)e  -  brj(cTe,  t) .  (15) 

Assume  that  nonlinearity  /  satisfies  restriction 

.  [/(<7  +  C,  *)-/(C,<)]  t) 

„< - - 

</?v<r^o,  C,  t  (16) 

[Wu  &  Chua,  1994].  Synchronization  of  (14)  oc¬ 
curs  if  system  (15)  is  globally  asymptotically  stable. 
Several  equivalent  sufficient  conditions  for  global 
asymptotic  stability  of  (15)  are  presented  in  the  fol¬ 
lowing  Theorem. 

Theorem  2.  Assuming  oc  finite,  a  sufficient  condi¬ 
tion  for  global  asymptotic  stability  of  error  system 
(15)  is  given  by 


Case  1:  =  00 

Form  1.  Frequency  Domain  Criterion. 

cT(sI-(A  +  K-abcT))-1b 
strictly  positive  real. 

Form  2.  Constrained  Lyapunov  Matrix  Inequality. 
3P  =  PT  >  0 , 

P  e  Rnxn  s.t.  (A  +  K  —  abcT)T P 
+  P(A  +  K  -  abcT)  <  0 

and  Pb  =  c.  (18) 


1378  P.  F.  Curran  Sc  L.  O.  Chua 

Case  2:  (3  <  oo 

Form  1.  Frequency  Domain  Criterion. 


—1—  +  cT(sI  -  ( A  +  K -  abcT))~lb 
iP-a) 


strictly  positive  real. 


Form  2.  Simultaneous  Lyapunov  Matrix  Equation. 

3 P  =  PT  >  0, 

P  e  Rnxn  s.t.  (A  +  K  -  abcT)TP  +  P(A  +  K-  abcT)  <  0 
and  (A  +  K-PbcT)TP  +  P(A  +  K-PbcT)<  0. 


(19) 


(20) 


Form  3.  Linear  Matrix  Inequality. 


3P  >  0  s.t. 


(A  +  K  —  abcT)TP  +  P(A  +  K  —  abcT) 
(Pb  -  c)T 


Pb-c 

2 


<0. 


(/?-«)  J 


(21) 


We  omit  the  proof  of  Theorem  2  as  it  is  merely 
a  statement  of  the  well-known  circle  criterion 
[Vidyasagar,  1978;  Khalil,  1992].  We  have  omitted 
Form  3  for  Case  1  as  it  is  a  trivial  restatement  of 
Form  2. 

As  noted  above,  efficient  numerical  algorithms 
exist  for  solving  Linear  Matrix  Inequalities  [Boyd 
et  al. ,  1994],  and/or  for  determining  when  such  so¬ 
lutions  exist.  The  LMI  forms  2  and  3  are  there¬ 
fore  regarded  as  the  most  important  for  practical 
applications. 

We  note  that  the  circle  criterion  is  equivalent 
to  the  existence  of  a  quadratic  Lyapunov  function 
eTPe  having  negative  derivative  along  the  trajec¬ 
tories  of  error  system  (15)  for  any  nonlinearity  / 
satisfying  (16)  [Curran,  1993].  Hence  this  result 
subsumes  the  synchronization  criterion  for  Lur’e 
systems  derived  by  Wu  and  Chua  (Theorem  7, 1994]. 
The  circle  criterion  explicitly  uses  parameters  a  and 
P  and  therefore  improves  upon  the  result  of  Wu  and 
Chua  [Theorem  7,  1994]  where  only  the  fact  that 
a  >  0  is  actually  employed.  Finally,  the  criterion 
provides  for  a  systematic  procedure  for  generating 
quadratic  Lyapunov  functions  which  is  numerically 
tractable. 


4.  The  Pecora-Carroll 

Synchronization  Scheme 

We  consider  the  following  synchronization  scheme 
which  is  an  elementary  example  of  the  scheme  due 
to  Pecora  and  Carroll  [1991].  Commencing  with  a 
system  of  form  (1)  (with  r  <  n  —  2  assumed),  as¬ 
sume  that  one  may  select  variables  qfx,...,  q^_ 2x 


such  that  {?i,...,  qn-2,  b,  c}  are  orthogonal.  Ap¬ 
plying  the  Pecora-Carroll  scheme,  construct  a  copy 
of  the  dynamical  equations  for  </T+1x, . . . ,  q„_ 2x, 
bTx ,  cTx.  After  the  change  of  variables  qfx 

Xl,...,  Qn- 2X  *-*  Xn-2 ,  bT X  H-f  £„_!,  CT X  >-*■  Xn, 

the  scheme  attains  the  canonical  form 


x  = 


An 

A21 


An 

A22 


x 


+  f(x  1,  t) 


0 

L  h\ 


[oT,  4] 


y  =  [A21,  A22} 


Xl 

y 


+  f(x  1,  t)  (b2  [0,  4]  -  c2  [0,  b\  ) 


Xl 

y 


where  xT  =  [xf,  4}  x\  €  Er.  Pecora  and 
Carroll  require  that  state  y  and  substate  X2  asymp¬ 
totically  converge.  Defining  the  error  signal 
e  =  X2  —  y,  one  may  determine  the  error  system 

e  =  A22e  + f(x\,  t)(b2C2  -  c2b2)e  (23) 

which  is  once  more  a  system  of  form  (1).  Global 
asymptotic  stability  of  error  system  (23)  for  any  f 
(bounded  for  bounded  arguments)  comprises  a  suf¬ 
ficient  condition  for  synchronization  of  the  Pecora- 
Carroll  form.  This  is  precisely  the  problem  which 
was  discussed  in  Sec.  2.  It  follows  that  the  syn¬ 
chronization  criteria  of  Sec.  2  also  comprise  criteria 
for  synchronization  of  Pecora-Carroll  scheme  (22). 
The  resulting  criterion  is  algebraic,  permits  efficient 
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numerical  testing  and  does  not  involve  the  calcula¬ 
tion  of  conditional  Lyapunov  exponents  [Pecora  & 
Carroll,  1991]. 


If  one  assumes  y  to  be  bounded,  then  Theorem  2 
provides  sufficient  conditions  for  this  error  system 
to  be  globally  asymptotically  stable. 


4.1.  Example:  Pecora  and  Carroll 


Consider  the  x-driven  copy  of  the  Lorenz  equations 
[Pecora  k  Carroll,  1991] 


y1  =  -  xz'  +  rx  -y' 
z'  =  xy'-(3z'. 


(24) 


Defining  error  signal  e\  —  y  -  y',  e-i  =  z  —  z’ ,  the 
error  system  takes  form  (1)  with 


4  = 


/(•,  t)  =  x(t). 


(25) 


Hence,  by  Theorem  1  this  error  system  is  globally 
asymptotically  stable  for  any  bound  driving  signal 
x  if  there  exists  P  =  I  (the  identity  matrix)  such 
that 


AtP  +  PA  = 


-2 

0 


0 

-2/3 


<  0 ,  i.e.  if  (5  >  0 . 

(26) 


4.2.  Further  comments 


It  is  clear  from  the  above  discussion  that  the  Pecora- 
Carroll  synchronization  scheme  is  strongly  related 
to  an  absolute  stability  problem  in  the  case  where 
the  drive  system  has  form  (1)  and  where  the  re¬ 
sponse  system  is  driven  by  all  of  the  arguments  of 
the  nonlinearity.  Similar  comments  pertain  when 
the  drive  system  is  of  the  general  Lur’e  type  consid¬ 
ered  in  Sec.  3  and  again  where  the  response  system 
is  driven  by  all  of  the  arguments  of  the  nonlinearity. 

In  certain  cases  where  the  response  system  is 
not  driven  by  all  of  the  arguments  of  the  nonlinear¬ 
ity,  absolute  stability  theory  may  still  be  employed 
to  devise  sufficient  conditions  for  synchronization. 
For  example,  the  error  system  associated  with  the 
y-driven  copy  of  the  Lorenz  equations  [Pecora  k 
Carroll,  1991]  has  the  form  of  Lur’e  system  (13) 
with 


A  = 


b  =  c  = 


/( C>  0  =  -y(0C  • 


(27) 


5.  Multi variable  Criteria 

Systems  (1)  and  (13)  possess  a  single  nonlinearity 
but  are  of  arbitrarily  high  dimension.  By  exploit¬ 
ing  this  freedom  of  dimension  one  may  hope  to  es¬ 
tablish  synchronization  of  highly  complex  chaotic 
systems.  A  second  means  of  ensuring  this  complex¬ 
ity  is  to  select  systems  possessing  a  larger  number 
of  nonlinearities.  As  a  generalization  of  the  special 
system  of  Sec.  2,  we  propose  the  following  multiple 
nonlinearity  system 

m 

x  =  Ax  +  ^2  fi(9 'ix’  •  •  •  i  t){bicT  “  )x 

i=l 

171  'T 

y  =  Ay  +  ^2  ’  9r  X i  t)(biCi  ~~  )y 

i=l 

-  K(x  -  y)  (28) 

where  K  €  Knxn.  Proceeding  in  the  manner  of 
Sec.  2,  one  constructs  the  error  system  for  error 
e  =  x  -  y 

m 

e  =  (A  +  K)e  +  /i(9i'a'>  •  •  •  >  Or  (29) 

t=i 

where  =  bicj  -  CibJ.  Following  the  discussion  of 
Sec.  2,  one  readily  verifies  the  following  Theorem. 

Theorem  3.  A  sufficient  condition  for  global 
asymptotic  stability  of  error  system  (29)  for  any 
nonlinearities  fi  bounded  for  bounded  arguments,  is 
that  there  exists  P  =  PT  >  0,  P  €  MnXn  such  that 

AtP  +  JP A  <  0  and  Pb,  —  'ub, ,  (30) 

Pci  =  ')iCi,  7i  €  E Vi. 


Once  more,  this  is  a  constrained  matrix  inequality. 
One  may  employ  the  KYP  lemma  [Khalil,  1992]  to 
determine  an  associated  frequency  domain  condi¬ 
tion  which  is  both  necessary  and  sufficient  for  the 
existence  of  a  positive  definite  solution  P  to  (30). 
However,  as  previously  noted,  in  practice  one  of¬ 
ten  tests  (30)  directly  for  a  solution  of  the  required 
form,  because  such  a  test  may  be  implemented  in  a 
numerically  efficient  manner  [Boyd  et  al. ,  1994]. 
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The  form  of  the  general  multivariable  Lur’e 
system  is  standard  [Vidyasagar,  1978].  We  take 

x  =  Ax  -  Bf(CTx,  t ) 

y  =  Ay-Bf(CTy,t)-K(x-y)  (31) 

where  B ,  C,  e  Rnxm,  K  €  !nxn,  /  is  a  vector 
function  from  Rm+1  into  Rm.  The  error  system  for 
error  e  =  x  —  y  becomes 

e  =  [A  +  K)e 

-  B[f(CTe  +  CTy,  t)  -  f(CTy,  t)].  (32) 

Assume  /  to  satisfy  the  constraint 

[K2(t  -  f(a  +  C)  t)  +  /(C)  0]T[ +  C)  0 

-/(C,  t)-tfi£r]>0Va,  C  Vt 

(33) 

where  Kx,  K2  €  RmXm.  We  select  a  quadratic 
Lyapunov  function 

V(e )  =  erPe ,  P  >  0  (34) 

and  may  prove  the  following  Theorem. 

Theorem  4.  A  sufficient  condition  for  global 
asymptotic  stability  of  error  system  (32)  is  that 
there  exists  P  €  RnXn,  P  =  PT  >  0  and  scalar 
7  >  0  satisfying  the  Linear  Matrix  Inequality 

Y  =  YT  =  Yn  Yn  <  0  (35) 

Y22m 

where 

Yn  =  (A  +  K)t  P  +  P(A  +  K) 

-  ^C(KZK1+K{K2)Ct 

Yl2  =  -  PB  +  ^C(K1+K2)t 
Y22  =  -iI. 


Proof.  Taking  the  time  derivative  of  V ,  applying 
the  5-procedure  [Boyd  et  al,  1994]  and  using  (33), 
one  obtains 

V(e)  <  eT[(A  +  K)T P  +  P(A  +  K)]e  -  eTPBr) 

-  r1TBTPe  +  1[. K2CTe  -  t}]t[t]  -  KXCT e] 
£ 

+  |[t?  -  KxCTe\T[K2CTe  -  y] 

<  CrFC  <  0  (36) 


where 

V  =  f(CTe  +  CTy,  t)  -  f(CTy,  t) , 
CT  =  (er,  VT)  ■ 


(37) 


Restrictions  other  than  (33)  lead  to  different 
Linear  Matrix  Inequalities. 

6.  Robustness  of  Synchronization 
Criteria 

In  practical  implementations  of  the  synchronization 
schemes  presented  above,  two  non-ideal  effects  oc¬ 
cur:  (i)  channel  noise  corrupts  the  transmitted  com¬ 
ponents  of  state  x,  and  (ii)  subsystem  mismatch  is 
present.  A  synchronization  criterion  is  of  little  use 
if  the  synchronization  it  predicts  may  be  destroyed 
by  arbitrarily  low  levels  of  channel  noise  and/or 
subsystem  mismatch.  In  short,  a  synchronization 
criterion  should  imply  robust  synchronization.  The 
purpose  of  this  final  section  is  to  show  that  synchro¬ 
nization  criteria  based  on  absolute  stability  theory 
possess  this  property.  We  prove  this  result  for  the 
criterion  of  Theorem  1  only,  as  the  proof  for  all  other 
criteria  is  similar. 

Consider  system  (1)  subject  to  channel  noise 
and  mismatch 

x  =  Ax  +  f(qjx, qfx,  t)(bcT  -  cbT)x 
y  =  Ay  +  f(qjx, qjx,  t)(bcT  -  cbT)y  (38) 
-  K(x-y) 

where  x  is  the  received  vector  when  x  is  trans¬ 
mitted.  As  a  measure  of  noise  and  mismatch, 
assume 

||x-x||2<«i,  || A  —  A||  <  62 

\f(z,t)-f(z,t)\<63\\z-z\\2Vz,  (39) 

z  e  Rr  such  that  p  —  zp  <  S\ 

Note:  For  simplicity  we  have  assumed  no  mismatch 
in  vectors  6,  c.  This  reflects  the  fact  that  in  many 
important  examples  b  and  c  may  be  selected  as  spe¬ 
cific  vectors  and  thus  encode  the  structure  and  not 
the  parameter  values  of  the  subsystems.  As  we 
assume  no  mismatch  in  structure,  the  assumption 
of  matched  6,  c  is  often  justified.  If  a  mismatch 
of  these  vectors  does  occur  the  robustness  results 


of  the  present  section,  may  be  rederived.  Similar 
comments  apply  to  the  assumed  match  of  vectors 

Ql  i  •  •  •  ?  Qr  * 

Defining  error  signal  e  =  y  -  x  the  error  system 
becomes 

e  —  (A+K)e+f{z\, zT,  t)(bcT -cbT)e+u(t) 

(40) 

where 

u(t)  -  {A-  A)x  +  [/(ii, . . . ,  ZT,  t) 

-  f(zu...,zr,  t)](bcT  -  cbT)x 
+  K(x-x).  (41) 

Finally,  we  assume  that  substate  x  of  system  (38) 
is  bounded,  i.e. 

||x(t)||2  <  A  Vi  (42) 

for  some  constant  A  >  0.  In  practice  we  will  not 
employ  a  subsystem  possessing  unbounded  trajec¬ 
tories  and  consequently  assumption  (42)  is  guaran¬ 
teed.  Equations  (39),  (41)  and  (42)  imply  that  3  U 
such  that 

||u(f)||2  <  U  Vf  and 
lim  U  —  0  for  any  M  finite . 

For  the  purposes  of  the  present  paper,  we  define 
robust  synchronization  as  follows: 

Definition  1.  System  (38)  robustly  synchronizes  if, 
given  any  e  >  0,  there  exist  >  0,  62  >  0  and 
63  >  0  such  that,  in  the  presence  of  channel  fidelity 
61  <  61,  parameter  mismatch  62  <  62  and  nonlin¬ 
earity  mismatch  63  <  63,  the  norm  of  the  error  con¬ 
verges  to  less  than  e  for  any  norm-bounded  initial 
conditions. 

We  may  now  state  and  prove  a  robustness  prop¬ 
erty  for  the  synchronization  criterion  of  Theorem  1. 

Theorem  5.  If  the  matched  synchronization  sys¬ 
tem  ( 1 )  with  nominal  parameter  values  A  and  non¬ 
linearity  f  satisfies  synchronization  criterion  (5) 
then  mismatched  system  (38 )  robustly  synchronizes. 

Proof.  By  the  assumption  of  the  Theorem  and 
Eq.  (7)  there  exists  P  such  that  V(e)  =  eTPe  is 
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positive  definite,  radially  unbounded,  and  further 
that 

V(e)  =  eT((A  +  KfP  +  P(A  +  K))e  +  2  eTPu(t) 

(44) 

with  (A  +  K)tP  +  P(A  +  K)  real,  symmetric, 
negative  definite  having  least  negative  eigen¬ 
value  -A  <0.  As  P  is  positive  definite  we  may 
denote  its  largest  eigenvalue  by  p  >  0.  Apply¬ 
ing  Eq.  (44)  and  standard  matrix  manipulation  one 
obtains 

F(e)  <  —  A||e||2  4-  2/x||e||2ZV .  (45) 

Hence  V  <  0  if 

||e||2>^.  (46) 

It  follows  [LaSalle  k  Lefschetz,  1961]  that  every  tra¬ 
jectory  of  the  error  system  remains  bounded  and 
converges  to  the  closed  ball  of  radius  centered 

at  the  origin.  From  Eq.  (43),  one  may  make  ar¬ 
bitrarily  small  by  selecting  <5i,  <52  arbitrarily  small 
and  63  finite.  Robust  synchronization  follows  by 
definition.  ■ 

Theorem  5  asserts  that  synchronization  criterion  (5) 
implies  robust  synchronization.  In  a  similar  way 
one  may  demonstrate  that  all  of  the  synchronization 
criteria  presented  in  this  paper  also  imply  robust 
synchronization  in  the  sense  of  Definition  1. 

7.  Conclusion 

In  this  paper  we  have  presented  an  overview  of  sev¬ 
eral  results  in  absolute  stability  theory  and  have  es¬ 
tablished  the  relationship  between  these  results  and 
the  error  system  approach  to  the  determination  of 
sufficient  conditions  for  synchronization  of  identical, 
finite  dimensional,  systems  of  Lur’e  type.  In  partic¬ 
ular  we  have  generalized  synchronization  results  of 
Pecora  and  Carroll  [1991],  Cuomo  and  Oppenheim 
[1993]  and  Wu  and  Chua  [1994].  Robustness  of  the 
resulting  criteria  has  been  proven. 

All  problems  are  shown  to  reduce  to  linear  ma¬ 
trix  inequalities  which  may  be  solved  by  means  of  ef¬ 
ficient  numerical  algorithms.  The  results  presented 
provide  for  the  systematic  exploitation  of  quadratic 
Lyapunov  functions  in  the  development  of  criteria 
for  synchronization  and  for  certain  schemes  of  the 
Pecora-Carroll  type.  With  regard  to  the  latter,  the 
synchronization  criteria  obtained  do  not  involve  the 
conditional  Lyapunov  exponents. 
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Express  Letters 


Cryptography  Based  on  Chaotic  Systems 

Tao  Yang,  Chai  Wah  Wu,  and  Leon  O.  Chua 


Abstract —  In  this  letter,  a  new  chaos-based  secure  communication 
scheme  is  proposed  in  an  attempt  to  thwart  the  attacks  proposed  recently. 
Instead  of  encoding  the  message  signal  in  a  chaotic  system  directly,  we 
use  two  chaotic  signals  in  our  scheme.  One  of  the  chaotic  signals  is  used 
to  synchronize  the  chaotic  encrypter  and  the  chaotic  decrypter.  The  other 
is  used  to  encrypt  the  plain  signal  by  using  a  multishift  cipher  scheme. 
Thus  the  transmitted  signal  is  not  used  to  encrypt  the  message  and  a 
more  complicated  method  of  encryption  is  used. 

L  INTRODUCTION 

Recently,  there  has  been  much  interest  in  the  use  of  two  synchro¬ 
nized  chaotic  systems  for  the  purpose  of  secure  communication.  A 
chaotic  signal  has  a  spread-spectrum  and  can  hide  a  small  message 
signal  in  the  spectral  domain  [6],  However,  in  the  time  domain,  a 
chaotic  system  can  be  easily  identified  by  using  one  of  its  state 
variables  [1H5]. 

The  authors  of  [2]  and  [7]  found  that  the  additive  masking  method 
and  the  chaotic  switching  method  are  not  secure.  Also,  the  parameter 
methods  (either  using  message  signal  to  modulate  a  parameter  or 
change  a  state-variable)  have  a  low  security  [8],  [9]. 

All  the  attacks  proposed  in  [2]  and  [73— -[9]  are  based  on  the  fact 
that  the  chaos-based  secure  communication  systems  are  not  sensitive 
enough  to  the  modeling  error  of  the  transmitter.  So,  an  intruder  can 
recover  the  message  signal  by  using  an  approximate  model  with  some 
errors  which  can  be  easily  removed  by  standard  filtering  methods. 
To  defend  itself  against  these  attacks,  a  chaos-based  cryptosystem  is 
proposed  in  this  letter.  Our  method  is  much  more  sensitive  to  the 
recovering  errors  and  the  modeling  errors,  so  the  level  of  security 
is  enhanced.  Furthermore,  state  variables  other  than  the  transmitted 
variable  is  used  in  the  encrypter  (as  was  done  in  [13]),  thereby 
thwarting  attacks  which  reconstructs  only  the  transmitted  variable 
[2],  [8]. 


n.  Chaotic  Cryptosystem 

A  chaotic  cryptosystem  is  shown  in  Fig.  1.  In  Fig.  1,  the  encrypter 
consists  of  a  chaotic  system  and  an  encryption  function  e ( ).  The  key 
signal  )  is  one  of  the  state  variables  of  the  chaotic  system.  Another 
state  variable  s(f)  is  the  transmitted  signal,  which  is  transmitted 
through  a  public  channel  to  the  decrypter  and  used  to  synchronize 
the  decrypter.  y(t)  is  the  encrypted  signal  which  is  fed  back  into  the 
chaotic  system. 

The  decrypter  consists  of  a  chaotic  system  and  a  decryption 
function  d( ).  The  decrypter  can  find  the  key  signal  when  the  decrypter 
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and  the  encrypter  are  synchronized.  The  encrypted  signal  is  also 
recovered  via  synchronization.  Then,  rf{)  is  used  to  decrypt  the 
encrypted  signal. 

It  should  be  noted  that  in  the  scheme  shown  in  Fig.  1,  both  the 
key  signal  k(t)  and  the  encrypted  signal  y(t)  are  not  transmitted  to 
the  decrypter.  It  is  different  from  the  traditional  discrete  cryptosystem 
where  both  the  key  and  the  encrypted  signal  should  be  transmitted 
to  the  decrypter  [12]. 

We  use  Chua's  circuits,  which  exhibits  double  scroll  chaotic 
attractors,  to  implement  one  such  chaotic  cryptosystem  as  shown  in 
Fig.  2,  where  */?(#)  is  the  transmitted  signal,  v2(t)  is  the  key  signal, 
and  p(t )  denotes  the  plain  text  signal  (the  message  signal).  The  state 
equations  of  this  cryptosystem  are  described. 

Encrypter. 


lit  =  ~  t?1 )  ~  /(*’*)] 

f  =  ^[G(r,  -  c2)  +  «3] 

dh  1 ,  , 


(1) 


where  /( )  is  the  nonlinear  characteristics  of  Chua’s  diode  in  Chua’s 
circuit  given  by 


f(v i)  =  GbVi  +  -(C7a  —  Gb)( |t*i  +  £|  -  |vi  —  £|)  (2) 


and  E  is  the  breakpoint  voltage  of  Chua’s  diode.  The  voltage  vr 
is  given  by 

vr  =  v i  -e(p(f))  (3) 


where  e(p(f))  is  the  encrypted  signal. 
Decrypter. 

f -^IWi-w+M 

if  =  1^1 


(4) 


e(p(t))  =  ii -vr  (5) 

where  e(p(t))  is  the  recovered  encrypted  signal.  A  set  of  sufficient 
conditions  for  synchronizing  systems  (1)  and  (4)  are  C\  >  0,  C2  > 
0.  G  >  0.  L  >  0  [10].  Since  this  synchronization  configuration  of 
two  Chua’s  circuits  is  error-free,  we  have  e(p(f))  — ►  e(p{t))  when 
the  synchronization  is  achieved. 

We  use  an  n-shift  cipher  to  encrypt  the  plain  signal.  The  n-shift 
cipher  is  defined  by 

eW0)  =  /i(-/i(/i(p(0.t'2(f)).«'2(f)) . v2(t))  =  y(t)  (6) 

S  T-  ■/  -  v  - ^ 

n  n 

where  h  is  chosen  such  that  p(t)  and  (’2(f)  lie  within  (-fi.fi).  And 
/i(*.*)  is  the  following  nonlinear  function 

{(x  +  k)  +  2 fi.  -2fi  <  (x  +  fi)  <  — fi 
(x  +  fi).  — fi  <  (x  +  fi)  <  h  (7) 

(x  +  fi)  —  2fi.  fi  <(x  +  fi)<2fi 

This  function  is  shown  in  Fig.  3. 
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Fig.  1.  Block  diagram  of  the  chaotic  cryptosystem. 


The  corresponding  decryption  rule  is  the  same  as  the  encryption 
rule 

p(f)  =  d(y(t))  =  e{y(t )) 

n 

where  h(t)  is  recovered  in  the  receiver  circuit  and  should  approx- 

imfltft  t’2 (t). 

In  the  n -shift  cipher,  the  key  signal  v-i(t)  is  used  n  times  to  encrypt 
the  plain  signal.  Since  the  encrypted  signal  is  a  function  of  v2(t)  and 
P(t ),  and  since  the  encrypted  signal  is  used  to  drive  the  Chua’s  circuit, 
it  hides  both  the  dynamical  and  the  statistical  characteristics  of  both 

t*2 ( f )  and  ?(*)• 


m.  Simulation  Results 

In  this  section,  we  study  the  performance  of  the  attack  proposed  in 
[8]  to  the  chaotic  cryptosystem.  In  all  of  the  following  simulations, 
the  following  parameters  are  used:  Ci  =5.56  nF,  Ci  =  50  nF,  G  - 
0.7  mS,  L  =  7.14  mH,  Ga  =  -0.8  mS,  Gb  =  -0.5  mS,  E  *  1  • 

The  initial  conditions  are  (t?i(0),  t’2(0),  *3(0))  -  (-0.2  V,  0- 
Vf  0.1  mA)  and  (t»i(0).t»2(0).  t3 (0) )  =  (0.02  V,  —0.12  »  ~  • 

mA),  respectively.  So,  the  encrypter  and  the  decrypter  are  initially 
desynchronized,  h  =  0.4  V.  A  30-shift  cipher  is  used  («  -30  and 


First,  we  show  the  performance  of  our  cryptosystem.  Fig.  4  shows 
the  results  when  a  sinusoidal  signal  is  encrypted.  Fig-  4(a)  shows 
the  transmitted  signal  vR(t).  Fig.  4(b)  shows  the  recovered  and  then 
decrypted  signal.  One  can  see  that  the  plain  signal  is  decrypted 
perfectly  except  for  the  first  8  ms,  which  is  needed  to  synchronize 
both  Chua’s  circuits. 


Fig.  3.  Nonlinear  function  used  in  continuous  shift  cipher. 


oppose  that  an  intruder  can  successfully  reconstruct  the  dynamics 
he  transmitted  signal.  By  repeating  the  method  proposed  m  [8], 
find  the  best  recovered  message  signal  has  a  SNft==20  dB.  This 
*  is  high  enough  for  an  intruder  to  find  the  sinusoidal  signal  from 
recovered  result  when  the  chaotic  secure  communication  scheme 
posed  in  [10]  is  used.  But  the  following  simulation  shows  mat 
SNR  is  too  low  to  decrypt  the  recovered  encrypted  signal  when 
scheme  shown  in  Fig.  2  is  used.  Fig.  4(c)  shows  the  recovered 
rypted  signal  using  the  method  in  [8],  Since  the  encrypted  signal  is 
ny  good  pseudorandom  signal,  which  almost  distributes 
he  full  frequency  range,  no  standard  filtering  method  can  be  used 
mhance  the  SNR  of  the  encrypted  signal.  Next  suppos*  tha 
aider  can  successfully  reconstruct  v2(t)  with  a  SNR  -  2  • 

:n  the  decrypted  signal  is  shown  in  Fig.  4(d).  from  which  one  can 
that  the  intruder  can  not  find  the  plain  signal. 

Nt  then  study  the  effects  of  parameter  mismatch.  We  first  cons* 
mismatch  of  parameter  h.  Fig.  5(a)  shows  the  decrypted  signal 


0  0.002  0.004  0.006  0.008  0.01  0.012  0.014  0.016  0.016  0.02 

Timers) 


0  0.002  0.004  0X06  0.006  0.01  0X12  0X14  0.016  0.018  0.02 

Timers) 


Fig.  5.  (a)  The  decrypted  signal  when  0.01  V  mismatch  of  h  exists,  (b)  The  decrypted  signal  when  1%  mismatch  of  G  exists. 


when  h  in  the  decrypter  has  a  0.01  V  mismatch.  One  can  see  that 
the  plain  signal  is  hard  to  be  recovered  from  this  decrypted  result. 
However,  when  h  has  a  mismatch  smaller  than  5  mV,  the  plain  signal 
can  be  easily  recovered  from  the  decrypted  signal.  We  then  study  the 
cases  when  G  is  mismatched.  Fig.  5(b)  shows  the  decrypted  signal 
when  G  has  a  1%  mismatch,  one  can  see  that  the  plain  signal  is  hard 
to  be  recovered  from  this  result.  When  G  has  a  mismatch  smaller 
than  0.05%,  the  plain  signal  can  be  recovered  from  the  decrypted 
signal  by  using  a  low-passed  filter.  If  G  has  a  mismatch  between 
0.05-0.1%,  the  plain  signal  can  also  be  recovered  by  using  some 
spectral  analysis  methods.  When  mismatch  is  above  1%,  it  is  hard 
to  recover  the  plain  signal. 

IV.  Conclusion 

We  present  here  a  secure  communication  system  which  thwarts 
various  attack  schemes  presented  in  the  literature.  In  particular, 
we  use  an  encryption  rule  which  is  very  sensitive  to  the  accuracy 
in  the  recovered  signal.  Furthermore,  we  use  state  variables  other 
than  the  transmitted  state  variables  for  encryption.  Using  the  current 
method,  the  intruder  can  only  recover  the  encrypted  signal  with 
an  accuracy  which  is  too  low  to  decrypt  the  recovered  encrypted 
signal.  Furthermore,  the  intruder  also  need  to  reconstruct  the  key 


signal  which  is  different  from  the  transmitted  signal  by  using  some 
reconstruction  methods  which  have  not  been  reported  so  far. 
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Abstract  Previously,  n-double  scroll  attractors  have  been  intro¬ 
duced  by  Suykens  and  Vandewalle.  A  generalized  Chua’s  cir¬ 
cuit  was  considered  with  additional  breakpoints  in  the  nonlin¬ 
ear  characteristic.  A  piecewise-linear  implementation  and  ex¬ 
perimental  confirmation  has  been  given  by  Arena  et  al.  In  this 
paper  we  present  a  more  complete  family  of  n -scroll  attractors 
generated  from  the  latter  circuit  The  new  family  contains  both 
an  even  and  odd  number  of  scrolls,  while  the  previous  work  con¬ 
sidered  only  an  even  number.  A  Lur’e  representation  of  the  gen¬ 
eralized  Chua’s  circuit  is  also  given. 

Keywords  Chaos,  generalized  Chua’s  circuit,  n-double  scroll, 
piecewise-linear,  Lur’e  system. 

1.  Introduction 

Chua’s  circuit  is  well-known  to  be  a  paradigm  for  chaos 
[1],  being  a  simple  nonlinear  electrical  circuit  that  reveals 
a  rich  variety  of  phenomena  [2]-[5].  It  is  the  real  life  ex¬ 
isting  proof  of  chaos,  as  experimentally  confirmed  first  in 
[6],  After  its  introduction  around  1983,  many  generaliza¬ 
tions  have  been  proposed  [5].  From  a  system  theoretical 
point  of  view  Chua’s  circuit  can  be  considered  as  a  partic¬ 
ular  case  of  a  Lur’e  system  [7]-[10].  Lur’e  systems  con¬ 
sist  of  a  linear  dynamical  system,  interconnected  by  feed¬ 
back  to  a  static  nonlinearity  that  satisfies  a  sector  condi¬ 
tion  In  this  sense  the  generalizations  that  have  been  made 
are  twofold.  With  respect  to  the  linear  part,  higher  dimen¬ 
sional  Chua’s  circuits  have  been  investigated  in  [10]— [12]. 
For  .he  nonlinear  part  a  cubic  smooth  nonlinearity  instead 
of  the  piecewise  linear  characteristic  has  been  studied  in 
[1],  [13].  Another  generalization  is  related  to  the  introduc¬ 
tion  of  additional  breakpoints  in  the  nonlinearity,  leading 
to  the  n-double  scroll  attractors,  first  proposed  in  1991  by 
Suv.iens  and  Vandewalle  [14],  [15],  An  experimental  con¬ 
firmation  of  n-double  scrolls  has  been  given  by  Arena  et 
al.  in  1996  [16],  [17],  The  latter  work  follows  the  ideas  of 
[15]  but  implements  a  piecewise  linear  characteristic. 

In  this  paper  a  more  complete  family  of  n-scroll  attrac¬ 
tors  is  presented,  based  on  the  work  of  Arena  et  al.  The  new  • 
family  contains  attractors  with  an  even  as  well  as  an  odd 
number  of  scrolls.  The  n-double  scrolls  (2n-scroll  attrac¬ 
tors  in  the  new  family)  correspond  to  the  even  case  with 


Recti  ved*  December  2, 1996. 

Dr.  ir.  J.  A.  K.  Suykens,  Katholieke  Universiteit  Leuven,  De¬ 
partment  of  Electrical  Engineering,  ESAT-SISTA,  Kardinaal 
Mercierlaan  94,  B-3001  Leuven  (Heverlee),  Belgium.  Email: 
johar. suykens@esat.kuleuven.ac.be. 

Eng.  A.  Huang,  Prof.  Dr.  L.  O.  Chua,  Department  of  Electrical 
Engineering  and  Computer  Science,  University  of  Califor¬ 
nia  at  Berkeley^  Berkeley,  CA  94720,  USA.  Email:  anshan, 
chua@fred.eees.berkeley.edu. 


Chua’s  double  scroll  being  a  2-scroll  attractor.  According 
to  the  CNN  paradigm  [18],  [19],  Chua’s  circuits  can  be 
taken  as  cells  within  a  one-  or  two-dimensional  cellular  ar¬ 
ray.  Using  weak  linear  coupling  between  chaotic  cells,  hy¬ 
perchaos  is  obtained  in  a  CNN  array.  This  has  been  demon¬ 
strated  in  [20]  and  [21]  with  the  double-double  scroll  at¬ 
tractor  and  the  n-double  scroll  hypercube  CNN,  using 
double  scrolls  and  n-double  scrolls  as  cells  respectively. 
Other  phenomena  that  have  been  obtained  from  CNNs 
with  Chua’s  circuits  as  cells  are  travelling  waves,  spiral 
waves,  trigger  and  target  waves  and  Turing  patterns  [22], 
New  phenomena  can  be  expected  by  taking  the  generalized 
Chua’s  circuit  with  multiple  breakpoints  as  cells  within 
CNNs.  Furthermore  Chua’s  circuit  has  been  used  for  se¬ 
cure  communication  applications  [23],  For  Lur’e  systems, 
master-slave  synchronization  schemes  have  been  investi¬ 
gated  in  [24],  [25],  with  illustrations  on  Chua’s  circuit,  2- 
double  scroll  circuits  and  coupled  cells.  A  Lur’e  represen¬ 
tation  of  the  generalized  Chua’s  circuit  will  be  given  in  this 
paper,  such  that  the  n-scroll  attractors  can  be  used  for  such 
applications. 

In  Section  2  we  present  the  generalized  Chua’s  circuit 
and  the  family  of  n-scroll  attractors.  In  Section  3  we  dis¬ 
cuss  the  equilibrium  points  and  Jacobian  matrix.  Finally,  in 
Section  4  a  Lur’e  representation  of  the  circuit  is  given. 

2.  Generalized  Chua’s  Circuit  and  n-ScroIl 
Attractors 

Consider  the  following  generalized  Chua’s  circuit 

x  =  a[y-  h(x)), 

y  =  a:  -  y  +  2, 

*  =  -Py  (1) 

with  piecewise  linear  characteristic 

j  2?-l 

M*)  =  m2s_ ix  +  -  K-i-m.)(|z+cI|  — |x  — c,|) 


where  q  denotes  a  natural  number.  This  circuit  has  been 
implemented  by  Arena  et  al.  in  [16],  [17]  in  order  to  con¬ 
firm  the  n-double  scroll  attractors,  introduced  by  Suykens 
and  Vandewalle  in  [14],  [15].  Taking  q  =  n  one  obtains 
the  n-double  scroll  attractors  for  the  parameters  a  —  9, 
P  =  14.286  with  the  vectors  m  =  [m0,m1,...,m29_i], 
c=  [cj,c2(...  ,c2?_i]  chosen  as: 

•  g=l:  double  scroll  (2-scroll)  [I]— [5],  [26] 

m  =  [-1/7,  +2/7], 
c  =  1. 
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Fig.  1.  Three  dimensional  view  on  the  double  scroll  (top)  and  the  2- 
double  scroll  (bottom). 


•  q  =  2:  2-double  scroll  (4-scroll)  [16],  [17] 

m  =  [-1/7, +2/7, -4/7, +2/7], 
c=  [1,2.15,3.6].  (4) 

•  q  =  3:  3-double  scroll  (6-scroll)  [16],  [17] 

m  =  [-1/7,  +2/7,  -4/7,  +2/7,  -4/7,  +2/7], 
c  =  [1,  2.15,3.6,8.2,  13].  (5) 

The  components  of  vector  m  have  alternating  signs  and 
the  sign  of  mo  is  negative  in  the  case  of  n-double  scrolls. 
Here  we  want  to  propose  a  more  complete  family  of  n- 
scroll  attractors,  that  contains  both  an  even  and  odd  num¬ 
ber  of  scrofls,  with  n  being  a  natural  number,  n-scroll  at¬ 
tractors  with  an  odd  number  of  scrolls  are  generated  from 
(1)  by  taking  the  same  values  for  the  a,/?  parameters  but 
the  opposite  sign  for  the  vector  m  in  the  nonlinearity.  For 
the  resulting  attractors  shown  on  Figs.  1-6  the  following 
nonlinearities  have  been  taken: 

•  q  =s  1:  1-scroll 

m  =  [+1/7, -2/7], 
c  =  1.  (6) 

4 

•  q  =  2:  3-scroll 

m  =  [+0.9/7,  —3/7 ,  +3.5/7 ,  —2.4/7], 
c  =  [1,2.15,4].  (7) 


Fig.  2.  Three  dimensional  view  on  the  1  -scroll  (top)  and  the  3-double 
scroll  (bottom). 


Fig.  3.  Three  dimensional  view  of  5-Scroll  attractor. 


•  q  —  3:  5-scroll 

m  =  [+0.9/7,  -3/7,  +3.5/7,  -2.7/7, 
+4/7, -2.4/7], 

c  =  [1,  2.15,3.6,  6.2,  9].  (*) 

•  q  =  4:  7-scroll 

m  =  [+0.9/7,  -3/7,  +3.5/7,  -2.4/7, 

+2.52/7,  -1.68/7, +2.52/7,  -1.68/7], 
c  =  [1,2.15,  3.6,  6.2, 9,  14,  25].  (» 
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Hence  for  a  given  value  q ,  an  even  or  odd  number  of 
scrolls  can  be  obtained  from  the  circuit  (1>— <2),  depending 
on  the  sign  of  the  vector  m.  In  the  odd  case  a  scroll  is  gen¬ 
erated  at  the  origin.  The  circuits  were  simulated  by  means 
of  a  Runge-Kutta  integration  rule  with  adaptive  step  size 
(ode23  in  Matlab)  on  a  Sun-Ultrasparc  workstation.  The 
Matlab  to  C^ojnpiler  mcc  has  been  used. 


3.  Equilibrium  Points  and  Jacobians 

The  equilibrium  points  of  the  circuit  (1H2)  are  given  by: 
h{x)  =  0 

1  +  2  =  0  (10) 
y  =  o. 


Defining  W2g  =  otm2g-\  and  w;  =  —  m,), 

i  =  1, 2, . . . ,  2g  —  1  the  condition  h{x)  =  0  corresponds 
to 

W2gX  +  (p(x)=  0  (11) 

where  <p(x)  =  (1/2)  w*  (lx  +  c*l  "  \x  ~~  C»D* The 

nonlinearities  and  the  corresponding  equilibrium  points 
for  the  circuit  are  shown  on  Figs.  7-8  for  the  case  of  an 
even  and  odd  number  of  scrolls.  The  nonlinearity  <p(x)  has 
4q  -  2  breakpoints,  which  yields  4q  - 1  equilibrium  points 
in  the  circuit.  The  origin  is  an  equilibrium  point.  The  other 
equilibrium  points  appear  in  pairs,  which  we  denote  here 
as  eqf  =  [xeq± ,  0,  ~xeq± ],  for  j  =  1, 2, . . . ,  2q  -  1  (the 

index  j  orders  the  points  in  terms  of  increasing  x  coordi¬ 
nates).  In  Table  1  an  overview  is  given  on  the  relation  be¬ 
tween  the  value  of  g,  the  number  of  scrolls,  the  number  of 
breakpoints  in  the  nonlinearity  and  the  number  of  equilib¬ 
rium  points. 


Table  1 .  Overview  of  the  relationship  between  the  value  of  q  in  the 
generalized  Chua’s  circuit,  the  number  of  hidden  units  nn  in  the 
Lur’e  representation,  the  number  of  scrolls  for  the  even  and  odd  case, 
the  number  of  equilibrium  points  of  the  circuit  and  the  number  of 
breakpoints  iq  the  nonlinear  characteristic.  The  even  or  odd  case  is 
determined  by  the  sign  of  the  vector  m  in  the  nonlinearity. 


#  breakpoints 


Fig.  6.  Three  dimensional  view  of  7-Scroll  attractor. 
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Fi°.  7.  Nonlinearities  for  the  generalized  Chua’s  circuit,  (top-left)  double  scroll,  (top-right)  1-scroll,  (bottom-left)  2-double  scroll,  (top-right) 
3-scroll.  The  equilibrium  points  of  the  circuits  are  located  at  the  intersection  between  the  curves  in  full  lines  (  <p{x ) )  and  dashed  lines  (it  2g  x). 
The  dotted  lines  locate  the  breakpoints. 


The  Jacobian  matrix  of  the  circuit  is  given  by 


J(eqf)  = 


J{x)  = 


-u>2  ? 


o  01 


1  -1  1 
0  -3  0 


2q-l 


r^2  q 

1 

1 

0 


IL\ 


a  0 
-1  1 
-30 


(2) 


+  E  M< 


(1) 


t=l 


where 


Mi  =< 


0  0" 

- 

0  0  0 

< 

.  0  0  0. 

0. 

,  -a  <  x  <c{ 


x  <  — C{  or  ct-  <  x. 
Evaluated  at  the  equilibrium  points  this  becomes 

Wi  <*  0 


m  = 


-i  i 

-30 


for  j  =  1, . . .  ,2 q  —  1.  Denoting  the  element  J\\  of  the 
Jacobian  matrices  as  k,  the  eigenvalue  configurations  of  J 
with  respect  to  the  parameter  k  are  shown  on  Fig.  9. 

For  q  =  9 ,3  =  14.286  four  regions  can  be  defined  with 
fcj  =  -7.2740,  k2  =  -0.7267,  k3  =  0  (see  Fig.  9).  For 
the  design  of  n-scroll  attractors,  the  vectors  m  and  c  are 
chosen  such  that  the  eigenvalue  configurations  belong  to 
regions  H-IV,  i.e.  kx  <  k  <  k2  and  k3  <  k,  respectively. 
The  nonlinearities  (3H9)  lead  to  the  following  eigenvalue 
configurations  of  the  Jacobians,  evaluated  at  the  equilib¬ 
rium  points: 

1.  Even  case: 

•  q  =  1:  double  scroll 

n-[rv~|-n 
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iv  -n-iv-n 


Tvl-n-rv-n-rv-n 


•  q  =  2:  2-double  scroll 

n-rv-n-" 

•  q  =  3:  3-double  scrol 

n-iv-n-iv-n- 

2.  Odd  case: 

•  q  =  1:  1 -scroll 

iv-[n]-iv 

•  q  =  2:  3-scroll 

iv  -  n  -  rv  -  [5]  -  iv  -  n  -  iv 

•  q  =  3:  5-scroll 

iv-n-iv-n-iv-[n]-iv-n-iv-  n-iv 

•  q  =  4:  7-scroll 

iv-n-iv-n-rv-n-iv-[n]-iv-  n-iv-n-iv-n- 
iv 

These  structures  for  the  eigenvalue  configurations  are  a 
necessary  condition  in  order  to  obtain  n-scroll  attractors, 
but  are  not  sufficient  due  to  the  local  stability  analysis.  As¬ 
suming  an  n-scroll  attractor  has  been  obtained  for  a  certain 
value  of  n,  a  constructive  but  very  qualitative  approach  to 
obtain  an  (n+2)-scroll  attractor,  is  to  create  the  possibility 
for  having  two  additional  scrolls  by  taking  into  account  the 
structure  of  the  eigenvalue  configurations  and  modifying 
that  part  of  the  nonlinearity  which  is  responsible  for  gen¬ 
erating  the  outer  scrolls,  such  that  a  transition  can  be  made 
to  the  additional  scrolls.  In  this  way  the  vectors  m  and  c 
have  been  determined  in  ( 3)-{9 )• 

4.  Lur’e  Representation 

In  this  section  we  give  a  Lur’e  representation  of  the  gener¬ 
alized  Chua’s  circuit.  Lur’e  systems  [7],  [8]  are  of  the  form 

£  =  +  Bu, 

y  =  Cf, 

u  =  tr(y)  (3) 

with  ?  €  Rp,  u,y  e  R"\  «(■)  :  R"‘ *  RB‘  ^diago¬ 
nal  nonlinearity  belonging  to  sector  [0,  K  \  and  A  €  R 
B  g  r pxn/,,  q  g  R n '■ x p .  Lur’e  systems  might  be  inter¬ 
preted  also  as  a  class  of  recurrent  neural  networks  of  the 
foim  .  ,  _  v  /jlx 

Z  =  M  +  B<r{CQ  (4) 

with  interconnection  matrices  A,  B,  C,  having  one  hidden 
layer  with  a  number  of  hidden  neurons  and  zero  bias 

terms  [27J.  .  . 

The  Lur’e  representation  for  (1>— (2)  is  given  by 


—OW2q 

a  0’ 

A  = 

1 

-1  1 

> 

0 

—P  oj 

«u;i 

—aw  2 

.  .  —aW2q-\  “ 

B  = 

0 

0 

0 

0 

0 

o 

■1  0  O' 
1  0  0 

.1  o  0. 

(5) 


Fig.  8.  Nonlinearity  of  the  generalized  Chua’s  circuit  for  the  case  of 
5-scroll  (top)  and  7-scroll  (bottom). 
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Fig  9  Eigenvalue  configurations  of  the  Jacobian  matrix,  with  re¬ 
spect  to  parameter  k .  In  order  to  obtain  n-scrolls,  the  nonlinean- 
ties  are  designed  such  that  the  eigenvalue  configurations  of  the  Jaco- 
bians,  evaluated  at  the  equilibrium  points,  belong  alternating  to  the 
regions  II  and  IV. 


The  vector  valued  nonlinearity  a  =  [<t\ ,  tr2 ,  -  •  •  J 
with  rih  =  2g  —  1  consists  of  components  crj(x,c,)  - 
(1/2)(|*  +  ci\  -  -  c,|),  for  i  =  1,2,. . .  ,nft.  Hence 

■ )  belongs  to  sector  [0, 1],  This  representation  is  illus- 
trated  on  Fig.  10  for  a  3 -sc roll  attractor. 
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5.  Conclusion 

In  this  paper  we  introduced  a  family  of  n-scroll  attrac- 
tors,  which  contains  attractors  both  with  an  even  and  (XW 
number  of  scrolls.  The  even  case  corresponds  to  n-douDi 
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( - ),  that  belong  to  sector  [0, 1],  are  shown  for  a  3-scroll  attrac¬ 

tor. 


scrolls.  The  n-scroll  attractors  are  obtained  from  a  gener¬ 
alized  Chua’s  circuit,  having  a  piecewise  linear  nonlinear 
chara.  teristic  with  multiple  breakpoints.  The  work  is  re¬ 
lated  :o  the  implementation  made  by  Arena  et  al.  for  n- 
doubb  scrolls.  The  generalized  Chua’s  circuit  can  be  used 
as  a  rew  type  of  cell  within  cellular  neural  networks,  in 
order  to  obtain  and  model  new  kinds  of  phenomena.  Fur¬ 
thermore  a  Lur’e  representation  has  been  given,  such  that 
n-scroll s  can  be  used  for  synchronization  applications. 
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August  W.  Rihaczek,  Stephen  J.  Hershkowitz:  Radar  Res¬ 
olution  and  Complex  Image  Analysis.  ARTECH  HOUSE, 
Boston/London,  1996,  524  pages,  404  Figures,  23  cm  x  16 
cm,  bound,  price  S  78,  ISBN  0-89006-868-2. 

Image  processing  and  interpretation  is  nowadays  a  very  im¬ 
portant  discipline  for  feature  extraction,  target  classification  and 
identification,  with  a  lot  a  civilian  and  military  applications.  With 
the  advent  of  modem  SAR  (synthetic  aperture  radar)  a  new  gen¬ 
eration  of  images  which  differs  considerably  from  optical  images 
requires  new  techniques  and  algorithms.  Radar  images  are  differ¬ 
ent  from  optical  images  in  that  1.  radar  images  are  complex  (al¬ 
though  so  far  most  of  the  image  processing  techniques  are  based 
on  amplitude  only);  2.  radar  has  the  potential  of  3D  interferomet¬ 
ric  images;  3.  the  geometry  is  different;  4.  radar  can  produce  po- 
larimetric  images;  5.  the  reflectivity  for  microwaves  is  different 
from  optica!  waves.  All  these  aspects  have  to  be  taken  into  ac¬ 
count  when'doing  radar  image  interpretation. 

In  ^ddition  to  the  third  edition  of  the  classical  work  ’’Princi¬ 
ples  of  High-Resolution  Radar”  which  appered  recently  here  is 
a  new  book  by  A.  W.  Rihaczek  and  his  co-worker,  Stephen  J. 
Hershkowitz.  This  book  is  mainly  concerned  with  the  analysis  of 
complex  images  ,  with  particular  emphasis  on  the  classification 
and  identification  of  man-made  targets.  By  ’’complex”  the  eval¬ 
uation  of  amplitude  and  phase  of  backscattered  echoes  is  meant, 
not  the  ’’complexity”  of  target  structures  (which  however,  plays 
an  important  role  as  well). 

Well-knoyvn  high  resolution  methods  are  usually  based  on  a 
certain  mathematical  target  model.  For  instance,  the  classical  res¬ 
olution  theory  based  on  Doppler  and  range,  is  based  on  the  as¬ 
sumption  of  point  targets.  Such  model  is  used  for  comparison 
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with  the  actual  measured  data  by  correlation  techniques.  Super¬ 
resolution  techniques  like  the  maximum  entropy  method  (MEM) 
are  also  based  on  target  models  (in  case  of  MEM  an  autoregres¬ 
sive  signal  model  is  assumed).  The  problem  with  man-made  tar¬ 
gets  is  that  because  of  the  complexity  of  their  structure  it  is  almost 
impossible  to  find  a  signal  model  which  is  characteristic  of  the 
target,  however  simple  enough  to  be  useful  for  practical  applica¬ 
tions.  Solving  the  wave  equation  for  such  complicated  boundary 
conditions  like  a  man-made  target  is  impossible  because  of  the 
complexity  of  the  problem. 

The  techniques  used  by  the  authors  is  briefly  described  as  fol¬ 
lows.  First  some  image  cuts  are  taken  along  straight  lines  through 
responses  of  interest,  obtaining  the  amplitude  and  phase  func¬ 
tions  along  each  cut.  By  looking  for  amplitude  maxima,  rrunima, 
bulges,  phase  inflection  points,  and  other  changes  of  the  phase  a 
transform  interval  is  defined  that  includes  the  response  of  interest 
and  excludes  interference.  Taking  the  FFT  over  the  interval  am¬ 
plitude  and  phase  functions  are  obtained  which  is  much  easier  to 
interpret  than  the  original  amplitude  and  phase  history  along  the 
cut.  This  process  has  been  automated  to  a  certain  point,  however, 
as  the  authors  state,  improvement  is  always  possible. 

Since  the  techniques  used  in  this  book  are  not  based  on  math¬ 
ematical  models  the  reader  will  not  find  many  mathematical  for¬ 
mulas,  but,  instead,  a  large  number  of  figures.  Most  of  these 
figures  are  amplitude/phase  twin  plots  and  so-called  peak  plots 
which  contain  strong  amplitude  values  in  the  form  of  black  spots 
In  the  accompanying  text  the  plots  are  interpreted  extensively. 

Chapter  1  is  entitled  ’’Modem  Approaches  to  Modem  Radar 
Problems”.  The  history  of  radar  resolution  is  briefly  described. 

(continued  on  page  177) 
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Impulsive  control  is  a  newly  developed  control  theory  which  is  based  on  the  theory  of  impulsive 
differential  equations.  In  this  paper,  we  stabilize  nonlinear  dynamical  systems  using  impulsive 
control.  Based  on  the  theory  of  impulsive  differential  equations,  we  present  several  theorems 
on  the  stability  of  impulsive  control  systems.  An  estimation  of  the  upper  bound  of  the  impulse 
interval  is  given  for  the  purpose  of  asymptotically  controlling  the  nonlinear  dynamical  system 
to  the  origin  by  using  impulsive  control  laws.  In  this  paper,  impulsive  synchronization,  of 
two  nonlinear  dynamical  systems  is  reformulated  as  impulsive  control  of  the  synchronization 
error  system.  We  then  present  a  theorem  on  the  asymptotic  synchronization  of  two  nonlinear 
systems  by  using  synchronization  impulses.  The  robustness  of  impulsive  synchronization  to 
additive  channel  noise  and  parameter  mismatch  is  also  studied.  We  conclude  that  impulsive 
synchronization  is  more  robust  than  continuous  synchronization.  Combining  both  conventional 
cryptographic  method  and  impulsive  synchronization  of  chaotic  systems,  we  propose  a  new 
chaotic  communication  scheme.  Computer  simulation  results  based  on  Chua’s  oscillators  are 
given. 


1.  Introduction 

Impulsive  differential  equations  [Samoilenko  & 
Perestyuk,  1995]  describe  evolution  processes  which 
at  certain  moments  change  their  state  by  jumps. 
Processes  of  such  character  can  be  found  in  many 
fields,  such  as:  physics,  mechanics,  population  dy¬ 
namics,  chemical  technology,  economics,  biology 
and  electrical  engineering. 

Since  the  seminal  paper  of  Ott,  Grebogi  and 
Yorke  (OGY)  [1990],  several  methods  for  control 
and  stabilization  of  chaotic  motions  have  recently 
been  presented  [Chen  k  Dong,  1993;  Chua  et  al, 
1996;  Wu  et  al. ;  1996,  Stojanovski  et  al. ;  1996].  In 
view  of  the  rich  dynamics  of  chaotic  systems,  there 
exists  a  large  variety  of  approaches  for  controlling 


such  systems.  Some  of  these  approaches  include 
adaptive  control  [Chua  et  al.,  1996;  Wu  et  al.,  1996], 
error-feedback  control  [Pyragas,  1992],  time-delay 
feedback  control  [Pyragas,  1992],  OGY  method  [Ott 
et  al,  1990],  predictive  Poincare  control  [Schweizer 
&  Kennedy,  1995]  occasional  proportional  feedback 
control  [Hunt  k  Johnson,  1993]  and  impulsive  con¬ 
trol  [Stojanovski  et  al,  1996]. 

In  fact,  the  predictive  Poincare  control  and  the 
occasional  proportional  feedback  control  are  two 
impulsive  control  schemes  with  varying  impulse 
intervals.  Impulsive  control  is  attractive  because 
it  allows  the  stabilization  of  a  chaotic  system  us¬ 
ing  only  small  control  impulses,  and  it  offers  a  di¬ 
rect  method  for  modulating  digital  information  on¬ 
to  a  chaotic  carrier  signal  for  spread  spectrum 
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applications.  However,  due  to  a  lack  of  effective 
tools  for  analyzing  impulsive  differential  equations 
[Lakshmikantham  et  al ,  1989],  most  impulse  con¬ 
trol  schemes  had  been  designed  mainly  by  trial- 
and-error.  The  study  of  the  stability  of  an  im¬ 
pulsive  differential  equation  is  much  more  difficult 
than  that  of  its  “corresponding”  differential  equa¬ 
tion  [Samoilenko  &  Perestyuk,  1995].  For  example, 
consider  the  impulsive  system 

X  =  Ax ,  t  ^  Ti  , 

(1) 

Ax|t-r.  =  Bx  W 

where  A  and  B  are  two  constant  matrices,  and 

Ax|t=TV  =  x(r+)  -  x(r~),  x(r“)  and  x(r^)  being 
the  left  and  right  limit  of  x(t)  at  t  =  n.  The  solu- 
tion  of  the  above  system  is  given  by 

x(t,x0)  =  X(t,xo)xo  (2) 


transmitted  signal  is  reduced.  In  this  sense,  even 
low-dimensional  chaotic  systems  can  provide  high 
security.  In  this  paper,  we  will  use  impulsive  syn¬ 
chronization  to  develop  a  new  framework  for  chaotic 
secure  communication. 

The  organization  of  this  paper  is  as  follows.  In 
Sec.  2,  a  theory  on  the  stability  of  impulsive  differ¬ 
ential  equations  is  given.  In  Sec.  3,  a  stability  cri¬ 
terion  for  impulsive  control  of  Chua’s  oscillator  is 
presented.  In  Sec.  4,  simulation  results  on  the  im¬ 
pulsive  control  of  Chua’s  oscillator  are  provided.  In 
Sec.  5,  the  theory  and  simulation  results  of  impul¬ 
sive  synchronization  of  Chua’s  oscillators  are  pre¬ 
sented.  In  Sec.  6,  application  of  impulsive  synchro¬ 
nization  to  secure  communication  is  presented.  In 
Sec.  7,  some  concluding  remarks  are  given. 


2.  Basic  Theory  of  Impulsive 
Differential  Equations 


where 


Consider  the  general  nonlinear  system 


X(t,  xo)  =  eA(*-Ti)  IJ  (I  -f  £)e4te-T>-»> , 

t0<Tj<t  (3) 

TO  =  *0  ,  Ti  <t<  7i+i 


x  =  f(t,  x)  (4) 

where  f  :  R+  x  Rn  Rn  is  continuous,  x  €  Rn  is 
the  state  variable,  and 


As  can  be  seen  from  this  formula,  it  is  not 
possible  in  the  general  case  to  give  necessary  and 
sufficient  conditions  for  stability  of  solutions  of  the 
above  system  in  terms  of  the  eigenvalues  of  the  ma¬ 
trix  of  this  system,  which  is  possible  for  systems 
of  ordinary  differential  equations  with  constant 
coefficients. 

In  this  paper,  we  investigate  the  stability  of 
impulsively  controlled  chaotic  systems.  First,  the 
stability  of  the  trivial  solution  of  a  kind  of  impul¬ 
sive  differential  equation  is  studied.  Then  the  the¬ 
oretical  results  are  used  to  study  the  conditions 
under  which  an  impulsive  control  of  Chua’s 
oscillator  is  asymptotically  stable.  An  estimate  of 
the  upper  bound  of  the  impulsive  interval  is  also 
presented. 

Then,  an  impulsive  control  theory  is  used  to 
study  the  impulsive  synchronization  of  two  chaotic 
systems.  We  first  show  that  the  impulsive  syn¬ 
chronization  problem  is  an  impulsive  control  prob¬ 
lem.  Then  a  theorem  is  given  for  guaranteeing  the 
asymptotic  stability  of  impulsive  synchronization. 
Since  only  the  synchronization  impulses  are  sent 
to  the  driven  system  in  an  impulsive  synchroniza¬ 
tion  scheme,  the  information  redundancy  in  the 


Consider  a  discrete  set  {t*}  of  time  instants,  where 

0  <  Ti  <  T2  <  •  •  •  <  T{  <  Tj+i  <  •  •  •  , 

Ti  — ►  oo  as  i  — ►  oo 

Let 

U(i,  x)  =  Ax|t=n  =  x(r+ )  -  x(r~ )  (5) 

be  the  “jump”  in  the  state  variable  at  the  time  in¬ 
stant  Ti.  Then  this  impulsive  system  is  described 
by 

rx  =  f(t,x),  t^Ti 

i  Ax  =  U(i,x),  t  =  n  (6) 

.  x(<0 )  =  xo,  to  ^  0,  i  =  1, 2, . . . 

This  is  called  an  impulsive  differential  equation 
[Lakshmikantham  et  al .,  1989],  To  study  the  sta¬ 
bility  of  the  impulsive  differential  Eq.  (6)  we  use 
the  following  definitions  and  theorems  [Lakshmikan¬ 
tham  et  al. ,  1989]. 
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Definition  1.  Let  V  :  R+  x  Rn  •-»  R+,  then  V  is 
said  to  belong  to  class  Vo  if 

1.  V  is  continuous  in  (rj_i,r<]  x  Rn  and  for  each 
x  €  Rn,  t  =  1,  2, , 

lim  V(t,  y)  =  V (r+  ,  x)  (7) 
(t,y)-*(r+ .x) 

exists; 

2.  V  is  locally  Lipschitzian  in  x 

Definition  2.  For  (t,  x)  €  fa-i,  n]  x  Rn,  we 
define 

D+V(t ,  x)  =  lim  sup  j[V(t  +  h,  x 
h — ►O  tl 

+  hf(t,  x))  —  V(t,  x)]  (8) 

Definition  3.  Comparison  system.  Let  V  €  Vo 
and  assume  that 

D+V(t,  x)  <  g(t,  V(t,  x)) ,  t  #  r< 

V(*,X+t/(l,x))<^(V(t,x)),  t  =  T{ 

where  p  :  R+  x  R+  «  R  is  continuous  and  ipi  : 
R+  •-+  R+  is  nondecreasing.  Then  the  system 

'  w  =  g(t,  w), 

<  w(t?)  =  1pi(w(Ti))  (10) 

,tn(to  )  =  ^0  >  0 

is  called  the  comparison  system  of  Eq.  (6). 
Definition  4 

=  {x  €  Rn|  ||x||<p}  (11) 

where  ||  •  ||  denotes  the  Euclidean  norm  on  R". 

Definition  5.  A  function  a  is  said  to  belong  to 
class  K  if  a  e  C[R+,R+],a(0)  =  0  and  a(x)  is 
strictly  increasing  in  x. 

Assumptions.  f(t,  0)  =  0,  U(i,  0)  =  0  and  g(t ,  0)  = 
0  for  all  i. 

Remark.  With  the  above  assumptions  we  find 
that  the  trivial  solutions  of  Eqs.  (6)  and  (10)  are 
identical  for  all  times  except  at  the  discrete  set 

{?«}• 

Theorem  1  (Theorem  3.2.1,  p.  139  [Lakshmikan- 
tham  et  al.,  1989]).  Assume  that  the  following 
three  conditions  are  satisfied: 


1.  V  :R+xSp~R+,  p>0,V€  V0,L>+V(t,x)< 
g(t,  V(t,  x)),t#T<. 

2.  there  exists  a  po  >  0  such  that  x  €  implies 
that  x  +  U(i,x)  €  for  all  i  and  V(f,  x  + 
U(i,  x))  <  MV(t,  *)),t  =  n,x  €  Sp o . 

3-  KIND  <  V(t,x)  <  a(||x||)  onK+xSp,  where 

a(-),  /?(*)  €  K. 

Then  the  stability  properties  of  the  trivial  solu¬ 
tion  of  the  comparison  system  (10)  imply  the  cor¬ 
responding  stability  properties  of  the  trivial  solution 
of  (6). 

Theorem  2  (Corollary  3.2.1.,  p.  142  (Lakshmikan- 
tham  et  al .,  1989]).  Let  g(t,  w)  =  k(t)w,X  G  C 1 
[R+,  R+DV'.H  =  diw,di  >  0  for  all  i.  Then  the 
origin  of  system  (6)  is  asymptotically  stable  if  the 
conditions 

A(ri+i)  +  ln(7d.)  <  A  fa),  for  all  i,  where  7  >  1 

(12) 

and 

A(t)  >  0  (13) 

are  satisfied. 


3.  Impulsive  control  of  Chua’s  oscillator 

In  this  section,  we  study  the  impulsive  control 
of  Chua’s  oscillators  [Chua,  1993]  by  applying  the 
theory  presented  in  the  previous  section.  The  di¬ 
mensionless  form  of  a  Chua’s  oscillator  is  given  by 
[Chua,  1993] 

x  =  a(y-x-  /( x)) 
y  =  x-y  +  z  (14) 

i  =  -fiy  -  72 

where  }(x)  is  the  piecewise-linear  characteristics  of 
the  Chua’s  diode,  which  is  given  by 

f(x)  =  bx+±(a-b)(  |x  +  l|  — |x-l|)  (15) 

where  a  <  b  <  0  are  two  constants. 

Let  xT  =  (s  y  z),  then  we  can  rewrite  the 
Chua’s  oscillator  equation  into  the  form 

x  =  Ax  +  $(x)  (16) 

where 

(-a  a  0  \  /-af(x)\ 

A=  I  1  -1  1  ,  $(x)=  0 

V  0  -fi  -7/  0  / 

(17) 


648  T.  Yang  k  L.  O.  Chua 


The  impulsive  control  of  a  Chua’s  oscillator  is 
then  given  by 


(  X  =  AX  +  $(x)  ,  t  ±  Ti 
l  Ax|£=Tj  =  Bx 


(18) 


We  use  the  following  theorem  in  order  to  guar¬ 
antee  the  asymptotic  stability  of  the  origin  of  the 
controlled  Chua’s  oscillator. 


that  the  asymptotic  stability  of  the  impulsively  con¬ 
trolled  Chua’s  oscillator  in  Eq.  (18)  is  implied  by 
that  of  the  following  comparison  system 

{u  =  (q  +  2\aa\)u,  t  ^  Ti 
u(Ti)  =  di(j(n)  (24) 

u(to)  =  wo  >  0 


Theorem  3.  Let  d\  be  the  largest  eigenvalue  of 
(/  -I-  BT)(I  +  B),  where  B  is  a  symmetric  matrix, 
p(I  +  B )  <  1,  where  p(-)  denotes  the  spectral  radius 
of  I+B.  Let  q  be  the  largest  eigenvalue  of(A+AT) 
and  let  the  impulses  be  equidistant  from  each  other 
and  separated  by  interval  A.  If 

0  <  q  +  2\aa\  <  — -^-ln(£di),  where  £  >  1 

(19) 

then  the  origin  of  the  impulsively  controlled  Chua’s 
oscillator  is  asymptotically  stable. 

Proof.  Let  us  construct  the  Lyapunov  function 
V(t,  x)  =  xTx.  For  1 7^  T{,  we  have 


From  Eq.  (19),  we  have 

f^i+l 

/  (q  +  2\aa\)dt  +  ln(£di)  <  0, 

Jt, 

£>1 


(25) 


and  A (t)  =  q+2\aa\  >  0.  It  follows  from  Theorem  2 
that  the  trivial  solution  of  Eq.  (18)  is  asymptotically 
stable.  ■ 

Theorem  3  also  gives  an  estimate  for  the  upper 
bound  Amax  of  A;  namely, 


Amax  = 


ln(fr*i) 
q  +  2|aa| 


1+ 


(26) 


D+V(t,  x)  =  xtAx  +  xtAtx  +  xr$(x)  +  $T(x)x 

<  qxTx  +  2\aa\xTx 

=  (?  +  2|aa|)F(t,  x)  (20) 

Hence,  condition  1  of  Theorem  1  is  satisfied  with 
g(t,  w)  =  (q  +  2|aa|)u;. 

Since  B  is  symmetric  we  know  (I  +  B)  is  also 
symmetric.  By  using  the  Euclidean  norm  we  have 

p(I  +  B)  =  \\I  +  B\\  (21) 

Given  any  p0  >  0  and  x  we  have 

||x  +  J3x||  <  ||/  +  2?||||x||  =  P(I  +  B)||x||  <  ||x|| 

(22) 

The  last  inequality  follows  from  p(I+B)  <  1.  Con¬ 
sequently,  x  +  Bx  €  SPo. 

For  t  =  Ti,  we  have 


Observe  that  the  upper  bound  given  by  Eq.  (26) 
is  sufficient  but  not  necessary.  Consequently,  we 
can  only  say  that  we  have  a  predicted  stable  region, 
which  is  usually  smaller  than  the  actual  stable  re¬ 
gion  because  we  cannot  assert  that  all  other  regions 
are  unstable. 


4.  Simulation  results  of 
impulsive  control 

In  the  following  simulations,  we  choose  the 
parameters  of  Chua’s  oscillator  as  a  =  15,/3  =  20, 
7  =  0.5, a  =  —™,b  =  ~y-  A  fourth-order 
Runge-Kutta  method  with  step  size  10~5  is  used. 
The  initial  condition  is  given  by  (x(0),  y( 0),  z(0))  = 
(-2.121304,  -0.066170,  2.881090).  The  uncontroll¬ 
ed  trajectories  are  shown  in  Fig.  1,  which  is  the 
Chua’s  double  scroll  attractor. 


V(ri,x  +  Bx)  =  (x  +  Bx)t(x  +  Bx) 

=  xt(I  +  Bt)(I  +  B)x 

<  diV(n,  x)  (23) 

Hence  condition  2  of  Theorem  1  is  satisfied  with 
ipi(w)  =  d\w.  We  can  see  that  condition  3  of  The¬ 
orem  1  is  also  satisfied.  It  follows  from  Theorem  1 


4.1.  Simulation  1:  strong  control 

In  this  simulation,  we  choose  the  matrix  B  as 


(k 


B  = 


: 


(27) 
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where  the  impulsive  control  is  “strong”.  It  follows 
from  Theorem  3  that  p(I  +  B)  <  1  should  be  satis¬ 
fied,  which  implies  that  —  2  <  k  <  0.  By  using  this 
B  matrix,  it  is  easy  to  see  that 

d\  =  (k  +  l)2  (28) 

We  have 


(29) 


from  which  we  find  q  =  20.162180.  Then  an  esti¬ 
mate  of  the  boundaries  of  the  stable  region  is  given 
by 


0  <  A  <  + 

q  +  2|aa| 

-1  <  k  <  n 


Figure  2  shows  the  stable  region  for  diffe¬ 
rent  £’s.  The  entire  region  below  the  curve  cor¬ 
responding  to  £  =  1  is  the  predicted  stable  region. 


When  £  — ♦  oo,  the  stable  region  shrinks  to  a  line 
k  =  -1. 

The  simulation  results  are  shown  in  Fig.  3. 
Figure  3(a)  shows  instability  for  k  =  —1.5  and  A  =  1. 


Fig.  2.  Estimate  of  the  boundaries  of  stable  regions  with 
different  f’s  used  in  simulation  1. 


o  0.5  1  1.5 


time 

(c) 

Fig.  3.  Simulation  results,  (a)  Unstable  results  outside  the  stable  region,  (b)  Stable  results  inside  the  predicted  stable  region, 
(c)  Stable  results  outside  the  predicted  stable  region. 
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The  blue  waveform,  the  red  waveform  and  the 
green  waveform  correspond  to  x(t),y(t)  and  z(t), 
respectively.  Figure  3(b)  shows  stable  results 
within  the  stable  region  for  k  =  —1.5  and  A  = 
0.002.  One  can  see  that  the  system  asympto¬ 
tically  approaches  the  origin  with  a  settling  time 
of  about  0.05.  However,  the  true  stable  region  is 
larger  than  that  predicted  in  Fig.  2.  In  order  to 
demonstrate  this  fact,  we  show  in  Fig.  3(c)  the 
stable  results  for  k  =  —1.5  and  A  =  0.05.  We 
can  also  see  that  the  system  asymptotically  approa¬ 
ches  the  origin  with  a  settling  time  of  about 
1.4  which  is  much  larger  than  that  shown  in 


4.2.  Simulation  2:  Weak  control 
In  this  simulation,  we  choose  the  matrix  B  as 

(A:  0  0  \ 

0  -0.1  0  (31) 

0  0  -0.1/ 


where  the  impulsive  control  is  much  weaker  than 
that  chosen  in  simulation  1. 

It  is  easy  to  see  that 


di 


(*  +  l)2,  (k  + 1)2  >  0.81 
0.81 ,  elsewhere 


(32) 


An  estimate  of  the  boundaries  of  the  stable  re¬ 
gion  is  given  by 


_lnfj  +  ln(k  +  rf^  (jt  + 1)2  >0.81 

q  +  2\aa\  j  l  -  2  <  k  <0  (33) 

_ln£  +  ln(0.81)  elsewhere 
g  +  2|aa| 


Figure  4  shows  the  stable  region.  The  entire  re- 
gion  below  the  curve  corresponding  to  f  =  1  is 
the  predicted  stable  region.  In  this  case,  A  is  al¬ 
ways  bounded.  It  seems  that  we  cannot  control  the 
system  to  the  origin  with  an  arbitrarily  prescribed 
speed  because  £  has  to  satisfy  1  <  f  <  This  is 


k 


Fig.  4.  Estimate  of  the  boundaries  of  stable  region  used  in 
simulation  2. 


different  from  the  case  shown  in  Fig.  2,  where  any 
value  of  £  >  1  is  possible. 

The  simulation  results  are  shown  in  Fig.  5. 
Again,  the  blue  waveform,  the  red  waveform  and  the 
green  waveform  correspond  to  x(i),  2/(t)  and  z(t) ,  re¬ 
spectively.  Figure  5(a)  shows  the  instability  results 
for  it  =  -1  and  A  =  0.4.  Figure  5(b)  shows  the 
stable  results  in  the  stable  region  for  k  =  -1  and 
A  =  3  x  10-4.  The  control  system  asymptotically 
approaches  the  origin  with  a  settling  time  of  about 
0.05.  Also,  the  true  stable  region  is  larger  than  that 
predicted  in  Fig.  4.  To  demonstrate  this  fact,  we 
show  in  Fig.  5(c)  the  stable  results  for  k  =  -1  and 
A  =  0.01.  We  can  also  see  that  the  system  asymp¬ 
totically  approaches  the  origin  with  a  settling  time 
equal  approximately  to  1,  which  is  much  larger  than 
that  shown  in  Fig.  5(b). 

5.  Impulsive  synchronization  of 

Chua’s  oscillators 

In  this  section,  we  study  the  impulsive  synchroniza¬ 
tion  of  two  Chua’s  oscillators.  One  of  the  Chua’s  os¬ 
cillators  is  called  the  driving  system,  and  the  other  is 
called  the  driven  system.  In  an  impulsive  synchro¬ 
nization  configuration,  the  driving  system  is  given 
by  Eq.  (14).  The  driven  system  is  given  by 

x  =  Ax  +  $(x)  (34) 

where  x  =  (x,  y,  z)  is  the  state  variables  of  the 
driven  system. 


0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4 


time 

(c) 

Fig.  5.  Simulation  results,  (a)  Unstable  results  outside  the  stable  region,  (b)  Stable  results  in  the  stable  region,  (c)  Stable 
results  outside  the  stable  region. 
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At  discrete  instants,  T{,  i  =  1,  2, the  state 
variables  of  the  driving  system  are  transmitted  to 
the  driven  system  and  then  the  state  variables  of 
the  driven  system  are  subject  to  jumps  at  these  in¬ 
stants.  In  this  sense,  the  driven  system  is  described 
by  the  impulsive  differential  equation 

r*  =  ytx  +  *(x),  t*n 

{  Ax|t=T.  =  -Be ,  i  =  1,2,... 

where  B  is  a  3  x  3  matrix,  and  eT  =  ( ex ,  ey,  ez)  = 
(x  —  x,  y  —  y,  z  —  z)  is  the  synchronization  error.  If 
we  define 


^(x,*)  =  $(x)  -  $(x)  = 


- otf{x )  +  af(x) 


then  the  error  system  of  the  impulsive  synchroniza¬ 
tion  is  given  by 

fe  =  Ae  +  l'tx,  x),  t  #  r< 

1  Ae|t=Ti  =  Be ,  *  =  1,2,... 


We  use  the  following  theorem  to  guarantee 
that  our  impulsive  synchronization  is  asymptoti¬ 
cally  stable. 


Theorem  4.  Let  d\  be  the  largest  eigenvalue  of 
(I  +  BT){I  +  B),  where  B  is  a  symmetric  matrix. 
Assume  the  spectral  radius  p  of  I+B  satisfies  p(I+ 
B)  <  1.  Let  q  be  the  largest  eigenvalue  of  (A  +  AT) 
and  assume  the  impulses  are  equidistant  from  each 
other  and  separated  by  an  interval  A.  If 

0  <  q  +  2|aa|  <  — ^  ln(£di) , 

e>i 

then  the  impulsive  synchronization  of  two  Chua’s 
oscillators  is  asymptotically  stable. 


Proof.  Observe  that  the  error  system  in  Eq.  (37)  is 
almost  the  same  as  the  system  in  Eq.  (18)  except  for 
^(x,  x).  Similarly,  let  us  construct  the  Lyapunov 
function  V(t,  e)  =  eTe.  For  t  ^  t,,  we  have 

D+V(t,e)  =  eTAe  -I-  eTATe  +  eT^>(e)  +  ^>T(e)e 

<  qeTe  +  2|a||/(x)  -  f(x)\ex 

<  qeTe  +  2|aa|e^ 

<  (q  +  2|ao|)e're 

=  (9  +  2|aa|)V(t,e)  (39) 


Hence,  condition  1  of  Theorem  1  is  satisfied  with 
g(t ,  w)  =  (q  +  2|aa|)iw.  The  rest  of  this  proof  is  the 
same  as  that  of  Theorem  3.  ■ 

For  the  rest  of  this  section,  we  present  our  sim¬ 
ulation  results.  We  choose  the  matrix  B  as 

—1.5  0  0\ 

B  =  0  -1  0  (40) 

0  o  — 1/ 

The  initial  conditions  are  given  by  (®(0),  y( 0), 
z(0))  =  (—2.121304,  -0.066170, 2.881090)  and  (5(0), 
y( 0),  z(0))  =  (0,  0,  0).  The  other  parameters  are 
the  same  as  those  used  in  Sec.  4.  Since  the  sta¬ 
bility  boundary  estimates  are  the  same  as  those 
in  Sec.  4,  we  do  not  repeat  them  here.  Figure  6 
shows  our  simulation  results.  Figure  6(a)  shows 
the  stable  results  within  our  predicted  stable  re¬ 
gion  with  k  —  —1.5  and  A  =  0.002.  The  blue 
waveform,  the  red  waveform  and  the  green  wave¬ 
form  show  ex(t),ey(t)  and  ez(t),  respectively.  We 
can  see  that  impulsive  synchronization  was  achieved 
rapidly.  Figure  6(b)  shows  that  if  A  =  5  then  our 
impulsive  synchronization  is  unstable. 

5.1.  Effects  of  channel  noise 

Let  us  study  next  the  robustness  of  the  impulsive 
synchronization  to  additive  channel  noise.  In  the 
following  simulations,  we  choose  the  matrix  B  as 


The  initial  conditions  are  given  by  (x(0),  y(0), 
z(0))  =  (-2.121304,  -0.066170,2.881090)  and  (x(0), 
y(0),  2(0))  =  (0,  0,  0).  The  other  parameters  are 
the  same  as  those  used  in  Sec.  4.  Figure  7  shows 
the  simulation  results  when  the  signal-to-noise  ra¬ 
tio  (SNR)  and  the  time  interval  of  the  impulses  are 
given  respectively  by  SNR=20  dB  and  A  =  0.1. 
Figure  7(a)  shows  the  noise  (the  red  waveform)  in 
impulses  x(t{)  and  the  synchronization  error  (the 
blue  waveform)  x  —  x.  Figure  7(b)  shows  the  noise 
(the  red  waveform)  in  impulses  y(r,)  and  the  syn¬ 
chronization  error  (the  blue  waveform)  y  —  y.  Fig¬ 
ure  7(c)  shows  the  noise  (the  red  waveform)  in  im¬ 
pulses  z(Ti)  and  the  synchronization  error  (the  blue 
waveform)  2  —  2.  From  the  above  simulation  re¬ 
sults  we  find  that  the  synchronization  errors  are 
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(b) 

Fig.  6.  Simulation  results  of  impulsive  synchronization,  (a)  Stable  synchronization  results  inside  our  predicted  stable  region, 
(b)  Synchronization  cannot  be  achieved  when  A  is  too  large. 


comparable  to  the  noise  in  the  synchronization 
impulses. 

For  comparison,  we  also  presented  the  corre¬ 
sponding  results  when  a  continuous  synchronization 
is  used.  The  driven  system  of  the  continuous  syn¬ 
chronization  is  given  by 

{x  =  a(y-x-  /(*)) 
y  =  (x  +  n(t))  -y  +  z  (42) 

z  =  -0y  -  7  z 


where  x  is  the  first  state  variable  of  the  driving  sys¬ 
tem  and  n(t)  is  the  additive  channel  noise.  When 
n(f)  =  0,  the  driving  system  and  the  driven  system 
can  be  synchronized.  When  the  additive  noise  is 
added  in  the  transmitted  signal  with  SNR=20  dB, 
the  synchronization  errors  are  shown  in  Fig.  7(d). 
Observe  that  the  synchronization  error  x  —  x  of  the 
continuous  scheme  is  bigger  than  that  of  the  impul¬ 
sive  scheme. 

Given  a  SNR  level,  the  synchronization  errors 
of  the  impulsive  scheme  become  bigger  if  A  in¬ 
creases.  In  our  simulations  we  find  if  A  =  1  then 


Fig.  7.  Simulation  results  of  the  impulsive  synchronization  and  the  continuous  synchronization  when  channel  noise  is  added, 
(a)  Noise  in  impulses  z(r^)(red)  and  the  synchronization  error  x— x(blue)  of  the  impulsive  synchronization,  (b)  Noise  in  impulses 
y(r*)(red)  and  the  synchronization  error  y  —  y(blue)  of  the  impulsive  synchronization,  (c)  Noise  in  impulses  z(r<)(red)  and 
the  synchronization  error  z  —  5 (blue)  of  the  impulsive  synchronization,  (d)  Synchronization  errors  x  —  £  (blue),  y  —  y(red)  and 
z  —  i(green)  of  the  continuous  synchronization. 
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Fig.  7.  ( Continued ) 


I  there  exist  some  big  synchronization  error  peaks, 

j  The  simulation  results  are  shown  in  Fig.  8  with 

!  SNR=  20  dB.  Figure  8(a)  shows  the  noise  (the  red 

j  waveform)  in  the  impulses  x{ji)  and  the  synchro- 

i  nization  error  (the  blue  waveform)  x—x.  Figure  8(b) 

I  shows  the  noise  (the  red  waveform)  in  the  impulses 

1  y{n)  and  the  synchronization  error  (the  blue  wave¬ 

form)  y  —  y.  Figure  8(c)  shows  the  noise  (the  red 
waveform)  in  the  impulses  z(rj)  and  the  synchro¬ 
nization  error  (the  blue  waveform)  z  —  z.  From  the 
'  simulation  results  we  find  that  the  synchronization 

errors  are  comparable  to  the  noise  most  of  the  time. 
However,  when  the  A  becomes  too  big,  e.g.  A  =  6, 
then  most  of  the  time  we  observe  that  the  synchro¬ 
nization  errors  Eire  much  bigger  than  the  noise. 

From  the  above  simulation  we  can  conclude  that 
if  A  is  small  enough,  e.g.  A  =  0.1,  then  the  impul¬ 
sive  synchronization  is  more  robust  than  the  contin¬ 
uous  synchronization.  This  is  because  in  continuous 
synchronization  the  synchronization  error  system  is 
continuously  disturbed  by  the  continuous  channel 
noise  and  more  often  pushed  to  some  local  insta¬ 
bilities  than  in  impulsive  synchronization.'  This  in 
turn  results  in  more  frequent  large  peaks  of  syn¬ 
chronization  errors  in  continuous  synchronization. 

i 

5.2.  Effects  of  parameter  mismatch 

The  parameter  mismatch  is  any  parameter  differ¬ 
ence  between  the  driving  system  and  the  driven  sys¬ 
tem.  The  robustness  of  impulsive  synchronization 
to  parameter  mismatch  is  studied  in  the  following 


simulations.  Figure  9  shows  the  synchronization  er¬ 
rors  when  different  parameter  mismatches  are 
used.  Figure  9(a)  shows  the  results  when  only  1% 
mismatch  exists  in  parameter  a  with  A  =  0.1.  Fig¬ 
ure  9(b)  shows  the  results  when  10%  mismatch  ex¬ 
ists  in  the  parameter  a  with  A  =  0.1.  Observe 
that  the  impulsive  synchronization  is  robust  enough 
against  parameter  mismatch.  We  also  show  the  re¬ 
sults  when  the  continuous  synchronization  scheme 
is  used.  Figure  9(c)  shows  the  results  when  a  1% 
mismatch  exists  in  the  parameter  a  and  when  con¬ 
tinuous  synchronization  is  used.  Observe  that  there 
exist  some  very  big  synchronization  errors  in  x  —  x . 
Figure  9(d)  shows  the  results  when  a  10%  mismatch 
exists  in  the  parameter  a  and  when  continuous  syn¬ 
chronization  is  used.  Observe  that  there  exist  some 
very  big  synchronization  errors  in  x  —  x .  From  the 
above  we  can  see  that  impulsive  synchronization  is 
less  sensitive  to  parameter  mismatches  than  contin¬ 
uous  synchronization. 

6.  A  Secure  Communication  System 

Since  the  publication  of  several  chaotic  cryptanal¬ 
ysis  results  in  low- dimensional  chaos-based  secure 
communication  systems  [Yang,  1995;  Short,  1994], 
there  were  concerns  that  such  communication 
schemes  may  not  be  secure  enough.  To  overcome 
this  objection,  one  approach  is  to  exploit  hyper 
chaos- based  secure  communication  systems,  but 
such  systems  may  introduce  more  difficulties  to 
synchronization. 


Fig.  8.  Simulation  results  of  the  impulsive  synchronization  when  channel  noise  is  added  and  A  is  big.  (a)  Noise  in  impulses 
x(r»)(red)  and  the  synchronization  error  x-x(blue).  (b)  Noise  in  impulses  J/(t» )(red)  and  the  synchronization  error  y— y(blue). 
(c)  Noise  in  impulses  z(r<)(red)  and  the  synchronization  error  z  -  i(blue). 
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Fig.  9.  Simulation  results  of  the  impulsive  synchronization  and  the  continuous  synchronization  when  parameter  mismatches 
exist,  (a)  A  1%  mismatch  exists  in  a.  The  synchronization  errors  of  the  impulsive  synchronization:  x  -  z(blue),  y  -  ytjed) 
and  z  -  z(green).  (b)  A  10%  mismatch  exists  in  a.  The  synchronization  errors  of  the  impulsive  synchronization:  x  x(bluej, 
u  -  y(red)  and  z  -  z(green).  (c)  A  1%  mismatch  exists  in  o  when  the  continuous  synchronization  is  used.  The  synchronization 
errors  z  -  x(blue),  y  -  y(red)  and  z  -  z(green).  (d)  A  10%  mismatch  exists  in  a  when  the  continuous  synchronization  is  used. 
The  synchronization  errors  z  —  z(blue),  y  —  y(red)  and  z  —  z(green). 
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Fig.  9.  .( Continued ) 


On  the  other  hand,  we  can  enhance  the  secu¬ 
rity  of  low-dimensional  chaos-based  secure  commu¬ 
nication  schemes  by  combining  conventional  cryp¬ 
tographic  schemes  with  a  chaotic  system  [Yang 
tt  al.,  1997].  To  overcome  the  low  security  ob¬ 
jections  against  low-dimensional  continuous  chaos- 
based  schemes,  we  should  overcome  the  following 
problems:  (1)  make  the  transmitted  signal  more 
complex,  and  (2)  reduce  the  redundancy  in  the 
transmitted  signal.  To  achieve  the  first  goal,  it  is 
not  necessary  to  use  hyperchaos.  In  [Yang  et  al., 
1997]  we  have  presented  a  method  to  combine  a 
conventional  cryptographic  scheme  with  low¬ 
dimensional  chaos  to  obtain  a  very  complex  trans¬ 
mitted  signal.  To  achieve  the  second  goal,  impulsive 
synchronization  offers  a  very  promising  approach. 

In  this  section,  we  combine  the  results  in  [Yang 
et  al,  1997]  and  impulsive  synchronization  to  give 
a  new  chaotic  secure  communication  scheme.  The 
block  diagram  of  this  scheme  is  shown  in  Fig.  10. 

From  Fig.  10  we  can  see  that  this  chaotic  secure 
communication  system  consists  of  a  transmitter  and 
a  receiver.  In  both  the  transmitter  and  the  receiver, 
there  exist  two  identical  chaotic  systems.  Also,  two 
identical  conventional  cryptographic  schemes  are 
embedded  in  both  the  transmitter  and  the  receiver. 
Let  us  now  consider  the  details  of  each  block  in 
Fig.  10.  The  transmitted  signal  consists  of  a  se¬ 
quence  of  time  frames.  Every  frame  has  a  length  of 
T  seconds  and  consists  of  two  regions.  In  Fig.  11 
we  show  the  concept  of  a  time  frame  and  its  com¬ 
ponents.  The  first  region  of  the  time  frame  is  a 


synchronization  region  consisting  of  synchronization 
impulses.  The  synchronization  impulses  are  used 
to  impulsively  synchronize  the  chaotic  systems  in 
both  transmitter  and  receiver.  The  second  region 
is  the  scrambled  signal  region  where  the  scrambled 
signal  is  contained.  To  ensure  synchronization,  we 
have  T  <  Amax-  Within  every  time  frame,  the  syn¬ 
chronization  region  has  a  length  of  Q  and  the  re¬ 
maining  time  interval  T-Q  is  the  scrambled  signal 
region. 

The  composition  block  in  Fig.  10  is  used  to  com¬ 
bine  the  synchronization  impulses  and  the  scram¬ 
bled  signal  into  the  time  frame  structure  shown  in 
Fig.  11.  The  simplest  combination  method  is  to 
substitute  the  beginning  Q  seconds  of  every  time 
frame  with  synchronization  impulses.  Since  Q  is 
usually  very  small  compared  with  T,  the  lost  of 
time  for  packing  a  message  signal  is  negligible.  The 
decomposition  block  is  used  to  separate  the  syn¬ 
chronization  region  and  the  scrambled  signal  region 
within  each  frame  at  the  receiver  end.  Then  the  sep¬ 
arated  synchronization  impulses  are  used  to  make 
the  chaotic  system  in  the  receiver  to  synchronize 
with  that  in  the  transmitter.  The  stability  of  this 
impulsive  synchronization  is  guaranteed  by  our  re¬ 
sults  in  Sec.  5. 

In  the  transmitter  and  the  receiver,  we  use  the 
same  cryptographic  scheme  block  for  purposes  of 
bi-directional  communication.  In  a  bi-directional 
communication  scheme,  every  cellular  phone  should 
function  both  as  a  receiver  and  a  transmitter.  Here, 
the  key  signal  is  generated  by  the  chaotic  system. 
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Fig.  10.  Block  diagram  of  the  impulsive-synchronization  based  chaotic  secure  communication  system. 


Fig.  11.  Illustration  of  the  concept  of  a  time-frame  and  its  components. 
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Fig.  12.  Nonlinear  function  used  in  the  continuous  shift  cipher. 


The  cryptographic  scheme  is  as  follows  [Yang  et  al, 
1997): 

We  use  a  continuous  n-shift  cipher  to  encrypt 
the  plain  signal(message  signal).  The  n-shift  cipher 
is  given  by 

e(p(t))=h  (•••/!  (/i  (p(o>  m),  *(<)), ....  m) 


=  y(t )  (43) 


where  h  is  chosen  such  that  p(t)  and  k(t)  lie  within 
(- h ,  h).  Here,  p(t)  and  k(t)  denote  the  plain  signal 
and  the  key  signal,  respectively,  and  y(t)  denotes 
the  encrypted  signal.  The  key  signal  k(t)  is  chosen 
as  a  state  variable  of  the  chaotic  system.  The  no¬ 
tation  /i(-,  •)  denotes  a  scalar  nonlinear  function  of 
two  variables  defined  as  follow: 

'  (x  +  k)  +  2h ,  —  2h  <  (x  4-  k)  <  —  h 

fi(x,k)  =  <  (x  +  k),  —h<(x  +  k)<h 

k  (x  +  k)  —  2h ,  h  <  (x  +  k)  <  2h 

(44) 

This  function  is  shown  in  Fig.  12. 

The  corresponding  decryption  rule  is  the  same 


as  the  encryption  rule 
p(t)  =  d(y(t)) 

=  e(y(t)) 


n  n 


(45) 

To  decode  the  encrypted  signal,  the  same  key  signal 
should  be  used. 

The  simulation  results  are  as  follows.  We  use 
an  FM  scheme  to  modulate  the  synchronization  im¬ 
pulses  such  that  the  synchronization  region  is  lo¬ 
cated  in  the  initial  1%  of  every  time  frame.  We 
choose  the  frame  length  as  T  =  Is.  In  the  synchro¬ 
nization  region  of  every  time  frame,  we  transmit  the 
impulses  of  the  three  state  variables  of  the  Chua’s 
oscillators.  The  parameter  of  the  encrypted  signal 
is  chosen  a s  h  =  0.4.  A  continuous  10-shift  cipher 
was  used.  We  choose  x  and  x  as  the  key  signals  and 
normalized  them  to  fall  within  the  amplitude  range 
[-0.4,  0.4]. 

Figure  13  shows  the  simulation  results  of  the 
above  proposed  secure  communication  system  for 
transmitting  a  speech  signal.  Figure  13(a)  shows 
the  waveforms  of  the  sampled  speech  of  four  Chinese 
digits  “NING”(zero)  —  “YT(one)  —  “ER”(two) 
—  “SANG”  (three).  The  sampling  rate  is  8K.  Fig¬ 
ure  13(b)  shows  the  spectrograms  of  the  original 


Frequency 
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speech  signal  in  Fig.  13(a),  from  which  we  can  see 
the  structure  of  the  speech  signal.  Figure  13(c) 
shows  the  waveforms  of  the  received  scrambled 
speech  signal  and  the  additive  channel  noise  with 
SNR=16  dB.  This  additive  noise  cannot  change  the 
value  of  the  synchronization  impulses  which  are 
modulated  by  FM.  Figure  13(d)  shows  the  spectro¬ 
grams  for  the  scrambled  speech  signal  and  the  ad¬ 
ditive  channel  noise.  We  can  see  that  the  structure 
of  the  signal  in  Fig.  13(b)  was  totally  covered  by  an 
almost  uniformly  distributed  noise-like  spectrum. 
Figure  13(e)  shows  the  waveforms  of  the  descram- 
bled  speech  signal.  Figure  13(f)  shows  the  spectro¬ 
grams  of  the  descrambled  speech  signal.  We  can  see 
that  some  noises  were  introduced  into  the  recovered 
results  due  to  the  channel  noise,  and  that  the  spec¬ 
trograms  became  a  little  blur.  But  the  structure  of 
the  speech  signal  was  perfectly  recovered. 

7.  Concluding  Remarks 

In  this  paper  we  have  presented  a  theory  of  impul¬ 
sive  control  of  chaotic  dynamical  systems.  An  esti¬ 
mate  of  the  upper  bound  of  the  impulse  interval  A  is 
also  presented.  Since  all  of  our  results  are  based  on 
rigorous  theoretical  analysis  and  proofs,  the  results 
in  this  paper  provide  a  framework  and  foundation 
for  future  works.  We  then  use  this  theory  to  im¬ 
pulsively  control  and  synchronize  Chua’s  oscillators. 
An  application  of  impulsive  chaotic  synchronization 
to  secure  communication  is  presented.  The  chaotic 
secure  communication  scheme  presented  here  is  a 
combination  of  a  conventional  cryptographic  meth¬ 
od  and  impulsive  synchronization. 

We  present  some  simulation  results  to  show  the 
robustness  of  impulsive  synchronization  to  additive 
channel  noise  and  parameter  mismatch.  We  find 
that  the  impulsive  synchronization  has  the  same 
degree  of  robustness  to  additive  channel  noise  as 
that  of  continuous  synchronization.  Furthermore, 
we  find  that  impulsive  synchronization  is  much  more 
robust  to  parameter  mismatch  than  continuous 
synchronization. 
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A  method  of  linear  dynamic  output  feedback  for  master-slave  synchronization  of  two  identical 
Lur’e  systems  is  introduced.  In  this  scheme,  synchronization  is  obtained  using  one  or  at  least 
fewer  measurement  signals  and  control  signals  than  the  number  of  state  variables  of  the  Lur’e 
system.  A  sufficient  condition  for  global  asymptotic  stability  of  the  error  system  is  derived 
from  a  quadratic  Lyapunov  function  and  is  expressed  as  a  matrix  inequality.  The  dynamic 
controller  is  designed  by  solving  a  constrained  nonlinear  optimization  problem.  The  method  is 
demonstrated  on  Chua’s  circuit  and  a  hyperchaotic  circuit  consisting  of  2-double  scroll  cells. 


1.  Introduction 

Present  master-slave  synchronization  schemes  for 
general  classes  of  nonlinear  systems,  such  as  Lur’e 
systems,  often  assume  full  static  state  feedback,  us¬ 
ing  the  difference  between  the  full  state  vectors  as 
an  error  signal  to  synchronize  the  slave  to  the  mas¬ 
ter  system  [Wu  k  Chua,  1994;  Curran  k  Chua, 
1997;  Suykens  k  Vandewalle,  1997].  Only  in  more 
specific  cases,  such  as  Chua’s  circuit,  has  static  state 
feedback  been  applied  using  fewer  state  variables 
{Kapitaniak  et  al.,  1994].  A  natural  question  one 
may  raise  then  is  how  synchronization  could  be 


obtained  for  a  general  class  of  nonlinear  systems 
based  on  e.g.  a  single  or  fewer  measurement  signals 
and  fewer  control  signals.  In  many  practical  situa¬ 
tions,  measuring  all  the  state  variables  of  the  sys¬ 
tem  is  inconvenient  or  even  impossible.  A  motivat¬ 
ing  application  is  in  secure  communication,  where 
for  implementational  reasons  the  use  of  one  single 
transmission  signal  is  preferable  over  transmission 
of  the  full  state  vector  of  the  system  [Hasler,  1994; 
Wu  k  Chua,  1994]. 

It  is  well-known  that  there  exists  a  close 
relationship  between  synchronization  and  control 
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problems  [Wu  k  Chua,  1994].  Therefore,  in  order 
to  obtain  synchronization  based  on  fewer  signals, 
we  will  adopt  the  idea  of  dynamic  output  feedback 
from  control  theory.  When  one  is  confronted  with 
the  problem  of  controlling  some  plant  for  which 
not  all  the  state  variables  are  measurable  (lack  of 
full  state  information),  one  either  constructs  an 
observer  system  to  estimate  the  state  of  the  plant, 
used  in  combination  with  state  feedback,  or  one  di¬ 
rectly  applies  a  dynamic  output  feedback  law,  from 
the  measurable  outputs  to  the  actuator  inputs.  In 
linear  control  theory,  these  ideas  are  particularly 
well  developed  [Boyd  k  Barratt,  1991;  Maciejowski, 
1989].  An  example  is  the  LQG  (Linear  Quadratic 
Gaussian)  regulator  problem,  which  considers  the 
optimal  control  of  a  linear  system  corrupted  by  pro¬ 
cess  and  measurement  noise.  The  optimal  solution 
by  means  of  output  feedback  is  given  by  a  linear 
dynamic  controller.  For  this  controller  the  so-called 
separation  principle  holds,  which  means  that  one 
can  split  the  controller  into  two  parts:  A  dynamical 
observer  system  and  a  static  state  feedback  applied 
to  the  observer  estimated  state  [Boyd  k  Barratt, 
1991;  Maciejowski,  1989]. 

Although  we  are  dealing  in  this  paper  with  non¬ 
linear  rather  than  linear  systems,  we  will  investigate 
the  application  of  a  linear  dynamic  output  feed¬ 
back  mechanism  in  order  to  synchronize  two  identi¬ 
cal  nonlinear  systems.  We  consider  a  class  of  non¬ 
linear  systems  which  can  be  represented  in  Lur’e 
form  [Khalil,  1992;  Vidyasagar,  1993].  Examples  of 
Lur’e  systems  are  Chua’s  circuit  [Chua  et  al.,  1986; 
Chua,  1994;  Madan,  1993]  and  piecewise-linear 
versions  of  n-double  scroll  circuits  [Suykens  k 
Vandewalle,  1993;  Arena  et  al.,  1996].  Arrays  which 
consist  of  such  circuits  as  cells  with  linear  coupling 
between  the  cells  can  also  be  represented  as  Lur’e 
systems.  Examples  are  the  double-double  scroll  at¬ 
tractor  [Kapitaniak  k  Chua,  1994]  and  the  n-double 
scroll  hypercube  CNN  [Suykens  k  Chua,  1997]. 
Furthermore,  a  Lur’e  representation  for  generalized 
cellular  neural  networks  has  been  derived  in  [Guzelis 
k  Chua,  1993].  In  this  paper  we  derive  a  suffi¬ 
cient  condition  for  synchronization  of  Lur’e  systems 
based  on  a  quadratic  Lyapunov  function.  The  con¬ 
dition  is  expressed  as  a  matrix  inequality  (see  [Boyd 
et  al.,  1994]  for  an  overview  of  linear  matrix  inequal¬ 
ities  in  systems  and  control  theory)  on  which  the 
design  of  the  output  feedback  controller  is  based  by 
solving  a  constrained  nonlinear  optimization  prob¬ 
lem.  The  controller  design  is  illustrated  both  on  a 
chaotic  system  (Chua’s  circuit)  and  a  hyperchaotic 


system  (coupled  2-double  scroll  cells).  The  dynamic 
control  laws  for  achieving  synchronization  obtained 
are  fairly  simple  and  are  of  first  and  second  order 
respectively. 

This  paper  is  organized  as  follows.  In  Sec.  2  we 
introduce  the  master-slave  synchronization  scheme 
with  dynamic  output  feedback.  In  Sec.  3  we  derive 
the  error  system  and  a  sufficient  condition  for  global 
asymptotic  stability  based  on  a  quadratic  Lyapunov 
function.  In  Sec.  4,  design  of  the  dynamic  output 
feedback  controller,  based  on  the  matrix  inequal¬ 
ity,  is  explained.  Finally,  in  Sec.  5  the  method  is 
illustrated  on  a  chaotic  and  a  hyperchaotic  Lur’e 
system,  respectively  Chua’s  circuit  and  a  coupled 
system  with  2-double  scroll  cells. 

2.  Synchronization  Scheme 

Let  us  introduce  the  following  master-slave  synchro¬ 
nization  scheme 

f  x  =  Ax  +  Bar(Cx) 

M  :  < 

\p  =  Hx 

f  z  =  Az  +  Bo(Cz)  +  Du 

(1) 

p  =  Ep  +  G{p  -  q ) 
u  —  Mp  +  N(p  —  q) 

which  consists  of  a  master  system  M,  a  slave  system 
S  and  a  controller  C  (Fig.  1).  The  master  system 
is  a  Lur’e  system  with  state  vector  x  G  Rn  and  ma¬ 
trices  A  G  Rnxn,  B  €  Rnxnfc,  c  €  RnfcXn.  A  Lur’e 
system  is  a  linear  dynamical  system,  feedback  in¬ 
terconnected  to  a  static  nonlinearity  cr(-)  that  sat¬ 
isfies  a  sector  condition  [Khalil,  1992;  Vidyasagar, 
1993]  (here  it  has  been  represented  as  a  recurrent 
neural  network  with  one  hidden  layer,  activation 
function  cr(-)  and  n/,  hidden  units  [Suykens  et  al., 
1996]).  We  assume  that  <r(-):  Rn/>  Rn*  is  a  di¬ 
agonal  nonlinearity  with  o’i(-)  belonging  to  sector 
[0, A:]  for  t  =  1, ...,  n/,.  The  output  vector  of  the 
master  system  is  p  €  R*,  with  l  <  n.  The  slave 
system  consists  of  an  identical  Lur’e  system  with 
state  vector  z  €  Rn,  but  is  controlled  by  means 
of  the  control  vector  u  G  Rm  through  the  matrix 
D  G  Rnxm.  The  signal  u  is  the  output  of  a  linear 
dynamic  output  feedback  controller.  The  input  of 
this  controller  is  the  difference  between  the  outputs 
of  the  master  and  the  slave  system,  i.e.  p  and  q. 
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(a)  (b) 

Fig.  1.  This  figure  illustrates  the  difference  between  full  static  state  feedback  (a),  and  dynamic  output  feedback  (b),  for 
master-slave  synchronization  of  Lur’e  systems:  (a)  the  slave  system  S  is  synchronized  to  the  master  system  M  by  taking  the 
difference  between  the  state  vectors  x,  z  €  R"  and  applying  a  feedback  matrix,  (b)  output  variables  p,  q  €  R*  are  defined  with 
l  <  n.  A  linear  dynamic  output  feedback  controller  is  taken  instead  of  a  static  feedback  controller.  For  the  control  vector 
u  6  Rm  one  has  m  <  n. 


The  linear  dynamic  controller  has  the  state  vector 
p  €  Knc  and  consists  of  the  matrices  E  €  KneXne, 
G  €  M  €  lmxns  N  e  Rmxl.  In  previ¬ 

ous  work  on  master-slave  synchronization,  only  full 
static  state  error  feedback  u  =  Fs(x  -  z)  or  static 
output  feedback  u  =  Fa(p  —  q)  have  been  consid¬ 
ered  with  F,  €  Knxn,  F0  €  lmx<  [Wu  &  Chua, 
1994;  Kapitaniak  et  al.,  1994;  Curran  &  Chua,  1997; 
Suykens  &  Vandewalle,  1997]. 


3.  Error  System  and  Global 
Asymptotic  Stability 

We  define  the  error  signal  e  =  x  —  z,  which  yields 
the  error  system: 


e 

P 


A  -  DNH  -DM' 

e 

GH  E 

Pm 

+ 


‘jB 

0 


V (Ce,  z) 


(2) 


with  nonlinearity  r)(Ce;  z )  =  a(Ce  +  Cz)  -  a(Cz). 
Assume  that  the  nonlinearity  r)(Ce\  z)  belongs  to 
sector .  [0,  k]  [Curran  &  Chua,  1997;  Suykens  & 


Vandewalle,  1997]: 

0  ^  ^(cfe;  z)  <Tj(cf  e  +  cfz)  -  tr(c?z)  <  k 

cje  cfe  ~  ’  (3) 

Ve,  z\  i  —  1, . . . ,  tih  {c£ e  #  0) . 

The  following  inequality  then  holds  [Boyd  et  al, 
1994;  Khalil,  1992;  Vidyasagar,  1993]: 

7?<(cf  e;  z)[T)i(cf  e;  z)  -  kcfe]  <  0 , 

Ve,  z;  i  =  l,...,nh.  ^ 

It  follows  from  the  mean  value  theorem  that  for 
differentiable  cr(-)  the  sector  condition  [0,  Jb]  on  »?(•) 
corresponds  to  [Curran  &  Chua,  1997]: 

0  ^  ~dpa'(p''  z )  -  Vp,  z'  *  =  1»  •  •  •  >  nh  •  (5) 

We  are  interested  to  see  under  what  condition  the 
error  system  is  globally  asymptotically  stable,  which 
means  that  whatever  the  choice  of  the  initial  states 
s(0),  2(0),  p( 0),  the  error  ||[*  -  z\  p]||2  — ♦  0  as 
t  —*  oo.  Defining  the  state  vector  £  =  [e;  p)  and 
taking  a  positive  definite  quadratic  Lyapunov 
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function  (which  is  radially  unbounded) 


4.  Controller  Design 


V(0  =  fPS  =  [e  V] 


Pu 

P21 


P  =  PT>  0, 


P\2 

P22 


The  dynamic  output  feedback  controller  C  can  be 
(0)  designed  on  the  basis  of  matrix  inequality  Eq.  (7) 
by  solving  the  following  nonlinear  optimization 
problem: 


a  sufficient  condition  for  global  asymptotic  stability 
of  Eq.  (2)  is  derived  in  the  following  Theorem. 


Theorem.  Let  A  —  diag{Aj}  be  a  diagonal  matrix 
with  A i  >  0  for  i  =  1, . . . ,  to/,.  Then  a  sufficient 
condition  for  global  asymptotic  stability  of  the  error 
system  of  Eq.  ( 2 )  is  given  by  the  matrix  inequality 


Y  =  Yt 


Yu 

Y22 


Yi  3 

Y23 
Y33  j 


<0 


where 


(7) 


Yn  =  (A  -  DNH)TPn  +  Pn(A  -  DNH) 

+  HtGtP21+P12GH 
Y12  =  (A-  DNH)tP12  +  htgtp22 

-pudm  +  pue 

Yi  3  =  P\\B  +  kCT  A 

y22  =  etp22  +  p22e  -  mtdtp12  -  p21dm 
y23  =  p21b 


min 

e,g,m,n,p,a 


^max  [Y(E,  G,  M,  N,  P,  A)] , 


such  that 


P  =  pT  >  o 
A  >  0  and  diagonal 


(8) 


where  Amax[.]  denotes  the  maximal  eigenvalue  of  a 
symmetric  matrix.  When  the  maximal  eigenvalue 
of  Y  is  negative,  a  feasible  point  to  the  matrix  in¬ 
equality  is  obtained,  resulting  in  a  controller  which 
synchronizes  the  Lur’e  systems.  However,  the  opti¬ 
mization  problem  of  Eq.  (8)  is  non-convex.  It  may 
also  become  non-differentiable  when  the  two  largest 
eigenvalues  of  the  matrix  Y  coincide.  Convergent 
algorithms  for  this  kind  of  non-differentiable  opti¬ 
mization  problem  have  been  described  e.g.  in 
[Polak  &  Wardi,  1982].  The  constraint  P  >  0  can 
be  eliminated  by  considering  the  parameterization 
P  =  QTQ-  A  similar  idea  applies  to  A.  The  opti¬ 
mization  problem  becomes  then 


min 

E,G,M,N,Q,  A 


^max  [Y(E,  G,  M,  N,  Q,  A)] . 


(9) 


Y33  =  — 2A . 


5.  Examples 


Proof.  Taking  the  time-derivative  of  the  Lyapunov 
function,  applying  the  5-procedure  [Boyd  et  al., 
1994]  and  using  the  inequalities  of  Eq.  (4),  one 
obtains: 

v = iTPt+zTPi 

<  iTP^HTPi-Yl^Mm-kcfe) 

i 

<  [( A-DNH)e-DMp+Bn]T(Pue+P12p ) 
+(Ep+GHe)T(P2ie+P22p) 
+(eTPn+pTP21)[(A-DNH)e-DMp+B7]} 
+(eTPn+PTP22)(Ep+GHe) 

-It?  A(r)-kCe) 

<  CT^C<o 

where  £  =  [e;  p\  77].  The  latter  expression  is  nega¬ 
tive  for  all  non-zero  £  provided  Y  is  negative 
definite.  ■ 


5.1.  Chua’s  circuit 

In  this  example  we  consider  master-slave  synchro¬ 
nization  of  two  identical  Chua’s  circuits  using  linear 
dynamic  output  feedback.  We  take  the  following 
representation  of  Chua’s  circuit: 

±1  =  a[x2  -  A(xi)] 

<x2  =  xi-x2+x3  (10) 

x3  =  -0x2 

with  nonlinear  characteristic 

h(xi)  =  miXi-fii(7TO0-7TOx)(|xi-|-c|-|xi-c|)  (11) 

and  parameters  a  =  9,  /?  =  14.286,  m0  =  -1/7, 
mi  =  2/7  in  order  to  obtain  the  double  scroll  attrac¬ 
tor  [Chua  et  al.,  1986;  Chua,  1994;  Madan,  1993]. 
The  nonlinearity  <p(xi)  =  I(|Xl  +  c|  -  |xi  -  c|) 
(linear  characteristic  with  saturation)  belongs  to 
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(a)  (*>) 

Fig.  2.  This  figure  shows  master-slave  synchronization  of  two  identical  Chua’s  circuits  using  a  first  order  linear  dynamic 
output  feedback  controller.  One  single  output  and  control  signal  have  been  used,  (a)  Shown  are  the  state  variables  of 
the  Chua’s  circuits  with  respect  to  time  for  a  randomly  chosen  initial  condition:  (-)  master  system,  (-  -)  slave  system, 
(b)  three-dimensional  view  on  the  double  scroll  attractor  generated  at  the  master  system. 


Fig.  3.  Chua’s  circuit  (continued),  (a)  error  signal  x  —  z  with 
variable  p  of  the  controller  with  respect  to  time. 


sector  [0,1].  Hence  Chua’s  circuit  can  be  inter¬ 
preted  as  the  Lur’e  system  x  =  Ax  +  B<p(Cx)  where 


—am  i 

a 

o' 

— a(mo  —  mi) 

A  = 

1 

-1 

1 

,  B  = 

0 

0 

-fi 

0 

0 

C  =  [1  0  0] .  (12) 


Suppose  now  that  we  measure  the  first  state 
variables  x\  and  z\  only  in  order  to  synchronize  the 
circuits  and  that  we  take  just  one  control  signal  to 
control  the  slave  system.  This  corresponds  to  the 
choice  H  =  [1  0  0],  D  =  (1;  0;  0]  (l  =  m  =  1).  Con¬ 
trollers  of  order  1,  2  and  3  have  been  designed  based 
on  the  optimization  problem  of  Eq.  (9).  We  re¬ 
port  the  results  here  for  the  simplest  controller  with 
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[Suykens  &  Chua,  1997].  The  system  is  described 

by 


Fig.  4.  Chua’s  circuit  (continued).  Control  signal  u  with 
respect  to  time,  applied  to  the  slave  system  using  the  first 
order  linear  dynamic  output  feedback  controller. 

nc  =  1.  A  2- norm  constraint  on  the  controller  pa¬ 
rameter  vector  [£(:);  G(:);  M(:);  iV(:)]  (<  10)  has 
been  used  for  Eq.  (9),  where  “ :  ”  denotes  a  column¬ 
wise  scanning  of  a  matrix.  Sequential  quadratic 
programming  [Fletcher,  1987]  has  been  applied  in 
order  to  optimize  Eq.  (9)  using  Matlab’s  optimiza¬ 
tion  toolbox  (function  constr ).  As  starting  point  for 
the  iterative  procedure,  a  random  controller  param¬ 
eter  vector  has  been  chosen  according  to  a  normal 
distribution  with  zero  mean  and  variance  0.1.  For 
the  matrix  Q,  a  square  random  matrix  was  chosen 
according  to  the  same  distribution  but  with  vari¬ 
ance  equal  to  3.  The  matrix  A  has  been  initial¬ 
ized  as  1007.  Simulation  results  for  master-slave 
synchronization  of  the  Chua’s  circuits  are  shown  in 
Figs.  2-4  for  the  resulting  controller 

'  -0.1403  1  0.6492  ' 

-0.8758  9.9394  _ 

The  systems  have  been  simulated  using  a  Runge- 
Kutta  integration  rule  with  adaptive  step  size 
( ode23  in  Matlab)  [Parker  &  Chua,  1989]. 

5.2.  Hyperchaotic  system  with 
2-double  scroll  cells 

In  this  example  we  consider  master-slave  synchro¬ 
nization  for  a  special  case  of  the  n-double  scroll  hy¬ 
percube  CNN,  which  consist  of  two  2-double  scroll 
cells  with  unidirectional  coupling  between  the  cells 


£i  =  a[x 2  -  A(xi)] 

±2  =  Xi  -  X2  +  X3 
x 3  =  —0X2 

x4  =  a[xs  -  *(X4)]  4-  K(x 4  -  Xi) 
X5  X4  X5  1  Zg 
±6  =  -0X5 


(13) 


with,  as  nonlinear  function,  the  piecewise  linear 
characteristic: 


J  2n— 1 

Hxl)  =  m2n-lX\  +  -  ]T  (mi-1  -  TTli) 

1  t=l 

xflxi  +  Cil-Ixi-Cil),  (14) 

consisting  of  2(2n  —  1)  breakpoints,  where  n  is  a 
natural  number  which  determines  the  number  of 
scrolls  obtained.  An  isolated  cell  behaves  as  a  2- 
double  scroll  for  a  =  9,  0  =  14.286,  mo  =  -1/7, 
mi  =  2/7,  m2  =  —4/7,  m3  =  mj,  ci  =  1,  C2  =  2.1-5, 
C3  =  3.6.  For  weak  coupling  between  the  two  cells, 
hyperchaos  is  obtained  with  two  positive  Lyapunov 
exponents,  as  shown  in  [Suykens  &  Chua,  1997]. 
We  choose  K  =  0.01  for  the  unidirectional  coupling 
constant  in  Eq.  (13). 

A  Lur’e  representation  x  =  Ax  +  Bip(Cx)  for 
the  system  Eq.  (13)  is  given  by: 


(15) 
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(a) 


0>) 


Fig.  5.  This  figure  shows  ufster-.l.v,  sy.chro.butiou  be.we™  sT™ 

unidirectionally  coupled  2-double  scroll  ceUs,  using  a  seccm  er  chosen  initial  condition:  (-)  master  system, 

state  variables  of  the  6-dimensional  circuit  with  respect  to  time  for  a  randomly  cnosen 

I-  )  ,r.  .y'tem.  (b)  .hree-dimeusionsl  vie*  ou  the  2-double  .coll  .Ureeto,  geuer.Ud  .«  the  first  cell- 


ssrs?. if - 


with  6n  =  -a{mo  -  mi),  bn  =  -a{m\  -  m2), 
b13  =  -a(m2  -  m3).  The  nonlinearity  R  *-* 

K6  belongs  to  sector  [0,  1]  with  v^i)  =  2d11  + 
a  I  -  |X!  -  Ci|)  (i  =  1,  2,  3)  and  <fii(x  4)  =  $(l*4  + 
C» — 3 1  “  |®4  “  Ci-3|)  (*  =  4>  5*  6)' 


We  consider  two  identical  Lur’e  systems 
Eq.  (15)  for  the  master  and  slave  system.  In 
order  to  synchronize  the  systems  by  means 
of  linear  dynamic  output  feedback,  we  define  two 
outputs  and  two  control  signals  (f  =  m  =  2)  as: 
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(a)  (b) 

Fig.  7.  2-double  scroll  cells  (continued),  (a)  error  signal  x  —  z  with  respect  to  time:  (-)  —  Zi  for  i  =  1,  2,  3,  (-  -)  Xi  —  z*  for 

i  =  4,  5,  6.  (b)  state  variables  p  of  the  controller  with  respect  to  time. 


Fig.  8.  2-double  scroll  cells  (continued).  Control  signals  it 
with  respect  to  time,  applied  to  the  slave  system  using  the 
linear  dynamic  output  feedback  controller. 


p  °i 

o-  o 
0  0 
0  1 
0  0 
0  0 

(16) 

We  demonstrate  the  method  for  a  second  order  con¬ 
troller  (nc  =  2).  A  2-norm  constraint  on  the  con¬ 
troller  parameter  vector  [£(:);  G(:);  M(:);  7V(:)] 


(<  80)  has  been  taken  into  account  for  Eq.  (9). 
As  starting  point  for  sequential  quadratic  program¬ 
ming  in  order  to  optimize  Eq.  (9),  a  random  con¬ 
troller  parameter  vector  has  been  chosen  according 
to  a  normal  distribution  with  zero  mean  and  vari¬ 
ance  0.1.  For  the  matrix  Q  a  square  random  matrix 
was  chosen  according  to  the  same  distribution  bus 
with  variance  equal  to  3.  The  matrix  A  has  been 
initialized  as  1000/.  Simulation  results  are  shown 
in  Figs.  5-8  for  the  resulting  controller 


'  E 

G  ' 

N . 

0.3729 

-4.7355 

-2.3533 

-4.1974  ' 

8.4883 

-19.5393 

-8.6672 

6.3477 

-7.2920 

-2.3984 

45.4291 

5.2582 

-38.8729 

7.9657 

-16.7269 

42.0817 

6.  Conclusion 

In  this  paper  a  linear  dynamic  output  feedback 
mechanism  has  been  introduced  for  master-slave 
synchronization  of  Lur’e  systems.  Rather  than  us¬ 
ing  the  error  between  the  full  state  vectors  to  syn¬ 
chronize  the  systems,  the  scheme  enables  one  to  use 
fewer  measurement  signals  and  fewer  control  signals 
than  the  number  of  state  variables  of  the  Lur’e  sys¬ 
tems.  A  sufficient  condition  for  global  asymptotic 
stability  of  the  error  system  has  been  derived  based 


1  0  0  0  0  0 
0  0  0  1  0  0 


on  a  quadratic  Lyapunov  function.  The  controller 
design  is  achieved  by  solving  a  constrained  nonlin¬ 
ear  optimization  problem,  based  on  the  derived  ma¬ 
trix  inequality.  The  method  has  been  illustrated  on 
Chua’s  circuit  and  a  hyperchaotic  system  that  con¬ 
sists  of  coupled  2-double  scroll  cells. 
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In  this  paper  we  present  a  sufficient  condition  for  master-slave  synchronization  of  Lur’e  systems. 
The  scheme  makes  use  of  linear  full  static  state  feedback.  The  criterion  is  based  on  a  "ur  e“ 
Postnikov  Lyapunov  function  for  global  asymptotic  stability  of  the  error  system.  The  condition 
is  basically  the  same  as  the  one  for  global  asymptotic  stability  of  the  Lur  e  system,  controlled 
with  linear  state  feedback.  The  design  of  the  feedback  matrix  is  done  by  solving  a  constrained 
nonlinear  optimization  problem.  The  method  is  illustrated  on  the  synchronization  of  Chuas 

circuit. 


1.  Introduction 

Recently  there  is  a  lot  of  interest  in  the  use  of 
synchronization  for  secure  communication  applica¬ 
tions.  In  [Hasler,  1994]  an  overview  of  methods 
for  synchronization  is  presented,  including  decom¬ 
position  into  subsystems,  linear  feedback  and  an 
inverse  system  approach.  In  order  to  use  synchro¬ 
nization  in  transmission  systems,  a  useful  informa¬ 
tion-carrying  signal  is  transmitted,  hidden  in  a 
chaotic  signal.  Methods  for  hiding  the  information 
are,  e.g.  chaotic  masking,  chaotic  switching  and  di¬ 
rect  chaotic  modulation. 

The  work  described  in  this  paper  is  related  to 
synchronization  by  linear  feedback,  which  investi¬ 
gates  the  problem  from  the  viewpoint  of  control  the¬ 
ory.  It  has  already  been  shown  that  there  is  a  close 
relationship  between  the  synchronization  problem 
and  the  problem  of  controlling  chaos  by  linear  feed¬ 
back  [Chen,  1993;  Hasler,  1994;  Wu  &  Chua,  1994]. 


The  same  observation  will  be  made  here  based  upon 
a  matrix  inequality,  that  expresses  a  sufficient  con¬ 
dition  for  global  asymptotic  stability  of  the  error 
system.  Conditions  for  synchronization  of  general 
nonlinear  systems  have  been  derived  for  quadratic 
Lyapunov  functions  [Wu  &  Chua,  1994,  1995].  The 
condition  proved  in  this  paper,  is  derived  from  a 
Lur’e-Postnikov  Lyapunov  function,  which  consists 
of  a  quadratic  Lyapunov  function  plus  integral  term. 
We  consider  Lur’e  systems  which  consist  of  a  lin¬ 
ear  dynamical  system,  feedback  interconnected  to  a 
static  nonlinearity  that  satisfies  a  sector  condition. 
Many  nonlinear  systems  can  be  represented  in  this 
form,  including  e.g.  Chua’s  circuit  [Guzelis  &  Chua, 
1993].  The  fact  that  the  nonlinearities  satisfy  a  sec¬ 
tor  condition  is  exploited  to  derive  the  matrix  in¬ 
equality.  It  also  yields  a  systematic  procedure  for 
designing  the  feedback  matrix,  by  solving  a  con¬ 
strained  nonlinear  optimization  problem.  Finally, 
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in  order  to  use  this  method  for  chaotic  masking, 
Lur’e  systems  that  reveal  high  dimensional  chaos 
should  be  used  in  order  to  obtain  secure  commu¬ 
nication  schemes.  Generalized  cellular  neural  net¬ 
works  that  generate  high  dimensional  chaos  are  pos¬ 
sible  candidates  for  that  purpose:  they  have  been 
represented  as  Lur’e  systems  in  [Guzelis  &  Chua, 
1993]. 

This  paper  is  organized  as  follows.  In  Sec.  2  we 
present  the  matrix  inequality  condition  for  synchro¬ 
nization  of  Lur’e  systems.  In  Sec.  3  we  illustrate  the 
method  on  synchronizing  Chua’s  circuit. 


2.  Matrix  Inequality  for 

Synchronization  of  Lur’e  Systems 

Let  us  consider  a  Lur’e  system,  which  is  of  the  form 
[Boyd  et  al.,  1994;  Khalil,  1992;  Narendra  &  Taylor, 
1973]: 

x  =  Ax  +  Bu 

y  =  Cx  (1) 

u  =  a(y) , 

consisting  of  a  linear  dynamical  system,  feedback 
interconnected  to  static  nonlinearities  <r,(-)  that  sat¬ 
isfy  sector  condition  [0,  &]  for  all  *  =  1, ... ,  nh\  with 
state  vector  x(t)  €  Rn  and  matrices  A  6  Rnxn, 
B  6  Rnxn<*,  C  6  Rn,,Xn.  Using  two  identical 
Lur’e  systems  in  a  master-slave  synchronization 
scheme  with  linear  full  static  state  feedback, 
one  has: 

f  (M)  x  =  Ax  +  Bcr(Cx) 

\  (S)  z  =  Az  +  Ba(Cz)  +  F(x  -  z)  (2) 
- - - - - I 


with  master  M  and  slave  S  and  feedback  matrix 
F  e  Rnxn.  The  aim  of  synchronization  is  then  to 
obtain  ||x(t)  —  z(t) ||  — »  0  for  time  t  — ♦  oo.  Defining 
the  error  signal  e  =  x  —  z,  one  obtains  the  error 
system: 

e  =  (A  -  F)e  +  By{Ce)  (3) 

with  T)(Ce)  =  a(Ce  +  Cz)  -  a(Cz).  In  the  sequel 
we  use  the  shorthand  notation  rj  for  rj(Ce).  Assume 
a  sector  condition  [0,  fc]  on  tj(-)  which  gives  the  fol¬ 
lowing  inequalities  for  ry. 

Vi[Vi  ~  kcfe]  <  0,  i  =  l,...,nA  Vi.zeE",  (4) 

where  cf  denotes  the  ith  row  of  C. 

Now  we  investigate  under  what  condition  the 
error  signal  goes  to  zero,  whatever  the  choice  of 
the  initial  states  x(0),  z{ 0).  Therefore  we  take  the 
Lur’e-Postnikov  Lyapunov  function: 

V~(e)  =  eT P e  +  y^2-fj  /  t]i(p)kdp  (5) 

»=i  Jo 

with  P  —  PT  >  0  and  7 ,•  >  0  (assume  z  is  quasi  con¬ 
stant  with  respect  to  error  dynamics).  This  func¬ 
tion  is  positive  everywhere  and  radially  unbounded 
and  is  used  in  order  to  show  under  which  condition 
the  error  system  is  globally  asymptotically  stable 
with  unique  equilibrium  point  e  =  0.  The  following 
Theorem  is  obtained: 

Theorem.  Let  T  =  diag{7,},  T  =  diagfr,}  be  di¬ 
agonal  matrices  with  7 r<  >  0  for  i  =  1,...,  n/.. 
Then,  if  there  exist  P  =  PT  >  0,  T,  T  and  a  feed¬ 
back  matrix  F  such  that 


(A  -  FfP  +  P(A  -  F )  PB  +  kCTT  +  k(A  -  F)tCtT 

BTP +  kTC +  kTC(A- F)  -2T  +  kTCB  +  kBTCTV 


then  based  upon  (5)  the  system  (£)  synchronizes ,  with  error  system  (3)  having  a  unique  and  globally  asymp- 
totically  stable  equilibrium  point  e  =  0. 

Proof.  Taking  the  time  derivative  of  (5)  and  applying  the  S- procedure  [Boyd  et  al 1994]  by  using  the 
inequalities  (4),  one  obtains: 

V  =  eTPe  -1-  eTPe  +  ]T  2^^ e)kcj e  <  [(A  -  F)e  +  Bt)]t Pe  +  eTP[(A  -  F)e  +  By] 

i 

+  J2  2yir}t(c'fe)kcJ[(A  -  F)e  +  By]  -  J2  2^77,(77,  -  kcfe] . 

*  i 
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Writing  this  as  a  quadratic  form  in  [e;  rj\  one  obtains 
V  <  [eTi it]Y 

This  expression  is  negative  V  nonzero  x,  z  €  K"  if 

y  is  negative  definite.  ■ 

Remarks 

•  The  condition  for  global  asymptotic  stability  of  a 
Lur’e  system,  stabilized  by  linear  state  feedback: 

x  =  Ax  4-  Ba(Cx)  +  u,  u  =  Kx  (7) 

leads  to  the  same  condition  as  (6),  if  one  takes 
the  Lyapunov  function 

nh  pc? X 

V(x)  =  xTPx  +  £  2 7i  Jo  '  <7i(p)kdp  (8) 

with  P  =  PT  >  0,  7i  >  0.  The  same  observation 
of  similarity  between  this  stabilization  problem 
and  the  synchronization  problem  has  been  made, 
e.g.  in  Wu  &  Chua  [1994]. 

•  For  a  given  Lur’e  system  and  feedback  matrix  F, 
one  has  a  linear  matrix  inequality  (LMI)  in  the 
unknown  matrices  P,  T,  T.  Finding  these  un¬ 
known  matrices  corresponds  to  solving  a  convex 
optimization  problem  [Boyd  et  al.,  1994].  The 
overall  design  problem  of  finding  a  feedback  ma¬ 
trix  F  together  with  P,  T,  T  such  that  (6)  is  sat¬ 
isfied  however  leads  to  a  nonconvex  optimization 
problem. 


3.  Example:  Synchronization 
of  Chua’s  Circuit 


In  order  to  illustrate  the  previous  Theorem,  let  us 
consider  the  master-slave  synchronization  problem 
for  Chua’s  circuit: 

( (M)  x  =  Acx  +  Bcg(Ccx) 

\  (S)  z  —  Acz  +  Bcg(Ccz)  +  F{x  -  z) 

A  Chua’s  circuit  generates  the  double  scroll  attrac¬ 
tor  [Chua  et  al .,  1986]  for 


Ac 

Bc 


'-6.3 

6.3 

0.7 

-0.7 

0 

-7 

r-9i 

0 

1 

Cc  = 

[1  0 


0] 


and  g(ot)  =  —  0.5a: —  0.15|a:  + 1|  +  0.15|o:  —  1|.  Tak¬ 
ing  A  =  Ac,  B  —  Be,  C  =  —Cc  [Guzelis  &  Chua, 
1993]  one  obtains  the  representation  (2),  with  <r(-) 
belonging  to  sector  [0;  0.8]  and  k  =  0.8.  In  order  to 
find  a  feedback  matrix  F  and  matrices  P,  T  and  T 
such  that  (6)  is  satisfied  and  (9)  synchronizes,  the 
following  constrained  nonlinear  optimization  prob¬ 
lem  has  been  solved 

min  AjnaxCF)  such  that  || P1 1| 2  —  c ,  (10) 

F,R,T,T 

where  Amax(-)  denotes  the  maximal  eigenvalue  and 
P  =  RtR.  The  constraint  ||P||2  <  c  is  used  because 
otherwise  the  norm  on  F  becomes  too  large.  In  the 
simulations  c  —  5  was  taken.  Sequential  quadratic 
programming  (SQP)  [Fletcher,  1987]  with  numeri¬ 
cal  calculation  of  the  gradients  was  used  in  Matlab 
(function  constr  [The  MathWorks  Inc.,  1994])  in  or¬ 
der  to  minimize  (10).  The  cost  function  is  differen¬ 
tiable  as  long  as  the  two  largest  eigenvalues  of  Y  do 
not  coincide  [Polak  &  Wardi,  1982].  Multistart  local 
optimization  was  done  with  starting  points  T  =  0.1, 
T  =  1,  R  =  h  and  F  a  random  matrix  with  random 
elements  normally  distributed  with  zero  mean  and 
variance  1.  Figure  1  shows  the  behavior  of  the  cir¬ 
cuits  (9),  corresponding  to  one  of  the  feasible  points 
to  (6),  for  some  initial  states  of  x  and  z. 


4.  Conclusion 

In  this  paper  we  investigated  the  synchronization 
problem  of  Lur’e  systems,  that  consist  of  a  linear 
dynamical  system  with  feedback  interconnected  to 
a  static  nonlinearity  that  satisfies  a  sector  condi¬ 
tion.  Using  a  Lur’e-Postnikov  Lyapunov  function  a 
matrix  inequality  is  obtained  that  expresses  a  suffi¬ 
cient  condition  for  global  asymptotic  stability  of  the 
error  system.  A  systematic  design  procedure  exists 
in  order  to  find  the  feedback  matrix  by  solving  a 
constrained  nonlinear  optimization  problem.  The 
method  has  been  demonstrated  on  Chua’s  circuit 
with  the  double  scroll.  For  secure  communication, 
Lur’e  systems  that  produce  high  dimensional  chaos 
are  needed.  Generalized  cellular  neural  networks 
might  be  used  for  that  purpose. 
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(a)  (b) 

Fig.  1.  (a)  The  figure  shows  the  6  state  variables  through  time  of  a  master-slave  synchronization  system,  where  the  master 

system  behaves  as  Chua’s  double  scroll  for  initial  state  [0.1;  0;  —0.1].  For  the  slave  system  two  randomly  chosen  initial  states 
were  taken,  shown  at  the  top  and  bottom,  (b)  Corresponding  error  signals  through  time. 


Leuven,  in  the  framework  of  the  Belgian  Programme 
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In  this  paper,  we  study  communication  systems,  modulators,  and  demodulators  using  chaotic 
systems  from  the  perspective  of  reconstruction  of  attractors.  We  consider  a  two-step  approach 
to  the  recovery  of  information  signals  from  chaotic  modulation.  To  recover  the  information 
signal  modulated  by  a  chaotic  dynamical  system,  the  first  step  is  to  reconstruct  the  chaotic 
attractor  given  a  subset  of  the  state  variables.  The  second  step  is  to  reconstruct  the  information 
signal  from  the  chaotic  attractors.  Two  main  techniques  to  accomplish  this  are  the  Takens 
reconstruction  theorem  and  the  chaotic  synchronization  theorem.  In  general,  a  combination 
of  these  two  techniques  are  needed  to  recover  the  information  signal.  We  show  a  systematic 
way  to  reconstruct  an  attractor  and  the  injected  signal  exactly  from  a  scalar  observable  for  a 
subclass  of  Lur’e  systems.  We  illustrate  this  approach  using  several  examples.  Extensions  to 
discrete-time  systems  are  also  presented. 


1.  Introduction 

There  has  been  much  interest  in  the  implementation 
of  communication  systems  using  chaotic  signals  and 
systems.  Recently,  several  approaches  were  pro¬ 
posed  to  give  a  uniform  view  on  modulating  and  de¬ 
modulating  information  using  chaotic  signals  [Wu  & 
Chua,  1994;  Feldmann  et  al. ,  1995;  Wu  et  al ,  1996]. 
In  general,  a  signal  is  modulated  by  applying  it  as 
an  input  to  a  chaotic  system,  and  the  modulated 
signal  is  tapped  from  the  output  of  the  chaotic  sys¬ 
tem.  Demodulation  is  possible  if  we  can  deduce  the 
input  to  the  system  using  only  the  information  in 
the  output  signal.  In  the  inverse  system  approach, 
an  inverse  system  is  constructed  to  accomplish  this 
goal.  The  relative  degree  is  used  to  determine  the 


order  of  the  inverse  system.  As  the  initial  condi¬ 
tion  is  not  known  to  necessary  precision,  the  de~ 
termi  nation  of  the  input  from  the  output  needs 
to  be  (asymptotically)  independent  from  the  initial 
conditions  of  the  chaotic  system.  Synchronization 
between  the  chaotic  system  (modulator)  and  the 
inverse  system  (demodulator)  is  used  to  accomplish 
this.  In  essence,  the  inverse  system  reconstructs  the 
chaotic  attractor  from  the  output  and  constructs 
the  input  from  the  reconstructed  attractor. 

In  this  paper  we  illustrate  how  the  general 
framework  in  [Wu  &  Chua,  1994;  Feldmann  et  al. , 
1995]  can  be  used  in  practice  for  modulation  and 
demodulation  of  signals  using  chaotic  attractors  by 
means  of  several  examples.  The  main  approach  is 
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to  reconstruct  the  chaotic  attractor  from  a  subset  of 
state  variables  that  was  transmitted  and  recover  the 
information  signal  from  the  reconstructed  attractor. 
Most  previous  work  concentrates  on  using  chaotic 
synchronization  for  this  reconstruction.  In  the  in¬ 
verse  system  approach,  some  of  the  state  variables 
(as  determined  by  the  relative  degree)  can  be  re¬ 
constructed  by  taking  the  derivatives  of  the  output. 
This  is  essentially  Takens’  method  of  reconstruct¬ 
ing  an  attractor  from  observables.  In  this  paper  we 
illustrate  how  this  version  of  the  Takens  reconstruc¬ 
tion  theorem  can  be  used  for  the  reconstruction  and 
discuss  differences  between  chaotic  synchronization 
and  Takens’  method.  We  give  examples  where  both 
methods  are  needed.  In  particular,  we  give  exam¬ 
ples  where  Takens’  theorem  is  used  to  recover  some 
variables  which  are  then  used  to  synchronize  the 
transmitter  and  receiver  to  obtain  the  rest  of  the 
attractor.  The  recovered  attractor  is  then  used  to 
recover  the  information  signal  by  means  of  Takens’ 
method. 

We  use  lowercase,  bold  uppercase  and  bold  low¬ 
ercase  letters  for  scalars  (or  scalar- valued  functions) , 
matrices  and  vectors  respectively.  The  transpose  of 
a  matrix  A  is  denoted  AT .  The  vector  0  denotes 
the  zero  vector  and  e;  denotes  the  ith  unit  vector, 

1. e.  ei  =  (1,0,...,  0)r.  The  integer  n  is  usually 
used  to  denote  the  size  of  matrices  and  vectors. 

2.  Reconstruction  of  Attractors 

Consider  the  n-dimensional  dynamical  system  (with 
a  chaotic  attractor): 

x  =  f(x,  t)  (1) 

where  x  =  (xi,  x2, . . . ,  x„)T  6  Rn  and  f  is  a  smooth 
(C°°)  vector  field  on  Rn. 

The  goal  is  to  reconstruct  the  attractor  using 
only  a  function  of  a  subset  of  the  state  variables. 
We  discuss  two  ways  this  can  be  done;  the  Takens 
reconstruction  method  and  the  chaotic  synchroniza¬ 
tion  method. 


scalar  real- valued  function,  then  genetically  we  can 
reconstruct  the  chaotic  attractor  in  Eq.  (1)  using 
y  =  (y,  y,  y, . . . ,  y(m~l))T  where  m  >  2 n.  Here, 

the  symbols  y ,  y,  and  indicate  ,  and 

respectively.  Thus  there  exists  a  continuous 
function  h  such  that 

x  =  h(y,  t )  (2) 


or  equivalently 


(xi,  x2, . .  • ,  xn)  =  (hi(y,  t),  My,  *)»•••»  My,  *)) 

(3) 

where  h  =  (hi,  h2, . . . ,  hn)T  and  hi  are  continuous 
functions. 

Note  that  y  =  ^(x)  =  g\  (x,  t),  y  =  ■ 

f(x,  ()  A  g2(x,  f)  and  y<‘>  =  ^  =  *#2  • 
f (x,  t)  +  d3l£^  =  ffi+ i(x,  t ),  where  ^  denotes  the 
gradient  of  <^(x)  and  •  denotes  the  vector  (inner) 
dot  product.  Thus,  we  also  have 


y  =  g(x,  t ) , 


(4) 


and 


(y,  y,  y,  •  ■  • ,  y(m  J)) 

=  (yi(x,  t ),  y2(x,  t), . . . ,  ym(x,  t ))  (5) 

where  g  =  (yi,  <?2>  •  •  •  >  9m)T  and  gi  are  smooth  func¬ 
tions.  Note  that  g  is  completely  determined  by  4> 
and  f.  Furthermore,  x  =  h(g(x,  f),  t). 

By  taking  the  derivative  with  respect  to  t  of 
y(m-i)  _  t)  and  using  Eqs.  (l)-(3)  we  obtain: 


„(m) 


d 


=  dx  9m ^X’  ^  '  *  +  ^ 

=  -^9m(Hy,  t),  t )  •  f(h(y,  t),  t) 

A 

+  -Qt9m{ h(y,  t),  t ) 


4  F(v.  t) 


tfii 


2.1.  Takens  reconstruction  theorem 

The  Takens  reconstruction  theorem1  [Takens,  1981] 
on  the  Euclidean  space  En  is  stated  as  follows:  If  a 
smooth  function  y(t)  =  <f>{x(t))  is  given,  where  <j>  is  a 


Using  the  variables  yi  =  y,  y2  =  y>  y3  =  y>  •  •  • , 
ym  =  we  have  another  form  of  Eq.  (1)  (in  a 

higher  dimensional  phase  space): 


dyi 

dt 


=  y2 


dy 2 
dt 


y3, 


dym 

dt 


—  F{Vl,  y2,  •  •  •  1  Vm-I  t)  . 


1The  version  of  Takens’  theorem  we  use  throughout  this  pa¬ 
per  is  different  from  the  commonly  used  version  where  delay 
coordinates  are  used  to  reconstruct  the  attractor. 


(7) 
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Suppose  we  do  not  know  what  F  is  exactly.  If 
we  assume  that  F  is  a  polynomial  which  does  not 
depend  on  t,2  then  we  can  determine  the  parameters 
of  F.  The  function  F  can  be  written  as: 

F(y,y, 

=E  *kuk2M,..,kmykl(y)k2(y)k3  •  •  •  (y(m“1))fc"‘ 
=  y(m)  (8) 

The  parameters  i,fc2,fc3,...,fem  can  be  determined 
from  j/(t)  by  finding  y  and  y at  a  finite  number 
of  time  points  and  plugging  into  Eq.  (8)  to  obtain 
a  set  of  linear  equations  which  we  can  solve  if  y  is 
not  degenerate. 

Thus  it  is  generally  possible  to  reconstruct  the 
chaotic  attractor  from  the  given  y(t).  It  is  also 
possible  to  estimate  unknown  parameters  using  the 
above  method. 

The  requirement  of  m  >  2n  is  a  sufficient  con¬ 
dition  on  the  dimension  of  the  reconstructed  phase 
space  for  this  method  to  work.  In  certain  cases  the 
attractor  can  be  reconstructed  using  a  smaller  ru¬ 
in  particular,  m  can  be  taken  to  be  m  >  2d,  where 
d  is  the  box-counting  dimension  of  the  chaotic  at¬ 
tractor.  For  the  class  of  bilinear  systems,  if  the 
relative  degree  is  n,  then  m  can  be  set  to  be  equal 
to  n.  We  illustrate  this  for  a  certain  class  of  Lur’e 
systems  which  includes  Chua’s  circuit  and  Chua’s 
oscillator  and  give  an  explicit  expression  for  the 
reconstruction. 


the  main  diagonal  and  the  entries  above.  Equiv¬ 
alently,  A  is  the  sum  of  a  tridiagonal  matrix  and 
an  upper  triagonal  matrix.  Suppose  that  the  pair 
(A,  e£)  is  observable .  Let  y  =  (xn,  xn,  xn, . . . , 
x(^-i))T  Then  there  exists  functions  g  and  h  such 
that  x  =  h(y)  and  y  =  g(x).  Furthermore ,  if 
fi  is  an  encoding  function  of  the  form  /i(x,  t )  = 
e(x,  5(f))  with  an  inverse  decoding  function ,  i.e . 
there  exists  a  function  d(*,  •)  such  that  d(e(x,  s(t)), 
x)  =  s(t)  for  all  x,  s,  then  we  can  recover  s(t)  from 

,  •  ••  (n)\T 

\Xn,  Xni  Xn,  .  .  .  ,  Xn  )  • 

Proof.  Define  a|  as  the  rth  row  of  AJ.  Because  of 
the  locations  of  the  nonzero  elements  of  A,  it  is  easy 
to  see  that  a^ei  =  0  for  j  =  0,  1, . . . ,  n  —  2.  Then 
xn  =  e£x  =  a°x,  xn  =  a*x,  and  xn  =  aJjAx  + 

a^ei/i(x,  t)  =  a^x  etc.,  until  x^n_1)  =  a”_1x.  This 
means  that 

y  =  (ejx,  aix,...,C1x)r  =  K(A,e^)x 

Since  K(A,  ef)  is  invertible  by  hypothesis,  there 
exists  an  invertible  linear  mapping  between  y  and 
x.  We  can  find  xi  as 

®i  =  efx  =  efK(A,  e^)_1y 

If  /i(x,  t)  =  e(x,  s(t)),  then  from  x\  =  ef  Ax  + 
e(x,  s(t)),  we  can  recover  s(t)  as 

s(t)  =  d(x i  -  ef  AK(A,  e^)_1y,  K(A,  e£)-1y) 


Definition  1.  The  pair  (A,  wT)  is  observable  if 
the  matrix 

wT 
wtA 
wtA2 

wTAn~1 

is  nonsingular,  where  A  is  an  n  x  n  matrix  and  w 
is  an  n  x  1  vector. 


An  example  of  a  pair  of  encoding-decoding  func¬ 
tions  are  e(x,  s)  =  p(x)+s(t)  and  d( y,  x)  =  y— p(x) 
for  some  function  p .  In  linear  system  theory,  the 
statement  that  (A,  eTn)  is  observable  means  that 
we  can  reconstruct  the  state  vector  x  in  the  system 
x  =  Ax  by  observing  only  xn  for  some  time.  The 
above  theorem  says  that  the  same  can  be  done  for 
the  nonlinear  Lur’e  system  (10).  Note  that  a  ma¬ 
trix  in  companion  form  [e.g.  Eq.  (13)]  satisfies  the 
conditions  for  A  in  this  theorem. 


Theorem  1.  Consider  the  system: 

x  =  Ax  +  ei/i(x,  t)  (10) 

where  x  =  (xi,...,  xn)T ,  fi  is  a  continuous  real- 
valued  function  ofn+ 1  variables  and  A  is  a  matrix 
with  nonzero  elements  only  in  the  diagonal  below 


Corollary  1.  Consider  the  system: 

x  =  Ax  +  b/i(x,  t)  (11) 

where  x  =  (xi, . . . ,  xn)T ,  and  fi  is  a  continuous 
real-valued  function  of  n  +  1  variables .  Suppose 
(Ar,  bT )  is  observable ,3  i.e.  K  =  K(A:r,  bT)  is 


2F  does  not  depend  on  t  if  Eq.  (1)  is  autonomous. 


3This  is  equivalent  to  saying  that  (A,  b)  is  controllable. 
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invertible.  Let  w  =  K  i.e.  w  is  the  last  column 
of  K-1.  Let  y  =  (y,  y,  y, . . . ,  y(n_1))T  where  y  = 
wTx.  //  (A,  wr)  is  observable,  then  there  exists 
functions  g  and  h  such  that  x  =  h(y)  and  y  = 
g(x).  Furthermore,  if  f\  is  an  encoding  function 
of  the  form  /i(x,  t)  =  e(x,  s(t))  with  an  inverse 
decoding  function,  i.e.  there  exists  a  function  d(-,  •) 
such  that  d(e(x,  s(t)),  x)  =  s(t )  for  all  x,  s,  then 
we  can  recover  sft)  from  ( y ,  y,  y,. . . ,  ?/^)r. 

Proof.  Using  the  change  of  variables  x  =  KTz, 
system  (11)  can  be  written  as: 

z  =  (KT)_1AKrz  +  (KT)-1b/1(Krz,  t)  (12) 

The  matrix  (Kr)_1AKT  is  of  the  form  [Wu  & 
Chua,  1996a,  1996b]: 


Since  (Kr)-1b  =  ei,  and  (A,  wT)  is  observable, 
system  (12)  satisfies  the  hypotheses  of  Theorem  1. 
By  Theorem  1,  we  can  reconstruct  z  from  zn, 
zn,...,  z£n-1^.  From  the  definition  of  w,  zn  =  e„ z  = 
e£(Kr)-1x  =  wTx  =  y.  From  z  we  can  find  x  since 
K  is  invertible.  The  rest  of  the  proof  is  similar  to 
the  proof  of  Theorem  1.  ■ 

Remark.  Note  that  the  conditions  on  the  system 
imply  that  the  system  has  relative  degree  n. 

2.2.  Chaotic  synchronization 

Pecora  and  Carroll  [1991]  showed  that  it  is  possi¬ 
ble  to  synchronize  two  chaotic  systems  by  driving 
the  slave  system  with  certain  state  variables  of  the 
master  system.  Thus  the  attractor  is  reconstructed 
in  the  slave  system  by  using  only  a  subset  of  the 
state  variables.  The  basic  synchronization  theorem 
is  stated  as  follows  [Wu  &  Chua,  1994]: 

Consider  two  systems  in  the  following  master- 
slave  configuration 

x  =  f (x,  <j>fx),  t)  <—  Master  system  (14) 

£  =  f(x,  </>(x),  t)  «-  Slave  system  (15) 

If  x  =  f(x,  e(f),  t)  is  globally  asymptotically  sta¬ 
ble  for  all  e(f),  then  x  — ►  x  as  t  — ►  oo.  Thus  (j)fx ) 


is  used  in  the  slave  system  to  reconstruct  the  at¬ 
tractor  x(t)  via  synchronization.  Pecora  and  Car- 
roll  proposed  the  use  of  conditional  Lyapunov  ex¬ 
ponents  to  determine  the  asymptotically  stability 
of  x  =  f (x,  e(f),  t ),  when  eft)  is  a  trajectory  of  the 
master  system,  while  the  use  of  Lyapunov  functions 
can  also  be  effective  in  determining  synchronization 
[Wu  &  Chua,  1994], 

There  are  some  differences  between  this  method 
of  reconstructing  the  attractor  and  Takens’  method. 
When  the  state  equation  of  Eq.  (1)  is  known,  in 
Takens’  method  we  still  cannot  recover  the  origi¬ 
nal  attractor  in  Eq.  (1)  unless  we  know  hi  explicity 
(as  in  the  case  of  Theorem  1),  while  recovery  of  the 
original  attractor  is  possible  through  chaotic  syn¬ 
chronization.  On  the  other  hand,  if  the  exact  state 
equation  of  Eq.  (1)  is  not  known,  we  can  still  con¬ 
clude  by  Takens’  method  that  there  is  an  embedding 
of  the  attractor  into  the  reconstructed  phase  space. 
However,  when  the  master  and  slave  system  are  not 
identical,  chaotic  synchronization  is  not  guaranteed, 
although  for  the  case  when  the  master  and  slave 
system  are  close  to  each  other,  generalized  synchro¬ 
nization  can  occur  [Kocarev  et  al.,  1995;  Sushchik 
et  al.,  1995].  The  other  difference  between  the  two 
methods  is  that  one  method  might  work  while  the 
other  fails.  For  example,  for  a  nongeneric  vector 
field  in  which  Takens’  method  fails,  synchronization 
can  sometimes  recover  the  state  variables.  We  will 
given  examples  illustrating  this  in  the  next  section. 
Concerning  practical  implementations,  the  use  of 
differentiation  in  Takens’  method  can  generate  high 
frequency  noise  (especially  in  numerical  implemen¬ 
tations)  which  is  absent  in  chaotic  synchronization. 
On  the  other  hand,  differentiation  can  be  imple¬ 
mented  in  analog  circuitry  via  linear  capacitors  and 
inductors. 

3.  Reconstruction  and  Demodulation 

of  Signals 

Consider  now  the  system 

~  =  f(x,  s ft))  (16) 

where  s  ft)  is  the  information  signal  injected  into  the 
otherwise  autonomous  system.  Given  an  observable 
measurement  y  =  4>fx),  the  goal  is  to  recover  s  from 
y.  The  transformation  of  s (t)  into  yft)  is  called  mod¬ 
ulation  and  is  in  general  dependent  on  the  initial 
condition  of  the  system.  Similarly  the  transforma¬ 
tion  of  yft)  into  s  ft)  is  called  demodulation.  We  can 


also  think  of  this  process  of  reconstructing  s (t)  from 
y  as  a  form  of  nonlinear  filtering.  Several  synchro¬ 
nization  schemes  have  been  proposed  to  implement 
this  transformation  (asymptotically)  [Cuomo,  1993; 
Dedieu  et  al.,  1993;  Wu  h  Chua,  1993,  1994;  Cuomo 
&  Oppenheim,  1993;  Feldmann  et  al. ,  1995]. 

By  rewriting  the  system  (16)  as 


Tt  =  f(x’ s(t)) 


(17) 


and  considering  (x,  s)  as  the  state  of  this  augmented 
system,  we  see  that  generically  s  can  be  recovered 
by  using  Takens’  method  if  we  know  the  correspond¬ 
ing  hi's  of  the  embedding.  Note  that  whether  the 
system  is  generic  can  depend  on  the  choice  of  <f>.  For 
example,  suppose  the  system  can  be  decomposed  as: 

w  -*<**> 

=  f2W(*l).  x2,  s(0)  (1S) 


Then  it  is  clear  that  given  y  =  <£(xi),  it  is  in  general 
not  possible  to  reconstruct  s  or  X2.  In  other  words, 
the  system  is  not  generic,  and  Takens’  method  fails. 

On  the  other  hand,  if  X2  =  h (?/>  x2>  s(0) 
asymptotically  stable  when  y  and  s  are  considered 
external  inputs,  then  we  can  recover  X2  via  chaotic 
synchronization  from  x\  and  s. 

Consider  the  system 


^=f1(X!,8(t)) 

^  =  f2(xi,x2)  (19) 

at 


Given  y  =  </>(x2),  in  general  it  is  not  possible  to 
recover  x\  or  s(t)  via  chaotic  synchronization.  But 
it  is  possible  that  Takens’  method  can  be  used  here 
to  reconstruct  x,. 

These  examples  show  that  given  the  differences 
between  Takens’  method  and  the  chaotic  synchro¬ 
nization  method,  the  best  approach  is  to  combine 
the  two  methods  in  reconstructing  x  and  s  from  y. 
Thus  the  general  form  of  the  algorithm  for  recon¬ 
structing  the  information  signal  s(t)  from  y  =  0(x) 
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is  as  follows.  First  use  alternately  Takens’s  method 
and  the  chaotic  synchronization  method  to  recover 
more  and  more  of  the  state  x  until  the  entire  state 
is  recovered.  Then  s  is  recovered  from  x  using  Tak¬ 
ens’s  method.  The  relative  degree  of  a  bilinear  sys¬ 
tem  is  an  indication  of  the  maximum  number  of 
state  variables  which  can  be  recovered  by  Takens’ 
method. 


4.  Examples 

In  this  section  we  apply  the  discussion  above  to 
some  chaotic  systems. 

Example  1  (Duffing’s  Equation). 

(a)  Reconstruction  of  Chaotic  Attractor  Consider 
the  well-known  Duffing’s  equation 

dx 

~i7  =  v  > 

at  (20) 

—  =  —Sy  +  x  —  x3  +  7  cos (t) 
dt 

where  6  and  7  are  some  constant  parameters.  This 
equation  is  equivalent  to  the  following  scalar  differ¬ 
ential  equation: 

x  +  Sx  -  x  +  x3  -  7  cos(t)  =  0 .  (21) 

Therefore,  if  the  signal  x(t)  is  given,  we  can  eas¬ 
ily  reconstruct  a  chaotic  attractor  of  (20)  by  using 
(x(t),  x(t)).  This  is  because  the  following  relation 
holds: 

(x(t),  x(t))  =  (x(t),  y(t )) .  (22) 

In  other  words,  the  system  satisfies  the  hypothesis 
of  Theorem  1. 

(b)  Estimation  of  Parameters  The  parameters  of 
(20)  can  be  estimated  from  a  given  signal.  Suppose 
x(t)  is  given,  then  we  can  find  the  parameters  6  and 
7  from  the  following  relations: 

fx{t0)  —  cos  (to)')  /  -  z3(*o)  -z(*o)\ 

\x(ti)  -cos(ti)J\7/  \a:(fi)  -  x3{h)  -  x(ti)J 

(23) 

Thus  by  finding  x,  x  and  x  at  two  suitable  time- 
points,  we  can  estimate  the  values  of  6  and  7.  By 
using  many  pairs  of  timepoints  and  averaging  the 
estimates,  we  can  get  better  estimates  of  the 
parameters. 
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0.34 
0.32 
0.3 
0.28 
0.26 
0.24 
0.22 
0.2 
0.18 
0.16 

Fig.  1.  Estimates  of  6  and  7  are  shown  on  the  vertical  axis.  The  horizontal  axis  indicates  the  number  of  pairs  of  timesteps 
used.  The  observable  is  x  from  Duffing’s  equation  with  6  =  0.15  and  7  =  0.3. 


number  of  averages 


As  mentioned  before,  a  major  problem  with  us¬ 
ing  Takens’  method  is  the  introduction  of  errors  in 
evaluating  the  derivatives  of  the  observable.  We 
show  here  some  computer  simulations  results  illus¬ 
trating  this  procedure  of  estimating  the  parameters. 
The  derivatives  are  obtained  via  forward  differences 
and  the  estimates  of  6  and  7  are  averages  over  sev¬ 
eral  pairs  of  timesteps.  Figure  1  shows  the  estimates 
of  6  and  7  versus  the  number  of  pairs  of  timesteps 
used.  The  observable  is  x  from  Duffing’s  equation 
with  6  =  0.15  and  7  =  0.3. 

(c)  Construction  of  Communication  Systems  We 
construct  the  communication  system  by  injecting 
the  information  signal  s(t )  into  the  Duffing’s 
equation 

x  +  6x  +  x3-x--y  cos  (f)  -  s(t)  =  0 .  (24) 

or  equivalently 
dx 

=  V> 

dt  (25) 

—  =  -dy  +  X  -  X3  +  7  COS (t)  +  s(f)  . 

dt 

Then  s(t)  is  reconstructed  from  the  signal 
(x(t),  x(t),  x(t)): 

s(t)  =  x  +  6x  +  x3-x~i  cos  (t) .  (26) 

In  Fig.  2  we  show  the  recovered  s(f)  wMn  s{t)  is  a 
sine  wave  of  frequency  and  amplitude  0.1. 


given  by 

^  =  a(y  -  /(*)) , 

^7  =  x  -  y  +  z,  (27) 

at 

dz 

_  =  -fiy  -  Tz  , 

dt 

where  a,  P,  7  are  parameters  and  f(x)  is  a  3-segment 
piecewise-linear  function. 

(a)  Reconstruction  of  Chaotic  Attractor  By  Theo¬ 
rem  1,  we  can  reconstruct  the  chaotic  attractor  by 
using  (z(t),  z(t),  z(t ))  when  P^  0.  In  fact,  we  have 

i  =  -/3y-yz,  (2g) 

z  =  p( 7  +  1  )y  -  fix  +  (72  -  P)z . 

Thus  we  obtain 

z  +  (7  +  l)i  +  (7  +  P)z 

X  ~  ~  Q 

P  (29) 

i  +  72 


(b)  Construction  of  Communication  Systems 
Using  Eqs.  (28)  and  (29),  Eq.  (27)  can  be  written 


z(3)  +  (7  +  l)z  +  (0  +  7  -  a)z  -  a'yz 

(  z  -f  (7  +  l)i  +  (7  +  P)z 


i±il ±fflf).  (30) 


Example  2  (Chua’s  Oscillator).  The  state  equa¬ 
tions  of  Chua’s  oscillator  in  a  dimensionless  form  is 


=  apf 
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Fig.  2.  Recovered  information  signal  s(<)  (shown  in  red)  when  s(t)  is  a  sine  wave  of  frequency  ^  and  amplitude  0.1  (shown 
in  blue). 


If  /  is  a  cubic  polynomial  f(x )  =  ax3  +  bx  then  we 
obtain 

/?2^+aa(i3+3(7+l)zi2+6(7+l)(/3+7)2ii: 
+3(/3+7)22Z2+3(7+1)z2z 
+3(/?+7)z2z  +  (7+l)3i:3  +  3(7+l)2(/0+7)i:2z 
+3(7+l)(^+7)2i22  +  (/?+7)3z3) 
+/32(('y+l+ba)z+(P+-y-a+ba('y+l))z 
+(ba(a+/3)—aj)z)  =  0.  (31) 

We  can  estimate  the  parameters  in  (27)  from  the 
given  signal  z(t )  by  using  z(tn),  z(tn ),  z(tn ),  z(3)(*n) 
(71  =  1,2,3,...). 

Next  we  inject  the  informational  signal  s(f)  into 
the  system  [Halle  et  al.,  1993;  Wu  &  Chua,  1993;^ 


Feldmann  et  al.,  1995]: 
z (3)  +  (7  +  l)z  +  (/?  +  7  -  a)z  -  ajz 
z  +  { 7  +  1  )z  +  (7  +  fi)z 


or  equivalently 

dx 

dt 

dy 

dt 


13 

=  a(y  -  f(x ))  +  «(<)  > 

=  x-y  +  z, 


)  =  ~/3s(t) , 
(32) 


(33) 


dz 

It  =  -0y  -  72  • 


Then  s(t)  is  recovered  from  ( z(t ),  z(t),  z(t))  as: 


s(t)  = 


2(3)  +  (7  +  i)z  +  (/?  +  7  -  a)z  -  a^z  -  a/3f  (  - 


z  +  (7  +  l)z  +  (7  +  0)zs 

P 


-(3 


(34) 


For  (3  +  0  this  system  satisfies  Theorem  1  with  /i(x,  t)  =  f(x)  +  s(f)  and  thus  we  can  recover  (x,  y,  z) 
from  z(t)  and  then  recover  s(t)  from  (x(t),  y(t),  z(t)).  In  other  words,  the  chaotic  attractor  and  s(t)  are 
reconstructed  by 


(x{t),  y(t),  z{t))  = 


z  +  (7  +  l)i  +  (7  +  P)z  z  +  72  \ 

(3  ’  (3  ’  Z)  ’ 


«(0  =  ^  -a(y  -fix)). 


(35) 
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(c)  The  case  where  the  signal  x{t)  is  given 
Consider  the  case  where  the  signal  x(t)  is  given. 
Since  the  first  equation  in  (33)  contains  s(t),  we 
cannot  reconstruct  ( x ,  y,  z)  from  x(t).  However, 
we  can  recover  y(t)  and  z(t)  by  synchronization. 
Substituting  x(t)  into  (33),  we  get 


~  =  x(t)  -y'  +  z' , 
at 

dz  /o  /  / 

—  =  -/V  -  72  . 
at 


(36) 


Solving  this  equation,  we  can  approximate  the 
trajectory  of  the  chaotic  attractor  and  the  signal 
s(<)  by 


(x(t),  y'(t),  z'(t )) ,  (37) 

r{t)  =  ^-a(y'(t)-f(xm-  (38) 

We  know  that  | y{t)  -  y'(f)|,  )^(i)  -  z'{t)\  ->  0  for 
t  —y  oo  [Chua  et  al.,  1993]  and  thus  r(t)  — *•  s(t). 
In  Fig.  3  we  show  the  recovered  signal  r(t)  (shown 
in  red)  when  s(t)  is  a  sinusoidal  signal  of  ampli¬ 
tude  0.2  and  frequency  ^ .  In  [Wu  &  Chua,  1994] 
another  method  of  recovering  s(t)  for  this  setup  is 
presented. 

Example  3  (Chua’s  Oscillator  with  Two  Informa¬ 
tion  Signals).  Consider  Chua’s  oscillator  with  two 


injected  signals  s(t )  and  u(t). 

^  =a(y-  f(x))  +  s(t) , 

—  =  x  —  y  +  z  +  u(t) ,  (39) 

at 

dz  „ 

-  =  -^-72. 

Suppose  that  z(t)  is  given.  Then  we  have 

z  =  -Pv  -  lz  i 

z  =  -Py  -  7 z  (40) 

=  -Px  +  P(  1  +  7 )y  +  (72  -  P)z  ~  M*) 


From  (40),  we  get 

2  +  72 

y=  — 

Substituting  this  into  (39),  we  find 

|,0(_M+bW -/(*))+.(,) 


(41) 


(42) 


Since  s(f)  is  included  in  this  equation,  one  more 
signal  is  needed  to  reconstruct  a  chaotic  attrac¬ 
tor.  For  example,  we  use  the  two  signals  x(t)  and 
z(t).  We  can  then  reconstruct  the  attractor  by 
(x(t),  _  i(t)+'i'<t) ;  z^y  The  signals  s(t)  and  u(t) 
are  reconstructed  by: 


Fig.  3.  Recovered  information  signal  r(t)  (shown  in  red)  when  s(t)  (shown  in  blue)  is  a  sinusoidal  signal  of  amplitude  0.2 
and  frequency 
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dx(t) 

s(t)  —  — — — h  a  ( 


(  z{t)  +  7  z{t) 


dt 


V 


P 


+  f(x(t)) 


u(t)  = 


z(t)  +  (7  +  l)i(t)  +  (7  +  P)z(t)  +  0x(t) 


p 


(43) 


Example  4.  Consider  the  case  where  the  informa¬ 
tion  signal  s(t)  is  injected  at  a  different  position  of 
Eq.  (27)  [Wu  k  Chua,  1993]: 

2(3)  +  (7  +  1)2  +  (/?  +  7  —  a)z  -  a'yz 


_  a0l  (_  i+ii+iE+h+fflf  +  <(t))  =  0 , 

(44) 

equivalently 

jt=a(y-Kx  +  sm, 

^  =x  -y  +  z,  (45) 

at 

dz 

—  =  -py  -  72  . 
dt 

Suppose  that  signal  u(t)  =  x(t)  +  s(t)  is  given. 
Then,  u(t)  includes  s(t),  and  therefore  (x(t),  y(t), 
z(t))  must  be  reconstructed  via  synchronization 
rather  than  Takens’  method.  Substituting  u(t)  = 
x(t)  +  $(t)  into  the  above  equation,  we  have 


system  [Cuomo,  1995]: 


-77  —  a(y  -  x)  +  v  +  s(t ) , 
at 

dy 

_  =  7  x-y-xz, 

dz  , 

—  =  xy  —  bz , 
dt  y 

^  =  AX +  Bx , 
at 

v  —  C\  +  Dx . 


(49) 


Here,  cr,  7,  and  b  are  some  constants.  A  is  a  vector 
and  v  is  a  scalar.  The  matrix  A  is  N  x  N,  B  is  IV  x  1 , 
C  is  1  x  N,  and  D  is  1  x  1.  The  first  three  state 
equations  correspond  to  the  Lorenz  system  and  the 
last  equation  is  the  constrained  surface.  Under  cer¬ 
tain  conditions,  this  system  has  a  high  dimensional 
chaotic  attractor. 

Suppose  that  x(t)  is  given  as  the  transmitted 
signal.  Since  s(t)  is  included  in  the  derivative  of  x, 
we  have  to  create  y(t),  z(t),  A(f)  by  synchronization. 
Substituting  x(t)  into  (81),  we  obtain: 


=  7 x(t)  -y1  -  x{t)z' , 

^  =  x(t)y>  -  bz' , 

—  AX'  +  Bx{t) , 
dt 

v  =  C\  +  Dx . 


(50) 


^  =  a(y'-f(u(t] ))), 


dtf 

dt 


=  x‘  -  y'  +  z' , 


dz' 

dt 


-Py'  -  7 z' . 


(46) 


Therefore,  we  can  approximate  the  chaotic  attrac¬ 
tor  and  signal  s{t)  by 


The  chaotic  attractor  and  the  signal  s(t)  are  ap¬ 
proximated  by 

(z(*),  z'(t),  A '(<))  «  (x(t),  y(t),  z(t),  X(t))  (51) 

s(t)  =  a(y'(t)  -  x(t))  -  C\'(t)  -  Dx(t) .  (52) 

at 

If  we  know  that  |  y(t)—y'(t)\,  \z(t)—z'(t)\,  |A(f)  — 
A'(t)|  — >  0  as  t  — ►  00  then  s(t)  is  recovered. 


(x'(t),  y'{t),  z'(t)) ,  (47) 

r(t)  =  u(t)  -  x'(t)  — >  s(t)  (48) 

Example  5  (Lorenz  System  Coupled  with  Linear 
System).  Consider  the  linear  feedback  chaotic 


5.  Discrete-Time  Dynamical  Systems 

The  reconstruction  approach  can  be  applied  not 
only  to  continuous-time  dynamical  systems,  but  also 
to  discrete-time  dynamical  systems.  Only  a  slight 
change  is  needed  to  adapt  it  to  discrete-time  sys¬ 
tems.  The  results  obtained  here  are  transformed 
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to  those  for  discrete-time  dynamical  systems  by  re¬ 
placing  the  derivatives  with  time-advanced  states 
variables: 

(x(t),  x(t),  x(t), ..., 

->■  (x(i),  x(i  +  l),...,  x(i  +  m))  (53) 

The  advantage  of  using  discrete-time  systems  is  that 
there  are  no  errors  introduced  by  numerical  differ¬ 
entiation  as  in  the  continuous-time  case. 

An  analog  of  Theorem  1  for  discrete-time  sys¬ 
tems  is  the  following: 

Theorem  2.  Consider  the  system: 

x(i  +  1)  =  Ax(i)  +  ei/i(x(i),  i)  (54) 

where  x  =  (xi,...,  xn)T ,  fi  is  a  continuous  real¬ 
valued  function  ofn  +  1  variables  and  A  is  a  matrix 
with  nonzero  elements  only  in  the  diagonal  below 
the  main  diagonal  and  the  entries  above.  Equiv¬ 
alently,  A  is  the  sum  of  a  tridiagonal  matrix  and 
a  upper  triagonal  matrix.  Suppose  that  the  pair 
(A,  e£)  is  observable.  Let  y(i)  =  ( xn(i ),  xn(i  + 
1), . . . ,  x„(i  +  n  -  1))T.  Then  there  exists  func¬ 
tions  g  and  h  such  that  x(i)  =  h(y(z))  and  y (i)  = 
g (x(i)).  Furthermore,  if  fi  is  an  encoding  func¬ 
tion  of  the  form  /i(x(z),  i )  =  e(x(i),  s(i))  with  an 
inverse  decoding  function,  i.e.  there  exists  a  func¬ 
tion  d{-,  •)  such  that  d(e(x(i),  s(i)),  x(i))  =  s{i) 
for  all  x(i),  s(i),  then  we  can  recover  s(i)  from 
( xn(i ),  xn(i  +  1),  •  •  ■ ,  xn(i  +  n))T . 

Proof.  Define  a.{  as  the  ith  row  of  A  A  As  in  The¬ 
orem  1,  a£ei  =  0  for  j  =  0,  1, —  2.  Then 
xn{i)  =  elx(i)  =  a°x(z),  xn{i  +  1)  =  aix(f),  and 
xn(i+ 2)  =  a^x(i+l)  =  a^Ax(f)+a)lei/i(x(i),  i)  = 
a^x(f)  etc.,  until  xn(i  +  n  -  1)  =  a"-1x(i).  This 
means  that 

y{i)  =  (enx(0»  a*x(i), . . . ,  a"_1x(i))T 
=  K(A,  e^)x(z) 

Since  K(A,  e^)  is  invertible  by  hypothesis,  there 
exists  an  invertible  linear  mapping  between  y (i)  and 
x(i).  We  can  find  x\(i  +  1)  as 

x\ (i  +  1)  =  efx(i  +  1)  =  e^K(A,  e^)  1y(i  +  1) 

If  fi (x(z) ,  i )  =  e(x(z),  s(z)),  then  from  xi(i  +  1)  = 
ef  Ax(i)  +  e(x(i),  s(i)),  we  can  recover  s(i)  as 

s(i)  =  d(xi(i  +  1)  -  e[AK(A,  e^)_1y(i), 

K(A,e^)-1y(f))  ■ 


Remark.  A  discrete-time  version  of  Corollary  1  can 
also  be  derived. 

Example  6  (The  Henon  Map).  The  state  equa¬ 
tions  for  the  Henon  map  are  given  by 

x{i  +  1)  =  y(i)  +  1  -  ax(i)2  (55) 

y(i  +  1)  =  bx(i)  (56) 

(a)  Reconstruction  of  Chaotic  Attractor  For  6  ^  0, 
the  system  satisfies  the  condition  of  Theorem  2  and 
the  attractor  can  be  reconstructed  from  y(i )  and 
y(i  + 1)  as: 

(x(i),  y(i))  =  (^/  ^  y(i)^j 

(b)  Communication  System  We  can  inject  an  in- 
formation  signal  s(i)  as  follows: 

x(i  +  1)  =  y(i)  +  1  -  ax(i)2  +  s(i)  (57) 

y(i  +  1)  =  bx(i)  (58) 

or  equivalently: 

x(i  +  2)  +  ax(i  +  l)2  —  bx(i  —  1)  —  1  —  s(i  +  1)  =  0 

(59) 

Again,  the  system  satisfies  the  condition  of  Theo¬ 
rem  2  when  b  #  0,  and  s(i)  can  be  recovered  from 
y(i),  y(i  +  !)  and  2/(*  +  2)  as: 

=  +  +  (60) 

In  Fig.  4  we  show  the  attractor  in  the  x  ver¬ 
sus  y  plane  when  a  =  1.4  and  b  =  0.3  with  s{t) 
being  a  square  wave  of  amplitude  0.001  and  period 
4.  Figure  5  shows  the  recovered  information  signal 
s(i)  using  Eq.  (60)  which  is  identical  to  the  injected 
square  wave. 

Example  7  (Chaotic  Digital  Encoding).  [Frey, 
1993]  introduced  the  following  chaotic  modulator/ 
demodulator  pair: 

x(i)  =  s(i  —  1)  +  x(i  —  1)  +  f{x(i  —  2))  (61) 

r(i  -  1)  =  x(i)  -  (x(i  -  1)  +  f(x(i  -  2)))  (62) 

where  s(i)  is  the  information  signal,  x(i)  is  the 
chaotic  modulated  signal,  r(i)  is  the  recovered  sig¬ 
nal  which  should  be  equal  to  s(i ),  and  /  is  the  non¬ 
linear  left  circular  bit  shifting  function. 
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Fig.  4.  Chaotic  attractor  of  the  Henon  map  when  a  =  1.4  and  b  —  0.3.  The  injected  signal  s(i)  is  a  square  wave  of  amplitude 
0.001  and  period  4. 


Fig.  5.  Recovered  signal  s{i)  from  the  chaotic  attractor  of  the  Henon  map  in  Fig.  4.  The  injected  signal  s(<)  is  a  square  wave 
of  amplitude  0.001  and  period  4. 


Equation  (61)  can  be  rewritten  as 
x(i  +  1)  =  x(i)  +  f(y(i))  +  s(i) 

y(i  +  1)  =x(i) 

The  system  satisfies  the  hypothesis  of  Theo¬ 
rem  2  and  thus  s(i)  can  be  recovered  from  y(i), 
y(i  +  1),  and  y(i  +  2).  Applying  the  algorithm  in 
Theorem  2  we  can  recover  s(i)  as 

s(i)  =  r(i)  =  y(i  +  2)  -  y(i  +  1)  -  '/(»(*)) 
which  is  equivalent  to  Eq.  (62). 
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In  this  letter  we  have  shown  that  aperiodic  nonchaotic  trajectories  characteristic  of  strange 
nonchaotic  attractors  can  occur  on  a  two-frequency  torus.  We  found  that  these  trajectories  are 
robust  as  they  exist  on  a  positive  Lebesgue  measure  set  in  the  parameter  space. 


1.  Introduction 

Strange  nonchaotic  attractors  [Grebogi  et  al. ,  1984; 
Bondeson  et  al.,  1985;  Romeiras  &  Ott,  1987; 
Romeiras  et  al.,  1987;  Ding  et  al.,  1989a,  1989b; 
Kapitaniak  et  al,  1990;  Brindley  &  Kapitaniak, 
1991a,  1991b;  Kapitaniak,  1991,  Heagy  &  Hammel, 
1998;  Feudel  et  al.,  1995;  Anishchenko  et  al,  1996a, 
Zhu  and  Liu,  1997]  are  attractors  which  are  strange 
in  a  geometrical  sense,  i.e.  they  have  a  fractal  struc¬ 
ture  and  contain  an  uncountably  infinite  number  of 
points  and  they  are  not  piecewise  differentiable. 

On  the  other  hand,  they  are  not  chaotic  because 
the  necessary  condition  of  the  exponential  diver¬ 
gence  of  the  trajectories  is  absent,  i.e.  there  are  no 
positive  Lyapunov  exponents.  This  type  of  attrac¬ 
tors  was  found  to  be  characteristic  of  quasiperiodi- 
cally  forced  systems  [Romeiras  &  Ott,  1987; 
Romeiras  et  al,  1987;  Ding  et  al.,  1989a,  1989b; 
Kapitaniak  et  al.,  1990;  Brindley  &  Kapitaniak, 
1991a,  1991b;  Kapitaniak,  1991;  Anishchenko  et  al., 
1996a;  Liu  &  Zhu,  1996]  as  it  was  shown  that  they 


exist  on  a  set  of  positive  Lebesgue  measure  in  the 
parameter  space. 

Recently  Anishchenko  et  al  [1996b]  showed 
that  strange  nonchaotic  attractors  can  occur  not 
only  in  a  quasiperiodically  forced  system  but  also 
in  autonomous  and  periodically  forced  systems. 

In  order  to  establish  that  an  attractor  is  a 
strange  nonchaotic  attractor  one  has:  (1)  to  cal¬ 
culate  the  Lyapunov  exponents  and  (2)  check  that 
the  attractor  is  not  differentiable.  The  first  task  is 
simple  and  the  tools  for  the  second  one  can  be  found 
in  [Pikovsky  &  Feudel,  1995}. 

Although  a  typical  trajectory  on  a  strange  non¬ 
chaotic  attractor  is  characterized  by  a  nonpositive, 
largest  Lyapunov  exponent,  it  was  shown  that  there 
are  time  intervals  in  which  the  largest  transient 
Lyapunov  exponent  is  positive,  i.e.  there  are  parts  of 
the  attractor  on  which  divergence  of  nearby  trajec¬ 
tories  is  observed  [Kapitaniak,  1993, 1995;  Pikovsky 
&  Feudel,  1995].  Trajectories  on  strange  nonchaotic 
attractors  have  continuous  power  spectra  which 
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share  some  similarities  with  the  spectra  of  chaotic  2.  Quasi-Periodically  Forced  Circuit 
trajectories  but  also  have  some  features  which  allow 

distinction  between  these  two  types  of  trajectories  invesdgated  the  dynamics  of  the  nonautono- 

[Romeiras  &  Ott,  1987].  mous  circuit  shown  in  FiS-  *(a)-  This  circuit  is 

In  this  letter  we  show  numerically  that  aperi-  a  classical  configuration  of  a  forced  negative-resist- 
odic  (with  continuous  spectrum)  trajectories  similar  ance  oscillator  [Reich,  1961].  N  denotes  a  voltage- 
to  those  which  are  characteristic  of  strange  controlled  resistor  described  by  i  =  g(v),  which  in 

nonchaotic  attractors  can  be  observed  on  a  two-  our  case  was  a  Chua’s  diode  [Kennedy,  1992;  Cruz 

frequency  torus.  Due  to  these  similarities  we  call  &  Chua,  1992]  shown  in  Fig.  1(b).  The  expression 

them  strange  nonchaotic  trajectories  on  torus.  9(v)  =  GbV  +  0.5 {Ga  -  <jfc)[|^  +  Bp |  -  |v  —  Rp|]  is 

This  letter  is  organized  as  follows.  In  Sec.  2  we  the  mathematical  representation  of  the  character- 

describe  the  basic  properties  of  the  considered  sys-  istic  curve  of  Chua’s  diode  [Kennedy,  1992].  The 

tem  (a  quasi-periodically  forced  circuit).  Section  3  actual  values  of  Ga,  Gb  and  Bp  are  —0.76  mS, 

is  devoted  to  the  numerical  studies  of  the  strange  —0.41  mS,  and  1.0  V,  respectively.  External  forcing 

nonchaotic  trajectories  on  torus.  Finally  we  sum-  /(f)  was  taken  as  a  quasi-periodic  function  /(f)  = 

marize  our  results  in  Sec.  4.  F(sin(fiit)  4-  sin(ft2<)),  where  Dj  and  are 


00 

Fig.  1.  (a)  Experimental  realization  of  the  simple  nonautonomous  circuit;  N  is  the  Chua’s  diode  and  R,  is  the  current  sensing 

resistor,  (b)  Circuit  realization  of  Chua’s  diode  N  using  an  8  pin  dual  OP-Amp  (AD712)  [Kennedy,  1992);  Ri  =  R2  =  220  ft, 
Rz  =  2.2  kn,  Ra  =  R5  =  22  kfl,  R*  =  3.3  kH,  V+  =  +9  V  and  V~  =  -9  V. 
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incommensurate  frequencies.  The  parameters  of 
the  circuit  elements  are  fixed  as  C  =  10  nF,  L  = 
18  mH,  R  —  1340  Cl,  Rs  =  20  Cl  and  the  frequencies 
(=  fix,2/2?r)  of  the  external  forcing  sources  are 
8890  Hz  and  16763  Hz,  respectively.  In  the  case 
of  CI2  —  0  our  circuit  reduces  to  the  one  considered 
by  Murali  et  al.  [1994]. 

The  dynamics  of  the  considered  circuit  is  de¬ 
scribed  by  the  following  dimensionless  equations 

x  =  y~g(x ) 

(1) 

y  =  -0y  -  v0y  -  /3x  +  /(sinwit  +  sin  u>2 1) 

where  v  =  xBp,  iL  =  GyBp,  G  -  1/R,  u\  = 
CliC/G ,  u/2  =  Cl2C/G,  t  =  tC/G ,  0  =  (C/LG2), 
v  —  GRS,  and  /  =  (F(3/Bp).  Obviously  g(x)  — 
bx  +  0.5(a  —  6)[|x  +  1|  —  \x  —  1|],  where  a  =  Ga/G 
and  b  =  Gb/G. 

The  dynamics  of  Eq.  (1)  depends  on  the  param¬ 
eters  v ,  0,  a,  b ,  wi,  u>2  and  /.  The  circuit  parame¬ 
ters  are  rescaled  as  0  =  1,  v  =  0.015,  a  =  -1.02, 
b  =  —0.55,  a>i  =  0.75  and  U2  =  \fl.  The  amplitude 
of  the  external  quasi-periodic  forcing  /  was  taken 
as  a  control  parameter. 


3.  Route  from  Two-Frequency 
Quasi-Periodicity  to  Chaos 

We  considered  the  route  to  chaos  starting  from  a 
two-frequency  torus  attractor  obtained  for  /  =  0.08 
which  is  shown  in  Fig.  2(a).  Typical  trajectory  on 
this  attractor  is  quasi-periodic  with  two  basic  peri¬ 
ods  Ti  =  47t/o>i  and  T2  =  2tt/u2-  With  an  increase 
of  the  forcing  amplitude  /  at  /  =  0.086,  the  T 1 
torus  undergoes  bifurcation  (band-merging  crisis) 
in  which  it  is  destroyed  and  a  new  two-dimensional 
torus  T2  with  a  different  shape  is  created.  This 
new  torus  is  shown  in  Fig.  2(b)  (/  =  0.088).  With 
a  further  increase  of  /  we  observe  a  breakdown  of 
the  T2  torus  at  /  =  0.0918  and  the  creation  of  a 
strange  chaotic  attractor.  A  typical  chaotic  attrac¬ 
tor  is  shown  in  Fig.  2(c)  for  /  =  0.092. 

The  plot  of  the  Lyapunov  exponent  versus  forc¬ 
ing  amplitude  /  is  shown  in  Fig.  3  (except  for  the 
two  trivial  zero  exponents  the  largest  exponent  Amax 
was  taken).  From  Figs.  2  and  3  we  can  depict  the 
system  behavior  for  different  parameter  settings  as 
described  in  Fig.  3.  Over  the  range  I  the  system  ex¬ 
hibits  a  two-frequency  quasi-periodic  behavior,  the 
corresponding  Lyapunov  exponent  is  negative  and 
the  trajectories  evolve  on  a  torus.  Over  the  range  II 


0.375 


0.000  * — 1 — 1 — 1 — 1 — i — I — I — I — I — 1 — I — I — I — I — 1 — 1 — 1 — 1 _ 1 _ I 

-1.500  ■  -1.200  -0.900  -0.600  -0.300 


(a)  (b) 

Fig.  2.  Attractors  for  the  system  (1):  (3  =  1,  v  =  0.015,  a  =  —1.02,  b  =  —0.55,  u)\  =  0.75  and  u>2  =  y/2\  (a)  two  frequency 
torus  for  /  =  0.080,  (b)  two  frequency  torus  for  /  =  0.088,  (c)  strange  chaotic  attractor  for  /  =  0.092. 
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\ 


(c) 

Fig.  2.  ( Continued ) 


Fig.  3.  The  plot  of  the  Lyapunov  exponent  versus  forcing 
amplitude  /  for  the  system  (1)  (the  largest  exponent  Amax; 
except  two  trivial  zero  exponents  was  plotted):  /3  =  1,  v  = 
0.015,  a  =  —1.02,  b  =  —0.55,  a>i  =  0.T5  and  U2  =  y/2. 


the  Lyapunov  exponent  is  positive  and  we  observe 
the  evolution  of  a  strange  chaotic  attractor. 

The  route  to  chaos  exhibited  in  our  system  is 
different  from  other  routes  found  to  be  typical 
for  quasi-periodically  forced  systems  [Ding  et  a/., 


(b) 

Fig.  4.  Power  spectra  of  the  trajectories  on  two-frequency 
torus:  =  1,  v  ss  0.015,  a  —  —1.02,  6  =  —0.55,  u>i  =  0.75 

and  cj2  =  \/2;  (a)  /  =  0.088,  (b)  /  =  0.080. 


1989b;  Kapitaniak  et  a/.,  1990;  Heagy  k  Hammel, 
1994;  Venkatesan  &  Lakshmanan,  1997]  as  we  did 
not  observe  strange  nonchaotic  attractors. 
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(c) 

Fig.  5.  (a)  and  (c)  evolution  of  two  nearby  trajectories  on  two-frequency  torus;  (a)  strange  nonchaotic  trajectories  for 

f  =  0.088,  (c)  two-frequency  quasiperiodic  trajectories  for  /  =  0.080;  (b)  the  regions  on  the  attractor  where  two  nearby 
strange  nonchaotic  trajectories  stay  close  together  is  indicated  in  black  and  the  region  where  these  trajectories  diverge  is 
shown  in  white. 


Closer  investigation  of  the  trajectiories  on  the 
torus  in  the  neighborhood  of  its  breakdown  point 
/  =  0.0918  allowed  us  to  find  trajectories  with  a 
continuous  power  spectra,  like  the  one  for  /  =  0.088 


shown  in  Fig.  4(a)  while  the  power  spectra  for  the 
trajectories  far  from  the  breakdown  point  are  dis¬ 
crete  —  Fig.  4(b)  (/  =  0.080).  Aperiodic  trajecto¬ 
ries  with  a  continuous  power  spectra  are  observed 
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in  the  range  /'  of  the  forcing  amplitude  /.  At 
/  =  0.086  the  T1  torus  undergoes  a  band-merging 
crisis  bifurcation  which  allows  the  creation  of  such 
trajectories  on  the  T2  torus. 

Now  let  us  consider  the  evolutions  of  two  nearby 
trajectories  on  the  two- frequency  torus  T2.  Over 
the  range  /'  of  /  parameter  example  of  such  evolu¬ 
tion  is  shown  in  Fig.  5(a).  It  can  be  noticed  that 
two  trajectories  (solid  and  broken  lines)  stay  close 
together  on  most  parts  of  the  attractor  indicated  in 
black  in  Fig.  5(b),  but  there  is  a  particular  region 
on  the  attractor  shown  in  white  where  nearby  tra¬ 
jectories  diverge.  Transient  Lyapunov  exponent  is 
negative  in  the  black  part  but  positive  in  the  white 
portion.  On  the  other  hand,  for  /  6  I  \  I',  nearby 
trajectories  stay  close  together  on  the  entire  attrac¬ 
tor  (transient  largest  Lyapunov  exponent  is  always 
nonpositive)  as  shown  in  Fig.  5(c). 

In  Kapitaniak  [1995]  it  was  shown  that  the  ex¬ 
istence  of  attractor  regions  with  local  divergence  of 
nearby  trajectories  is  a  property  characteristic  of 
strange  nonchaotic  attractors.  This  property  as  well 
as  the  continuous  power  spectrum  of  the  aperiodic 
trajectories  on  the  two-frequency  torus  led  us  to  call 
such  trajectories  as  strange  nonchaotic. 

In  our  numerical  studies  Eq.  (1)  was  integrated 
by  using  a  fourth-order  Runge-Kutta  method  with 
100  time  steps  per  period  T\  of  sinutii.  The  number 
of  periods  T\  used  for  the  calculations  of  Lyapunov 
exponents  was  108. 

Strange  nonchaotic  trajectories  were  found  to 
be  robust  in  our  system  as  they  exist  on  a  posi¬ 
tive  Lebesgue  measure  set  in  the  parameter  space, 
mainly  for  /  €  (0.0865,  0.0918). 


4.  Conclusions 

We  have  found  numerically  that  aperiodic  non¬ 
chaotic  trajectories,  which  are  typical  for  strange 
nonchaotic  attractors  can  exist  on  a  two-frequency 
torus.  As  the  power  spectra  and  distributions  of 
transient  Lyapunov  exponents  of  these  trajectories 
have  the  same  characteristic  properties  as  in  the 
case  of  trajectories  on  strange  nonchaotic  attrac¬ 
tors,  we  called  them  strange  nonchaotic  trajecto¬ 
ries  on  torus.  We  found  that  strange  nonchaotic 
trajectories  are  robust  as  they  exist  on  a  positive 
Lebesgue  measure  set  in  the  parameter  space.  The 
appearance  of  strange  nonchaotic  trajectories  is  con¬ 
nected  with  a  new  type  of  torus  bifurcation  where 
after  band-merging  crisis  of  the  two-frequency  torus 


T1,  another  two-frequency  torus  T2  with  a  different 
shape  is  created. 

In  quasiperiodically  forced  systems  a  typical 
route  to  chaos  evolves  from  strange  nonchaotic  at¬ 
tractors.  It  was  found  that  this  route  can  be  realized 
in  four  different  ways 

•  two-frequency  quasiperiodicity  — ►  three-frequency 
quasiperiodicity  — ►  strange  nonchaotic  attractors 
— +  chaos  [Ding  et  al.,  1989b]. 

•  two-frequency  quasiperiodicity  — ►  strange  non¬ 
chaotic  attractors  — ►  chaos  [Kapitaniak  et  al., 
1990]. 

•  two-frequency  quasiperiodicity  — ►  torus  doubling 
— *■  wrinkling  — *•  strange  nonchaotic  attractors  — ► 
chaos  [Heagy  &  Hammel,  1994]. 

•  two-frequency  quasiperiodicity  -+ torus  doubling 
— *■  torus  merging  — ►  strange  nonchaotic  attractors 
— +  chaos  [Venkatesan  k  Lakshmanan,  1997]. 

Our  study  allows  us  to  add  a  new  route  which 
seems  to  be  typical:  two-frequency  quasiperiodic¬ 
ity  (two-frequency  torus  T1)  — ►  strange  nonchaotic 
trajectories  on  a  T2  torus  — ►  chaos. 
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The  generalized  synchronization  (GS)  of  two  identical  chaotic  systems  through  an  unknown 
channel  is  studied.  First,  some  theoretical  results  of  GS  through  an  unknown  channel  are 
derived.  Finally,  an  application  of  GS  to  channel-independent  chaotic  secure  communication  is 
presented. 


1.  Introduction 

The  basic  setup  in  most  chaos-based  synchroniza¬ 
tion  schemes  for  secure  communication  systems 
consists  of  a  specially  designed  transmitter  and  a 
receiver.  To  enhance  the  degree  of  security,  we  al¬ 
ways  send  a  chaotic  signal  to  the  receiver.  It  is 
well-known,  however,  that  if  the  transmitted  signal 
is  too  “simple”,  then  security  cannot  be  guaranteed 
[Yang,  1995;  Short,  1994].  On  the  other  hand,  if 
a  more  complex  signal,  e.g.  a  hyper-chaotic  signal, 
is  used  as  the  transmitted  signal,  the  robustness  of 
the  synchronization  will  be  weakened.  Moreover, 
it  will  be  very  difficult  to  design  adaptive  meth¬ 
ods  for  compensating  the  inevitable  parameter  mis¬ 
match  and  channel  distortions  [Chua  et  ai,  1996a, 
1996b;  Wu  et  ai,  1996].  Recently,  a  new  method 
had  been  proposed  [Yang  et  ai,  1996]  for  enhanc¬ 
ing  the  security  of  low-dimensional  secure  commu¬ 
nication  schemes  so  that  it  would  be  difficult  to 
break  them  with  current  cryptanalysis  techniques 
for  chaotic  systems  [Yang,  1995;  Short,  1994]. 

Non-ideal  channels  pose  a  serious  problem  in 
chaos-based  secure  communication  schemes.  The 
experimental  results  in  [Chua  et  ai,  1996a,  1996b] 
have  demonstrated  that  a  time-varying  or  distorted 
channel  can  desynchronize  the  systems.  In  [Chua 
et  ai,  1996a]  and  [Chua  et  ai,  1996b],  the  authors 


used  an  adaptive  channel  compensation  method  to 
overcome  the  non-ideal  channel  problem.  Recently, 
Carroll  [1996]  presented  an  amplitude-independent 
synchronization  scheme,  which  was  very  promising 
for  overcoming  the  non-ideal  channel  problem.  In 
this  letter,  we  study  the  channel-independent  syn¬ 
chronization  problem  in  the  more  general  frame¬ 
work  of  generalized  synchronization  (GS)  [Kocarev 
&  Parlitz,  1996;  Rulkov  et  ai,  1996]. 

While  most  previous  works  would  scramble  the 
message  signal  with  only  one  chaotic  state  variable, 
Yang  et  ai  [1996]  had  presented  a  message  scram¬ 
bling  scheme  which  used  two  chaotic  state- variables. 
In  this  letter,  we  propose  the  possibility  of  utiliz¬ 
ing  the  non-ideal  channel  property  to  scramble  the 
message  signal.  This  channel  scrambling  scheme 
is  used  to  overcome  the  time  series  identification 
attack  scheme  presented  in  [Short,  1994],  which  is 
sensitive  to  the  amplitude  of  the  transmitted  signal. 

2.  Generalized  Synchronization 
Through  Non-Ideal  Channels 

Consider  two  dynamical  systems 

x  =  /(x)  <-  driving  system  ^ 

y  =  g( y,  h(x))  <—  driven  system 
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where  x  €  Rn,  y  G  Rm,  h  :  Rn  Rm  is  an 
arbitrary  function. 

Definition  1.  Generalized  synchronization  (GS) 
[Kocarev  &  Parlitz,  1996;  Rulkov  et  al.,  1996].  The 
two  systems  in  (1)  are  said  to  be  in  a  state  of  gen¬ 
eralized  synchronization,  henceforth  referred  to  as 
GS,  if  there  exists  a  transformation  H  :  Rn  Rm, 
a  manifold  M  —  {(x,  y)|y  =  H(x)},  and  a  set 
B  C  Rn  x  Rm  with  M  C  B  such  that  all  trajec¬ 
tories  of  (1)  with  initial  conditions  in  B  approach 
M  as  t  — ►  oo. 

Remark.  Synchronization  in  the  normal  sense  is  a 
special  case  of  GS  with  m  —  n ,  and  H (x)  =  x. 

Assume  that  a  chaotic  system  can  be  decom¬ 
posed  into  two  parts 

x  =  </)(x)  +  ip(x)  (2) 

where  <?!>(x)  satisfies  the  condition 


Since  jyo  G  D,  we  have  zo  G  D.  Construct  the 
Lyapunov  function 

V=\eTe  (8) 

Observe  that 

V  =  eTe  =  eT(</>(x)  —  <f>( z))  <0.  (9) 

Since  <f>(.)  is  decreasing  in  D,  by  hypothesis,  the  last 
inequality  is  satisfied,  and  the  x-z  system  is  iden¬ 
tically  synchronized  (synchronization  in  the  usual 
sense)  as  t  — +  oo,  i.e. 

lim  y (t)  =  lim  Az  (t)  =  Xx(t) .  (10) 

t — ►oo  t— ►  oo 

It  follows  that  y  =  H(x)  =  Ax  is  the  associated  GS 
transformation.  ■ 

Example.  Consider  Chua’s  oscillator  defined  by 
[Chua,  1993] 


<f>(  Ax)  =  A  <f>(x)  (3) 

where  A  G  R  is  a  nonzero  constant.  Let  the  sig¬ 
nal  ip(x)  be  transmitted  to  the  driven  system  and 
consider  the  unidirectional  synchronization  scheme 

x  =  <f)(x)  +  ip(x)  <—  driving  system 
y  =  0(y)  +  Af/,(x)  *—  driven  system 

where  A  0  is  the  channel  gain. 


{x  =  a[y  -  x  -  f(x)\ 
y  =  x-y  +  z  (11) 

z  =  -Py  -  7 * 

where 

f(x)  =  bx  +  \  (a  -  b)(\x  +  l\-\x-  1|) .  (12) 

Equation  (11)  can  be  decomposed  as  follow: 


Theorem  1.  If  4>(x)  is  decreasing  in  D  €  i2n, 
x0  G  D  and  jyo  G  D,  then  the  two  dynamic  sys¬ 
tems  in  Eq.  (4)  are  GS  via  the  transformation 

H(x)  =  Ax  (5) 

Proof.  Since  A  7^  0,  let  z  =  jy  and  recast  the 
driven  system  in  Eq.  (4)  into 

z  =  j  <t>{  y)  +  V'(x) 

=  ^(^y)  +^(x) 

=  <f>(  z)  +  V’(x)  (6) 

Let  the  error  be  e  =  x  —  z  so  that  the  error  system 
is  given  by 

(7) 


X  <t>(x) 


/  -a f(x)\ 

+  0  .  (13) 

V  0  l 

V’(x) 

If  <j>{x)  is  decreasing  globally,1  we  have  D  =  R3. 
It  follows  that  we  only  need  to  transmit  a  scalar 

aWe  can  choose  a,  j3  and  7  such  that  the  following  matrix 

(—a  a  0  \ 

1-11 
0  -p  -1) 

is  negative  definite.  It  follows  from  Theorem  4  in  [Wu  k, 
Chua,  1994]  that  <£(x)  is  decreasing  globally. 


e  =  <f>{x)  -  <f>( z) . 
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signal  f(x)  for  achieving  GS.  The  receiver  system 
is  simply: 


f  —a 

a 

0  > 

(  X\  \ 

in 

= 

1 

-1 

1 

yi 

W 

l  0 

~P 

-7/ 

W 

XI  0(x l) 


+  A 


f  —af(x)'\ 
0 

v  °  y 


V>(x) 


(14) 


Our  simulation  results  are  shown  in  Fig.  1. 
Figure  1(a)  shows  the  attractor  of  the  driving 
system,  which  resembles  the  lower  branch  of  a 
Chua’s  spiral  attractor.  The  Lissajous  figures, 
henceforth  called  the  GS  plots  between  the  three 
respective  pairs  of  variables  x\  versus  x,  y\  ver¬ 
sus  y,  and  z\  versus  2,  are  shown  in  Figs.  1(b), 
1(c),  and  1(d),  respectively.  Observe  that  the 
associated  GS  transformation  function  H(-)  for 
these  systems  is  linear  in  accordance  with  Eq.  (5) 
of  Theorem  1.  Comparing  the  two  attractors  in 


Figs.  1(a)  and  1(e)  one  can  see  that  they  have  the 
same  shape.  Indeed,  they  are  scaled  versions  of 
each  other. 


3.  Secure  Communication 

In  this  section,  we  propose  an  application  of  the  pre¬ 
ceding  channel-independent  GS  schemes  to  chaotic 
secure  communication  of  binary  signals.  Our  pro¬ 
posed  scheme  is  significant  because  practical  chan¬ 
nels  are  always  distorted.  We  will  use  a  chaotic 
switching  scheme  to  scramble  the  binary  message 
signal.  At  the  transmitter  end,  the  binary  signal  is 
used  to  switch  some  parameter  of  the  function  tp{x) 
between  two  parameter  sets,  which  correspond  to 
bit-0  and  bit-1,  respectively.  At  the  receiver  end, 
our  parameter  change  can  be  detected  by  compar¬ 
ing  the  received  signal  and  a  state-variable  signal 
generated  by  the  receiver.  The  block  diagram  of 
our  proposed  scheme  is  shown  in  Fig.  2.  Observe 
that  before  the  signal  is  transmitted  to  the  channel, 
we  use  a  random  gain  to  scramble  it.  Observe  also 
that  a  clock  signal  is  used  to  ensure  that  during  the 
time  period  of  every  bit,  the  adaptable  gain  is  kept 
unchanged. 


Fig.  1.  Simulation  results  with  a  linear  channel  with  unknown  gain,  (a)  Attractor  of  the  driving  system,  (b)  the  x  *1  GS 
plot,  (c)  the  y-yiGS  plot,  (d)  the  z-n  GS  plot,  (e)  Corresponding  attractor  of  the  driven  system. 
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Fig.  2.  Block  diagram  of  a  GS-based  secure  communication  scheme. 


Observe  that  our  random  signal  can  be  a  truly 
random,  signal 2  sampled  from  the  real  physical  world 
and  that  both  the  transmitter  and  the  receiver  do 
not  need  to  know  anything  about  this  random  se¬ 
quence.  However,  for  an  intruder  trying  to  figure 
out  the  message  signal  from  the  transmitted  signal 
by  using  standard  identification  methods,  he  has  to 
figure  out  first  what  the  random  sequence  is.  This 
security  improvement  scheme  can  be  efficiently  used 
to  protect  our  system  from  such  possible  eavesdrop¬ 
per  attack  as  proposed  in  [Short,  1994]. 

In  the  following  illustrations,  we  will  use  Chua’s 
oscillators  as  the  chaotic  transmitter  and  receiver. 
For  convenience  of  hardware  implementation,  we 
will  use  the  following  actual  circuit  equations  of 
Chua’s  oscillator 


<  ^-  =  ^-[G(vl-v2)  +  i3]  (15) 

at  02 

■  w= ^ 

where  G  -  ^  and  f(v i),  the  piecewise  linear  v  -  i 
characteristics  of  Chua’s  diode,  is  given  by 

f(v i)  =  Gbv i  +  ]r{Ga  -  Gb)(\vi  +  E\  —  h  -  E\) 

(16) 


where  E  is  the  breakpoint  voltage  of  Chua’s  diode. 
We  will  choose  f(v i)  as  our  transmitted  signal.  The 
receiver  is  given  by: 


2Here,  a  truly  random  signal  means  that  even  the  transmitter 
cannot  reproduce  this  random  signal. 


'  ^  =  -L  [G(h  -  h)  -  r(t) } 

at  Oi 

<  ^  =  ±-[G{vi~h)  +  i 3] 

at  02 


dij, 
.  dt 


[—i)2  -  Roh] 


(17) 


where  r(t)  is  the  received  signal. 

We  modulate  the  digital  signal  by  switching  the 
value  of  the  two  parameters  Ga  and  Gb  in  Eq.  (16). 
At  the  receiver,  we  determine  the  value  of 


Vl(t) 


(18) 


at  the  moments  when  both  v\  =  0  and  sgn(ni)Di  < 
0,  where  v\ (t)  is  the  voltage  across  capacitor  C\. 

In  the  following  simulation,  the  parameters  for 
coding  bit-0  are:  Ci  =  17  nF,  C2  =  178  nF, 
G  =  1  mS,  L  =  12  mH,  Ga  =  -1.139  mS,  Gb  = 
-0.711  mS,  E  =  1  V,  R0  =  20  fi.  The  parame¬ 
ters  for  coding  bit-1  are  the  same  except  for  Ga  = 
-1.189  mS  and  Gb  =  -0.611  mS.  A  fourth-order 
Runge-Kutta  method  with  fixed  step-size  10"5  s  is 
used  in  our  simulation. 

To  recover  the  binary  message  signal  at  the  re¬ 
ceiver  end,  let  us  first  study  the  difference  between 
the  |Di  |-G  maps  when  different  parameter  sets  and 
channel  gains  are  used.  For  each  fixed  parame¬ 
ter  set,  the  values  of  |£i|  and  G  will  vary  as  we 
change  the  channel  gain  parameter  A.  Let  us  plot 
the  values  of  |f)i|  and  G  in  the  |{ii|  versus  G  plane 
as  A  varies  from  0.01  to  1,  as  shown  in  Fig.  3(a) 
in  two  colors:  the  “red”  curve  corresponding  to  bit 
0 ,  and  the  “blue”  curve  corresponding  to  bit  1.  It 
should  be  noted  that  only  those  points  correspond¬ 
ing  to  the  moments  when  vi  =  0  and  sgn(t>i)f>i  <  0 
are  plotted.  The  difference  between  these  two  “bit 
detection”  plots  are  significant.  In  fact,  it  is  the 
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Fig.  3.  Bit  detection  maps  corresponding  to  two  qualitatively  similar  waveforms,  (a)  The  difference  between  the  two  Ivij-G 
plots  corresponding  to  the  two  parameter  sets  for  coding  bit-0  and  bit-1,  (b)  Waveform  of  r(<)  for  coding  bit-0,  (c)  Waveform 
of  r(£)  for  coding  bit-1. 


direct  foundation  for  recovering  the  message  sig¬ 
nal  from  the  received  signal.  When  the  transmit¬ 
ter  parameters  are  switched  between  two  parame¬ 
ter  sets,  the  corresponding  Ivil-G  plot  will  switch 
between  these  two  curves.  Observe  that  the  spac- 
ings  between  these  two  plots  are  essentially  inde¬ 
pendent  of  the  channel  gain  A.  Hence,  to  recover 
the  binary  message  signal,  we  only  have  to  measure 
the  peaks  of  |t)i(£)|  and  the  corresponding  values  of 
G.  The  waveform  of  r(t)  (in  red)  for  coding  bit-0 


with  A  =  1  is  shown  in  Fig.  3(b).  The  waveform  of 
r(£)  (in  blue)  for  coding  bit-1  with  A  =  1  is  shown  in 
Fig.  3(c).  Observe  that  these  two  waveforms  reveal 
no  discernible  qualitative  differences  between  them 
and  it  is  not  obvious  at  all  that  they  hide  a  binary 
message. 

The  message  recovering  process  is  as  follows. 
First,  we  use  the  received  signal  to  derive  a 
|i)i|-G  “bit-detection”  map.  We  can  even  fabri¬ 
cate  this  map  together  with  the  receiver  to  serve  as 
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another  hardware  key.  In  practical  applications,  the 
receiver  recovers  the  message  signal  by  matching  the 
GS  results  with  the  liil-G  bit  detection  map. 

In  particular,  it  is  very  important  for  our  chaotic 
switching  method  to  work  at  a  high  bit-rate  —  both 
from  security  considerations  [Yang,  1995],  and  for 
increasing  transmission  efficiency.  To  achieve  this 
goal,  we  can  set  up  a  look-up  table  at  the  transmit¬ 
ter  end.  Whenever  a  bit  change  occurs  (i.e.  from 
bit-1  to  bit-0  or  from  bit-0  to  bit-1),  the  transmit¬ 


ter  randomly  selects  a  point  in  the  stable  attractor 
corresponding  to  the  next  bit.  This  point  should 
satisfy  the  condition  that  f(v i)  is  the  same  as  that 
of  the  last  instant  of  the  former  bit.  This  can  be 
easily  implemented  by  finding  vy  from  f(v i)  and 
then  using  Vi  to  locate  the  point.  Our  simulation 
results  are  shown  in  Fig.  4.  Figure  4(a)  shows  the 
received  signal.  Figure  4(b)  shows  the  randomly 
changed  (or  scrambled)  global  channel  gain  A (t)  (in 
blue),  the  binary  message  signal  (in  green)  and  the 


(b) 

Fig.  4.  Simulation  results  of  channel-independent  chaotic  switching,  (a)  The  received  signal,  (b)  The  message  signal  (green) 
recovered  signal  (red)  and  the  global  channel  gain  (blue). 
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recovered  signal  (in  red).  From  Fig.  4(b),  one  can 
see  that  the  digital  signal  can  be  easily  recovered 
by  using  a  moving  average  filter  and  thresholding. 

4.  Concluding  Remarks 

One  disadvantage  of  a  chaotic-synchronization 
based  spread-spectrum  communication  is  its  sen¬ 
sitivity  to  variations  in  the  channel  gain.  In  this 
letter,  we  present  a  new  scheme  which  is  insensitive 
to  channel  distortions.  Since  the  amplitude  of  our 
transmitted  signal  is  scrambled  by  a  randomly  vary¬ 
ing  gain,  it  would  be  nearly  impossible  to  apply  any 
identification-based  method  to  break  the  security  of 
our  proposed  scheme. 
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We  suggest  a  method  for  encoding  messages  by  chaotic  dynamical  systems.  The  main  idea  is 
that  by  targeting  the  trajectories  of  some  chaotic  dynamical  system  with  time  constraint,  some¬ 
one  can  send  a  information  to  the  remote  recipient.  The  concept  is  based  on  setting  receptors 
in  the  phase  space  of  the  dynamical  system,  and  then  targeting  the  trajectory  between  them. 
We  considered  the  time  of  arriving  from  one  receptor  to  another  as  a  carrier  of  information 
obtained  by  searching  in  the  table  of  values  for  arriving  times. 


1.  Introduction 

Since  1990,  when  an  inspiring  article  about  control¬ 
ling  chaos  appeared  [Ott  et  al.,  1990],  many  possible 
applications  arose  from  the  concept  of  controlling 
chaos.  One  of  the  possible  applications  was  first 
considered  by  Hayes,  Grebogi  and  Ott  in  [Hayes 
et  al,  1993]  relying  on  targeting  techniques  (see 
[Hayes  et  al.,  1993;  Shinbrot  et  al,  1990]).  There 
they  proposed  to  code  some  information  by  target¬ 
ing  a  chaotic  trajectory  between  two  half-planes  of 
a  Poincare  section.  Every  hit  of  the  trajectory  at 
one  of  the  half- planes  was  treated  as  sending  a  bit  of 
information  (0  or  1).  Many  researchers  agreed  that 
besides  the  fact  that  the  idea  was  nice  and  it  was 
experimentally  verified  in  [Hayes  et  al,  1994],  the 


transmission  of  the  data  was  too  slow  for  any  prac¬ 
tical  application.  After  that,  a  new  refreshing  idea 
came  from  Schweizer  and  Kennedy  (see  [Schweizer 
&  Kennedy,  1995]),  where  Poincar6  section  was  di¬ 
vided  into  regions  whose  number  was  between  24 
and  28,  so  called  subsectors,  and  the  trajectory  was 
controlled  and  targeted  between  those  subsectors 
following  a  desired  symbolic  sequence  (so  called  Pre¬ 
dictive  Poincare  Control  (PPC)).  The  size  of  the 
alphabet  they  deal  with,  was  equal  to  the  number 
of  the  subsectors  i.e.  between  24  and  28. 

In  this  paper  we  propose  another  approach, 
based  on  the  fact  that  a  huge  amount  of  information 
is  discarded  when  the  time  of  arrival  of  the  trajec¬ 
tory  from  one  position  to  another  is  omitted.  In 
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this  case  we  will  show  that  the  size  of  the  alphabet 
can  be  more  than  217. 


2.  The  Method  for  Solution  of 
Time  Targeting  Problem  in 
Chaotic  Systems 

In  [Gligoroski  et  al.,  1996]  a  method  for  the  solution 
of  the  Time  Targeting  Problem  was  given.  Here  we 
briefly  describe  the  method.  Instead  of  the  dynam¬ 
ical  system  given  by 

x  =  F(x,  p) ,  (1) 

where  x  =  (xi,  x<i, . . . ,  x„)  is  a  point  in  the  phase 
space  we  consider  the  system 

x  =  F(x,  p)  +  g(x) ,  (2) 

where  g  is  a  real  n-component  function  of  x.  In 
[Gligoroski  et  al,  1996]  this  component  was  chosen 
to  take  small  values,  i.e.  |g(x)|  <  6,  for  6  relatively 
small  fixed  value  (less  than  0.1%  of  the  size  of  the 
attractor),  but  as  we  will  see  further,  for  defining 
a  method  for  digital  communication  by  chaotic  sys¬ 
tems,  there  is  no  need  for  that  restriction.  First  let 
us  accept  some  common  notions  that  will  be  used 
in  the  article.  Let  A  C  Rn  be  the  attractor  of  the 
dynamical  system  described  by  (1)  in  n-dimensional 
phase  space  Rn,  and  let  ri  6  A  be  a  point,  in  the 
e- neighborhood  0(ri,  e)  of  which  we  want  to  tar¬ 
get  the  trajectory  of  the  dynamical  system,  starting 
from  a  point  r2  €  A.  Further,  denote  by  T(f,  Xo) 
the  trajectory  obtained  by  (1),  with  some  initial 
point  xo  at  t  =  0,  where  f  is  a  solution  of  (1).  In 
[Gligoroski  et  al,  1996]  it  was  discussed  that  there 
exists  a  part  of  the  trajectory  T( f ,  x)  with  the  prop¬ 
erty  that  x  €  A  and  x  =  f(x,  0)  and  there  exists 
t  >  0,  such  that  (Vs)(0  <  s  <  f)f(x,  s)  &  0( ri,  e) 
and  f(x,  t)  €  dO( rj,  e),  where  dO(r\,  e)  is  the 
boundary  of  the  neighborhood  0(ri,  e).  By  Tri  we 
denote  that  part  of  the  trajectory. 

Further,  for  every  Tri  ( Ttl  C  f?n),  we  define 
h  :  fri  — ►  Rn+1  by: 

h(x')  =  (f (x,  s),  t  -  s) , 
for  every  x'  =  f(x,  s)  e  fTl ,  (3) 

We  denote  h(Tri)  by  't}1.  So  the  points  xn  € 
are  of  the  form  x^  =  (x[,  x'2, . . . ,  x'n,  tx)  €  Rn+1 
where  x'  =  (x\,  x'2,...,  x'n)  and  the  (n  +  l)th  co¬ 
ordinate  tx  —  t  —  s  (i.e.  time  coordinate)  is  the 


time  needed  for  the  system  (1)  to  arrive  at  0(ri,  e) 
starting  from  x'  without  perturbation. 

Having  all  these  definitions,  we  will  now  de¬ 
scribe  the  algorithm  for  solving  the  Time  Targeting 
Problem  in  chaotic  systems.  The  notation  is  similar 
like  in  [Gligoroski  et  al,  1996]  but  it  is  adopted  for 
the  purposes  of  this  article. 

Preparatory  Phase 

Step  1.  Take  a  random  point  ri  €  A  in  whose 
neighborhood  one  wants  to  arrive,  from  some  ran¬ 
dom  point  T2  6  A,  and  specify  the  time  TargetTime 
for  reaching  the  0(rj,  e)  from  r2. 

Step  2.  Collect  the  data  of  the  set  {T^.  }j=i,N  for 
the  point  ri. 

Controlling  Phase 

Step  3.  Set  x  €  0(r2,  e)  and  CountDown  = 
TargetTime. 

Step  4-  Integrate  the  system  (1)  starting  from  x, 
for  a  small  time  step  At,  reaching  some  new  point 
x;  Decrease  CountDown  by  At,  i.e.  CountDown  = 
CountDown  —  At. 

Step  5.  Find  the  point  yj  €  {T^. }j=i,N  which 
is  at  a  “smallest  distance”  from  the  point  x4  = 
(x,  CountDown ). 

Step  6.  Push  x  to  a  new  position  x,  toward  the 
point  yj  where  yj  =  (y j,  tD ),  with  the  restriction 
that  the  perturbation  does  not  exceed  6. 

Step  7.  If  x  0  0(rj,  e)  and  CountDown>  0  then 
go  to  Step  4. 

In  the  Fig.  1  we  are  showing  the  results  of  ap¬ 
plying  the  above  algorithm  on  the  double  scroll  at¬ 
tractor  of  the  Chua’s  circuit  [Parker  &  Chua,  1989] 
defined  by  the  equations 

-=a(y-h(x)),  —=x—y+z ,  -  =  -0y  (4) 

where  h  is  the  piecewise-linear  function 

{mix  +  (mo  —  mi) ,  x>\ 

mox ,  |x|  <  1  (5) 

mix  — (mo  — mi),  x  <  —  1 

and  where  a  =  9,  (3  =  100/7,  mo  =  —1/7,  mi  = 
2/7,  and  for  the  points  ri  =  (1.845436494276013, 
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Fig.  1.  Time  Targeting  on  the  double  scroll  attractor;  Thin 
trajectory  started  at  T2  reached  0(ri,  e)  after  TargetTime  = 
4.5;  Thick  trajectory  started  at  T2  reached  0(  1*1,  e)  after  Tar¬ 
get  Time  =  7.0. 


0.122463900650633,  -2.010749234398700)  and 

r2  =  (-1.683256250478941,  0.141054046947965, 
2.583098236358436),  with  At  =  0.001,  6  =  0.002, 
e  =  0.1  and  TargetTime  =  4.5  and  TargetTime  = 
7.0. 

As  mentioned,  if  someone  wants  to  control  a 
chaotic  system  in  some  real  physical  system,  he(she) 
will  have  to  deal  with  perturbations  which  will  be 
naturally  constrained  by  some  amount  6.  On  the 
other  hand  if  the  above  algorithm  is  going  to  be 
used  in  digital  communications  then,  this  constrain 
does  not  need  to  be  considered.  Exactly  this  case 
will  be  described  in  the  following  section. 

3.  A  Method  for  Coding 

Information,  by  Time  Targeting 

of  the  Chaotic  Trajectories 

To  exploit  the  concept  of  targeting  the  trajecto¬ 
ries  for  coding  some  information,  we  will  define  M 


■  Table  1.  Table  for  definition  of  a  finite 
automaton  from  the  receptors  r*. 


n 

Tl 

T2 

TM 

ri 

Ui,i 

Via 

■■■  vllU 

T2 

u2. 1 

•  j? 

U2,u 

Tm 

Vma 

Um  ,2 

—  UUlU 

points  in  the  phase  space  such  that  they  will  be 
as  receptors  and  we  will  create  a  table  of  values  de¬ 
scribing  what  information  was  sent  when  the  chaotic 
trajectory  arrived  from  say  receptor  r<  to  the  re¬ 
ceptor  Tj  (Table  1).  So  let  us  denote  by  r*  €  A, 
i  =  1,. . . ,  M  the  points  in  which  e- neighborhood 
0( n,  e)  we  want  to  target  the  trajectory  of  the  dy¬ 
namical  system.  We  will  consider  the  transmission 
of  the  data  as  sending  the  sequence  of  letters  a*  €  E, 
where  E  =  {ai,  o2, . . . ,  am}  is  an  alphabet  consist¬ 
ing  of  m  letters.  We  additionally  want  the  position 
of  the  receptors  and  the  value  of  £  to  be  such  that 
(Vi,  j)(0(Ti,  e)  n  0(rj,  e)  =  0). 

Now  for  every  t,  j  €  {1,  2,...,  M}  we  define 
M2  subsets  of  the  set  E,  Uij  =  {a^ ,  a^, . . . ,  aUij }  C 
E  such  that: 

(Vi  €  {1,  2 . M})  ( jj  U,J  =  £j  (6) 

(Vi,  jii  ji € {1,  2,...,  M})O^j2)(^nC/fj2=0) 

(7) 

With  Table  1,  we  can  define  deterministic  fi¬ 
nite  automaton  A  =  ( K ,  E,  fi,  s,  F)  where  K  = 
{n,  r2,...,  r^r}  is  a  finite  set  of  M  states,  E  = 
{ai,  a2, . . . ,  am}  is  an  alphabet  consisting  of  m  let¬ 
ters,  s  is  the  initial  state,  F  C  K  is  the  set  of  final 
states  and  fi  is  the  transition  function  from  K  x  E 
to  K  given  by  Table  1  (see  (Lewis  &  Papadimitriu, 
1981]).  Note  that  conditions  (6)  and  (7)  guarantee 
that  fl  is  well  defined.  Now  if  we  want  the  automa¬ 
ton  A  to  work  in  our  dynamical  system  (1),  then 
we  will  have  to  make  the  following  assumptions  and 
changes: 

1.  If  X  =  /(x o,  t)  €  0(rj,  e)  then  we  will  say  that 
the  automaton  is  in  the  state  r,; 

2.  For  every  a„  €  Uij  we  will  define  unique  time 

and  that  value  will  mean  that  if  we  are  in 
the  state  r<  (i.e.  in  the  0(rj,  e))  then  if  we  want 
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to  send  the  letter  a„  we  will  have  to  send  some  in¬ 
formation  to  the  receiver,  such  that  chaotic  tra¬ 
jectory  will  arrive  from  rj  to  tj  for  the  time  7^. 

3.  We  will  slightly  change  the  nature  of  the  automa¬ 
ton,  defining  that  the  subset  F  of  the  final  states, 
will  be  dynamically  determined  during  the  work 
of  the  automaton.  Namely  from  the  set  E  we 
will  determine  a  letter  asTOPi  that  will  deter¬ 
mine  the  set  F  in  the  following  manner:  If  the 
letter  a  stop  was  processed  through  the  automa¬ 
ton,  then  the  actual  state  r„  will  become  a  mem¬ 
ber  of  F,  i.e.  the  work  of  the  automaton  will 
stop.  Formally  this  means  that  the  automaton  A 
recognizes  the  language  (Y,\{asTOp})*  aSTOP- 

Now  we  give  a  description  of  the  method  for 
coding  (decoding)  the  messages,  i.e.  the  com¬ 
munication  between  two  participants.  Both  sender 
and  receiver  will  have  to  have  these  common 
information: 

1.  Definition  of  the  dynamical  system,  which  could 
be  private  or  public. 

2.  Definition  of  the  initial  position  xo  €  Rn  which 
will  be  private. 

3.  Definition  for  the  integration  time  step  At,  which 
could  be  public. 

4.  Definition  of  the  position  of  the  M  receptors  rj  € 
A,  i  =  l,...,  M  which  will  be  private. 

5.  Definition  of  the  function  ft  which  could  be 
public. 

6.  Definition  of  the  corresponding  values  of  times 
T'av  which  could  be  public. 

From  all  this  it  follows  that  the  key  for  secure 
communication  will  be  the  ( M  +  l)-tuple  (xo,  ri, 
r2,-..,  tm)  or  the  (M  +  2)-tuple  (F,  xo,  ri,  r2,..., 
tm)- 

Below,  in  the  form  of  the  algorithm  we  give 
the  actions  that  will  have  to  make  both  sender  and 
receiver  of  the  information. 

Preparatory  Phase 

Step  1.  For  every  receptor  r» ,  i  =  1, . . . ,  M  define 
the  sets  of  trajectories  Tj  =  {2r0  }j=i,Wi- 

Step  2.  Take  a  word  w  =  w\W2  •  -  •  Wk  €  E*  which 
is  to  be  sent,  and  set  w'  =  W2W3  •  •  •  Wk  where  wi  € 
E,/  =  l,...,*. 

Step  3.  Set  x  =  xo- 
Step  4 •  Set  i  —  1,  R  =  ri. 


Transmission  Phase 

Step  4.  In  the  table  for  ft,  for  the  receptor  R  find 
the  column  j  where  the  first  letter  of  w,  i.e.  w\  = 
a„  €  Uitj  is.  For  the  av  set  Target  Time  =  Tlu . 

Step  5.  From  the  set  Tj  find  a  point  y£  =  (y, 
TargetTime )  i.e.  such  that  f  (y,  TargetTime )  € 
0(rj,  e),  and  f(y,  s )  £  0(r,-,  e)  for  0  <  s  < 
TargetTime -At. 

Step  6.  Transmit  the  vector  a  =  y  —  x. 

Step  7.  Set  x  =  f(y,  TargetTime). 

Step  8.  Set  i=j. 

Step  9.  Set  R  —  r,-. 

Step  10.  Set  w  =  w7  and  then  set  v/  =  W2W3  •  •  • 
W|w|,  where  |w|  is  the  length  of  the  word  w. 

Step  11.  If  not  (|w|  =  0  or  R  €  F)  then  G0T0 
Step  4. 

Here  we  have  to  give  a  commentary  about  some 
of  the  steps.  In  the  Step  1,  while  determining  T<, 
i  =  1,...,M  one  additional  condition  has  to  be 
satisfied: 

(Vi,  j  e  {1,  2, . . . ,  M})(V!  e  {1, . . . ,  Ni}) 

The  condition  (8)  ensures  that  during  the  evo¬ 
lution  in  the  dynamical  system,  the  trajectory  will 
not  meet  some  other  receptor  except  the  wanted 
one.  There  is  no  necessity  every  time  in  the  begin¬ 
ning  of  the  communication  for  the  sender  to  search 
for  T<,  i  =  1, . .  • ,  Af,  but  it  would  be  practical  if 
he(she)  calculates  them  once  prior  the  communica¬ 
tion.  The  receiver  does  not  have  to  have  this  in¬ 
formation.  The  exchange  of  information  is  made  in 
Step  6.  In  fact  the  receiver  will  receive  a  sequence  of 
the  n-dimensional  vectors  (a;),  l  =  1,...,  k  which 
will  translate  the  initial  position  in  the  phase  space 
from  where  the  receiver  will  integrate  the  dynam¬ 
ical  system.  Below  the  steps  of  the  receiver  are 
described. 

Preparatory  Phase 
Step  1.  Set  x  =  xo- 
Step  2.  Set  i  =  1,  R  =  ri. 

Decoding  Phase 

Step  3.  Receive  the  vector  a. 
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Step  4.  Set  x  =  x  +  a, 

Step  5.  Integrate  the  system  (1)  until  x  €  0(rj,  e) 
for  some  j  =  1,2 M,  i.e.  find  the  smallest 
TargetTime  such  that  f(x,  TargetTime)  €  0{vj,  e). 

Step  6.  In  the  ith  row  of  the  table  for  ft,  find  the 
letter  au  €  Uij  such  that  TargetTime =T^. 

Step  7.  Set  i  —  j  ■ 

Step  8.  Set  R  =  r*. 

Step  9.  If  R  &  F  G0T0  Step  3. 

As  a  general  note,  for  the  above  method,  we 
have  to  say  that  both  sender  and  receiver  must  have 
the  same  libraries  for  mathematical  computing  for 
ensuring  that  there  will  not  occur  minor  numerical 
differences,  that  could  evolve  in  considerable  dif¬ 
ferences  during  the  time  evolution  of  the  chaotic 
dynamical  system.  Namely,  it  is  obvious  that  the 
above  method  is  very  sensitive  (like  the  chaotic  sys¬ 
tem  it  deals  with)  to  small  differences  in  initial 
conditions.  It  is  possible  that  different  computer 
architectures  under  the  same  or  different  operat¬ 
ing  systems,  do  not  perform  100%  exactly  the  same 
mathematical  operations.  So  there  is  the  danger 
of  making  those  small  differences  in  computing  be¬ 
tween  two  correspondents  on  different  computer  ar¬ 
chitectures.  In  practice,  however,  we  tested  numeri¬ 
cally  our  algorithm  in  HP  Apollo  700  with  HP-UX, 
DEC  with  ULTRIX  and  PC486-Linux,  and  in  all 
cases  while  working  with  20  decimal  digits  accuracy, 
the  results  were  identical.  Of  course  in  general,  such 
a  situation  cannot  be  expected  for  every  computer 
architecture,  including  the  architectures  mentioned 
above.  One  of  the  solutions  that  will  increase  the 
robustness  of  the  algorithm  but  will  decrease  the 
capacity  of  the  method  for  coding  different  letters 
of  the  alphabet  £  is  to  change  the  strict  condition 
for  associating  the  real  numbers  T£v  for  the  letters 
a„  in  Uij  that  represents  the  time.  Instead  of  that  if 
for  every  au  €  Uij  we  associate  the  interval  of  times 
P(a„)i'  7(‘q^)2],  then  the  method  will  gain  more  ro¬ 
bustness  on  slight  numerical  discrepancies  and  pos¬ 
sible  noise  in  communication.  Another  solution  is 
to  define  and  use  common  numerical  libraries  for 
performing  mathematical  calculations.  Actually  it 
is  done  with  ANSI/IEEE  standards  (ANSI/IEEE 
1985;  Miner  1995). 

As  a  second  note  here,  we  want  to  stress  the 
fact  that  if  the  sets  |Ujj|  =  1  then  it  implies  that 
the  number  of  the  letters  in  the  alphabet  £  is  equal 
to  M.  That  further  implies  that  the  transition  func¬ 


tion  ft  represents  some  quasigroup  transformation. 
In  that  case  if  someone  wants  to  ensure  that  the 
method  is  still  secure,  one  should  keep  the  defini¬ 
tion  of  ft  private.  This  case  needs  no  chaotic  system 
to  be  involved,  and  is  investigated  in  [Markovski 
et  al,  1996]).  However,  if  \Uij\  >  1,  i.e.  |  « 
and  m  »  M,  to  eliminate  ubiquity  in  the  transi¬ 
tion  function  ft,  we  use  a  nonlinear  chaotic  system 
and  the  algorithm  for  time  targeting  the  trajectory. 
This  gives  sufficient  time  ensuring  that  the  transi¬ 
tion  function  ft  could  be  announced  publicly.  But, 
if  someone  decides  to  keep  the  function  ft  private, 
it  is  natural  that  the  security  of  the  method  will  be 
increased  further. 

4.  A  Numerical  Example 

We  give  here  a  simple  example  that  implements 
the  proposed  method.  For  representing  real 
numbers  in  the  numerical  calculations  we  used  stan¬ 
dard  double  variables  in  the  C  programming 
language,  and  used  standard  ANSI  mathematical 
libraries  under  the  UNIX  operating  system.  We 
chose  a  descriptive  alphabet  £  to  be  E  =  {happy, 
today,  this,  Saturday,  is,  we,  are,  STOP).  The 
reasons  for  this  are  given  in  the  following  section. 
Let  the  chaotic  dynamical  system  be  described  by 
Eqs.  (4).  First  we  will  pick  three  points  from  its 
attractor  i.e.  we  will  set  the  number  of  receptors  to 
be  M  =  3.  Let  the  three  receptors  be 

n  =  (1.845436494276013,  0.122463900650633, 

-  2.010749234398700) , 

r2  =  (-1.683256250478941,  0.141054046947965, 
2.583098236358436) , 

and 

r3  =  (-1.452028431812372,  -0.225366862676237, 
0.597956830041859) . 

Then  we  have  to  define  the  table  for  ft,  as  well  as 
the  corresponding  times  for  every  element  of  the  E 
for  every  row  of  the  table.  Such  a  table  is  defined 
by  Table  2. 

Let  suppose  that  the  secret  initial  condition 
is  xo  =  (2.029371965283351,  0.057933549559485, 
-2.794092337408118),  and  that  we  want  to  send 
the  sentence:  “we  are  happy".  According  to  the 
algorithm  given  above,  the  initial  state  of  the  au¬ 
tomaton  is  s  =  ri.  So  to  send  “we”  we  will  have 
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Table  2.  Table  for  definition  a  finite  automaton  for  coding. 


ft 

Tl 

T2 

T3 

ri 

Saturday  are 

we 

is 

today 

STOP 

happy  this 

0.911  1.370 

0.549 

1.784 

3.400 

2.010 

4.001  3.991 

T2 

Saturday  STOP  today 

is 

we 

are 

this 

happy 

3.091  2.123  5.047 

4.844 

0.159 

0.237 

0.301 

2.919 

TZ 

STOP 

is 

Saturday 

we 

happy 

are  today  this 

4.077 

1.348 

2.000 

0.091 

1.111 

2.064  1.455  2.210 

to  send  a  perturbation  vector  a  such  that  starting 
from  the  initial  position  x  =  xo  +  a  the  dynamical 
system  (4)  will  come  to  the  e-neighborhood  of  the 
receptor  r2  exactly  after  0.549  time  units.  Indeed 
if  a  =  (-3.954324138116263,  -0.28359011560741, 
4.626806197778236)  then  starting  from  the 
point  x  =  xo  4-  ot  =  (—1.924952172832912, 
-0.225656566047925,  1.832713860370118)  the 

chaotic  trajectory  of  the  system  (4)  will  come  in  the 
e- neighborhood  of  the  receptor  r2,  i.e.  the  trajectory 
will  come  in  the  position  x  =  (—1.762665576253783, 
0.088770903414361,  2.605385352837998).  Then, 
looking  at  the  table  we  conclude  that  for  sending 
“are”  we  will  have  to  send  another  pertur¬ 
bation  vector  a  =  (—0.209641631598652, 

-0.172502772344169,  -0.07711156800614294), 

such  that  the  trajectory  from  the  new  initial 
position  x  =  x  +  a  —  (—1.972307207852435, 
-0.083731868929808,  2.528273784831855)  will 

arrive  again  in  the  e-neighborhood  of  r2  after 
0.237  time  units.  The  position  of  the  x  in  that 
moment  will  be  x  =  (—1.746011264985092, 

0.082867097899804,  2.534200977720516).  Looking 
again  in  the  r2-row  we  conclude  that  now  the  new 
perturbation  a  will  be  a  =  (1.048357637743255, 
-0.049699544821496,  -1.441960951981411)  and 

so  the  initial  position  x  =  x  -I-  a  = 
(-0.697653627241837,  0.033167553078308, 

1.092240025739105)  will  cause  that  trajectory  to 
come  in  the  e-neighborhood  of  r3  after  2.919  time 
units.  The  position  of  x  in  that  moment  will  be 
x  =  (-1.388171378238194,  -0.157326981953662, 
0.569821842613611).  Finally,  we  will  send  the 
perturbation  vector  a  =  (0.619234964397997, 

0.3962522891898819,  -0.04052289455508007)  that 
will  cause  the  trajectory  starting  from  initial  posi¬ 
tion  x  =  (-0.768936413840197,  0.238925307236220, 
0.529298948058531)  to  come  in  the  e-neighborhood 
of  i*i  after  4.077  time  units,  meaning  that  we  have 
send  the  element  “STOP". 


5.  Practical  Application  of  the 
Method  and  Further  Directions 

In  the  previous  section  we  gave  the  numerical  ex¬ 
ample,  where  we  have  chosen  alphabet  E  to  be  E  = 
{happy,  today,  this,  Saturday,  is,  we,  are,  STOP). 
We  did  so  because  we  want  to  stress  that  using  the 
above  method  one  can  define  an  alphabet  with  more 
than  10s  elements,  and  for  that  alphabet  can  define 
the  corresponding  table  for  the  function  ft  having 
only  ten  receptors.  This  can  easily  be  evaluated  if 
someone  calculated  the  average  length  of  trajecto¬ 
ries  in  the  set  T,  =  {T*  In  our  experimen¬ 

tal  case  it  was  more  than  10.  Bearing  in  mind  that 
the  integration  step  was  At  =  0.001  it  follows  that 
only  with  10  receptors  one  can  define  an  alphabet 
with  more  than  105  elements.  That  number  can 
be  many,  many  times  greater  if  we  change  the  low¬ 
dimensional  chaotic  dynamical  systems  such  as  that 
of  the  equations  (4)  by  high  dimensional  chaotic  dy¬ 
namical  systems.  So  we  expect  that  one  can  use  the 
above  method  for  encoding  the  entire  natural  lan¬ 
guages.  This  fact  also  opens  possibilities  to  apply 
the  method  in  some  kind  of  data  compression,  and 
this  will  be  a  matter  for  further  research. 

From  the  statistical  point  of  view,  we  have  not 
still  investigated  in  detail  how  the  statistical  cor¬ 
relation  between  plain  and  encoded  messages  are. 
However,  first  impressions  are  that  if  someone  wants 
to  use  a  method  for  secure  communication  by  the 
secret  key,  there  will  be  a  lot  of  possibilities  for 
choosing  the  secret  key.  First,  the  initial  position 
and  the  positions  of  receptors  can  be  chosen  the¬ 
oretically  from  an  unlimited  set  of  possibilities  in 
the  phase  space  (in  practical  implementation  the 
limit  will  depend  on  the  number  of  accurate  dig¬ 
its  the  computers  deal  with).  Second  the  number 
of  possibilities  to  choose  a  chaotic  dynamical  sys¬ 
tem  is  also  theoretically  and  practically  unlimited, 
and  the  coding  and  decoding  is  based  on  the  use  of 
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nonlinear  and  chaotic  systems.  Third,  the  working 
of  the  automaton  A  implies  that  coding  of  the  sen¬ 
tences  is  context  dependent,  so  we  assume  that  sta¬ 
tistical  attack  on  the  key  will  be  very  hard.  Fourth, 
because  both  sender  and  receiver  may  have  their 
own  database  for  the  sets  Tj,  i  =  1 ,...,  M,  the 
same  sentence  could  be  coded  in  different  ways. 
Fifth,  there  is  a  possibility  of  the  agreement  be¬ 
tween  correspondents,  that  will  change  the  initial 
position  xo,  every  time  the  communication  is  done, 
so  the  method  will  simulate  the  one-time  pad 
system  for  secure  communication  (see  [Shannon, 
1949]).  Sixth,  because  of  the  very  big  number  of 
letters  in  S  and  the  context  dependent  coding,  a 
particular  vector  a  that  was  sent,  will  practically 
never  be  sent  again  in  a  session  of  communication. 

Here  we  also  want  to  stress  the  fact  that  there 
are  possibilities  to  apply  the  above  method  for 
pattern  recognition  (especially  recognition  of  voice 
signals).  Namely  if  we  look  at  the  activity  of  the 
recipient  of  the  data,  exchanged  between  two  par¬ 
ticipants  with  the  method  described  above,  then  we 
can  say  that  the  recipient  has  the  knowledge  to  rec¬ 
ognize  the  data  he(she)  receives  from  the  sender. 
The  knowledge  is  incorporated  into  Table  1,  and 
the  placement  of  the  receptors  rt.  So  the  problem 
of  recognition  of  the  signals  can  be  reformulated  as 
the  problem  of  finding  appropriate  receptors  and 
the  problem  of  filling  the  Table  1.  Further  research 
will  head  in  that  direction. 
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which  represent  the  existence  conditions  for  the  PLC.  Since  L(jw o)  is 
a  complex  number,  (6)  and  (7)  constitute  three  independent  equations 
that  can  be  solved  with  respect  to  A,  B  and  cjo-  Plots  of  A  and  B 
versus  9  are  shown  in  Fig.  2. 

The  third  step  for  chaos  prediction  is  the  evaluation  of  the  distortion 
index  A,  defined  in  (7)  of  [7]  and  reported  as  a  function  of  9  in  Fig.  3. 

According  to  [7],  chaos  is  expected  in  the  parameter  range  such  that 
the  two  conditions  Cl  and  C2  reported  above,  are  fulfilled.  Condition 
Cl  reduces  to  the  inequality  J3  >  A;  from  Fig.  2  it  is  seen  that 
Cl  is  satisfied  if  9  <  0.160.  Condition  C2  can  be  expressed  as 
8~  <  A  <  <5+,  where  <5 ~  is  the  upper  bound  corresponding  to  a 
true  prediction,  whereas  is  the  lower  bound  corresponding  to  an 
unreliable  prediction  (see  p.  155  of  [7]).  By  assuming  5"  -  0.03 
and  =  0  1,  the  corresponding  9  interval  becomes  approximately 
0.157  <  9  <  0.175.  Then  by  intersecting  the  two  conditions,  we 
expect  chaos  in  the  range  0.157  <  9  <  0.160.  The  time  simulation 
of  the  circuit,  shown  in  Fig.  4,  confirms  the  prediction;  in  fact  it  is 
seen  from  Fig.  4  that  at  9  —  0.19  the  system  exhibits  a  period-1  limit 
cycle;  then  a  period  doubling  bifurcation  occurs  for  9  =  0.165  and 
eventually  a  double-scroll  like  attractor  is  observed  for  9  =  0.158 
and  9  —  0.160. 


m.  Conclusion 

We  have  shown  that  the  complex  dynamics  of  the  time-delayed 
Chua’s  circuit  can  be  investigated  through  the  spectral  approach 
developed  in  [7],  based  upon  the  describing  function  technique  and 
on  the  evaluation  of  the  distortion  index.  In  particular  we  have 
concentrated  on  a  set  of  parameters  which  gives  rise  to  a  double- scroll 
like  attractor  and  we  have  shown  that  its  existence  and  characteristics 
can  be  easily  predicted,  via  the  spectral  technique,  without  resorting 
to  simulation.  We  remark  that  by  following  the  same  approach  the 
dynamic  behavior  of  the  TDCC  can  be  investigated  in  the  whole  of 
the  parameter  space.  Moreover  the  above  spectral  technique  allows 
to  study  the  effects  of  the  parasitics  in  those  circuits  described 
by  difference  equations,  which  have  found  applications  in  secure 
communications  (see  [1]). 
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Experimental  Poincare  Maps  from  the 
Twist-and-Flip  Circuit 

Guo-Qun  Zhong,  Leon  O.  Chua,  and  Ray  Brown 


Abstract—  In  this  letter,  we  present  a  physical  implementation  of  the 
twist-and-flip  circuit  containing  a  nonlinear  gyrator.  Many  phase  portraits 
and  their  associated  Poincart  maps  are  observed  experimentally  from  this 
circuit  and  presented  in  this  paper. 

I.  Introduction 

Fractals  are  one  of  many  manifestations  of  complicated  chaotic 
dynamics.  The  fractal  phenomenon  can  occur  not  only  in  autonomous 
systems  typical  of  Chua’s  circuit  [1H3],  but  also  in  nonautonomous 
systems  driven  by  time-varying  signals  and  therefore  described  by  a 
nonautonomous  system  of  ordinary  differential  equations 

x  =  /(x,  t)  (1) 

where  x  is  a  vector  in  an  n-dimensional  Euclidean  space  Rn . 

The  twist-and-flip  circuit  offers  one  of  the  simplest  paradigms  for 
nonautonomous  chaos.  Indeed,  the  state  equations  associated  with  the 
twist-and-flip  circuit  are  the  only  known  nonautonomous  system  of 
ordinary  differential  equations  whose  Poincard  map  can  be  derived 
in  an  explicit  analytic  form.  Based  on  this  property  of  the  circuit  an 
in-depth  mathematical  analysis  of  the  twist-and-flip  map  has  been 
carried  out  exhaustively  and  rigorously  [4],  [5].  The  various  fractals 
corresponding  to  several  classes  of  nonlinear  gyration  conductance 
functions  g{yi^V2)  from  this  map  have  been  generated  numerically 

[61-  .  .  r  u 

In  this  letter  we  describe  a  physical  implementation  of  the  twist- 

and-flip  circuit  with  a  simple  nonlinear  gyration  conductance  function 
g(vuV2),  driven  by  a  square-wave  voltage  source.  A  variety  of  phase 
portraits  and  the  corresponding  Poincare  maps  observed  experimen¬ 
tally  from  this  setup  will  be  presented. 

n.  Physical  Implementation  of  the  Twist-and-Flip  Circuit 

The  twist-and-flip  circuit  contains  simply  two  linear  capacitors  C i 
and  C2,  a  voltage  source'  s(i),  and  a  nonlinear  gyrator,  as  shown  in 
Fig.  1(a).  The  voltage  source  s(t)  for  driving  the  circuit  is  a  square 
wave  of  amplitude  a  and  angular  frequency  oj  (or  period  P  —  as 
shown  in  Fig.  1(b).  The  gyrator,  which  is  the  only  nonlinear  element 
in  the  circuit,  is  described  by  the  equations 

h  =  g(vu  v2)v2  1  (2) 

i2  =  -g(v l,V2)Vi  j 

where  g(v i,u2)  is  the  associated  gyration  conductance  [7].  In  this 
letter  we  assume  that 

g(v uv2)  >  0,  for  -  co  <  vuv2  <  oc. 
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(a)  .0>) 

Fig.  1.  (a)  Twist-and-flip  circuit  containing  two  linear  capacitors  and  a 

gyrator  characterized  by  a  nonlinear  gyration  conductance  function  g(v\,V2), 
driven  by  a  voltage  source  s(t).  (b)  Voltage  source  s(t)  in  (a),  a  square  wave 
with  amplitude  a  and  angular  frequency  w. 


(a)  (b)  '  (c) 

Fig.  2.  (a)  Phase  portrait  centered  at  x  =  a  over  each  positive-half  cycle  of 

5(f).  (b)  Phase  portrait  centered  at  x  =  —a  over  each  negative-half  cycle  of 
s(t).  (c)  Combined  phase  portrait  over  a  full  period  of  s(f). 


A.  State  Equations  of  the  Twist-and-Flip  Circuit 

Applying  KCL  and  KVL  to  the  circuit  shown  in  Fig.  1(a),  we 
obtain 


ii  =  -C1p 
h  =  -C2% 


where 

vi(t)  =  x(t)  -  s(t), 

V2  (*)  =  y(t). 

Introducing  (2)  into  (3)  and  normalizing  Cr  =  Cv  =  1,  we 
obtain  the  following  state  equations  governing  the  dynamics  of  the 


(b) 


Fig.  3.  (a)  Block  diagram  of  physical  implementation  for  the  twist-and-flip 

circuit,  (b)  Implemented  circuit  diagram  of  the  twist-and-flip  circuit. 


twist-and-flip  circuit 

4?  =  -  «(*)>  y)y  (4a) 

at 

^  s=  g(x  -  s(t),y)(x  -  s(t))  (4b) 

where 

s(t)  =  a,  t  6  n  +  fjP  (positive-half  cycle) 

s(t)  =  -a,  t  6  4-  n  +  1  j  P  (negative-half  cycle) 

n  =  0, 1,  2,  •  •  ■ . 

Dividing  (4b)  by  (4a),  we  obtain 


dy  __  (x  —  a)  Pig.  4.  Experimental  setup  for  observing  the  Poincar6  map. 

dr  y 


and 

dy-  _  (x  +  a)  (5b) 

dx-  y 

over  each  positive-  and  negative-half  cycles,  respectively.  Obviously, 
(5)  defines  a  phase  portrait  consisting  of  a  family  of  concentric  circles, 
centered  at  x  =  a  over  each  positive-half  cycle  t  (E  (n,  n  +  ,  and 

at  x  =  —  a  over  each  negative-half  cycle  t  6  (n  +  n  +  1  )P ,  n  = 
0, 1,  2,  *  •  • ,  as  shown  in  Flg~  2(a)  and  (b).  The  phase  portrait  over  a 
full  period  is  shown  in  Fig..  2(c). 


B .  Implementation  of  the  TAvist-and-Flip  Circuit 

To  implement  the  twist-and-flip  circuit  shown  in  Fig.  1(a),  we  must 
specify  the  nonlinear  gyration  conductance  function  g(v\ ,  v 2)  for  the 
circuit.  In  this  letter  we  choose 


g(vuv?)  = 


(6) 
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Fig.  5,  Experimentally  observed  phase  portrait  (left)  and  it*  Tvertcafaxfs  ™  ^  P  =  18 

roltage  source  s(t)  with  the  circuit  operahng  in  a  chaotic  regime.  Honzon 
ns.  (b)  a  =  1.5  V.  P  =  2.4  ms.  (c)  a  =  2.0  V,  P  =  1.35  ms. 


The  block  diagram  of  the  physical  implementation  for  the 
twist-and-flip  circuit  is  shown  in  Fig.  3(a).  It  consists  of  two 
squaring  functional  blocks,  two  multipliers,  two  voltage-controlled 
current  sources,  one  adder,  one  square-root  functional  block, 
two  linear  capacitors  C r  and  C2,  and  a  square-wave  voltage 
source  s(t).  The  two  squaring  functional  blocks,  the  adder,  an 


square-root  functional  block  together  perform  the  task  to 
ize  the  gyration  conductance  function  (6).  The  two  ana  og 
tipliers  and  voltage-controlled  current  sources  together  re  ze 
(2).  The  capacitors  Ci  and  C2  are  connected  across  port  I 
port  2  of  the  gyrator,  respectively.  The  input  signal  to  the 
t-and-flip  circuit  is  s(i),  a  square-wave  voltage  source  with 
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Fig.  5.  (Continued.)  Experimentally  observed  phase  portrait  (left)  and  its  corTesP°"^lng  V  ;  vertical  axis  is  y  (d)  a  =  2.0  V,  P  =  1.7  ms. 
square-wave  voltage  source  s(t)  with  the  circuit  operating  in  a  chaot.c  regime.  Horizontal  axis  is  *.  vertical  ax.s  j. 

(e)  a  —  2.5  V.  P  =  1.3  ms.  (f)  a  =  3.0  V,  P  —  0-81  ms. 


amplitude  a  and  angular  frequency  a j.  The  analog  multipliers 
AD633JN  and  AJD734AN  are  respectively  used  to  implement  ail 
multiplications,  squaring,  and  square-rooting  operations  in  Fig.  3(a). 
The  complete  circuit  diagram  of  the  twist-and-flip  circuit  is  shown 
in  Fig.  3(b). 


Hi.  Experimental  Observations  of  Poincar£ 

Maps  in  the  Twist-and-Fljp  Circuit 
Though  the  twist-and-flip  circuit  has  an  explicit  mathematical  so¬ 
lution,  its  asymptotic  behavior  in  the  x-y  phase  plane  is  nevertheless 
muddled  by  an  infinite  tangle  of  intersections  of  the  trajectory  upon 
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(w 

Fig.  «.  Numerically  »mu,«ed  Pota-  map  to.  *e  «ci,  o^mriug  m  a  «"*£*»**«*  '*  *  *  S  =“S  <« 

: :  j.o°  vv: ; : :aK5i.V-’.-5a.v .  - *.  -  -  ««  -  *  - *  -  «■ 


itself.  The  standard  method  to  untangle  such  a  mess  of  points  and 
extract  some  useful  asymptotic  information  is  to  analyze  the  dynamics 
of  the  associated  Poincard  map  defined  as  follows:  Given  any  point 
(x0,yo),  the  Poincarfi  map  of  (xo.yo)  for  the  circuit  is  a  point 


(»!,  yi)  that  corresponds  to  the  position  of  the  trajectory  (originating 

from  (x0,yo))  at  t  =  P  =  ^  [6]. 

Fig.  4  shows  the  circuit  setup  used  in  our  experimental  obser¬ 
vations  of  the  PoincarS  map.  The  sampled-and-hold  output  signals 
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X  and  y  of  the  circuit  are  connected  respectively  to  the  horizon¬ 
tal  and  vertical  channels  of  an  oscilloscope,  operating  in  X-Y 
mode.  The  sample-and-hold  impulse  is  generated  by  the  square- 
wave  voltage  source  s(t)  used  for  driving  the  twist-and-flip  cir¬ 
cuit. 

By  changing  the  amplitude  a  or  the  period  P  of  the  square-wave 
voltage  source  s(t),  a  rich  variety  of  phase  portraits,  including  chaotic 
and  periodic  behaviors,  have  been  observed  from  the  implemented 
twist-and-flip  circuit.  The  experimentally  constructed  phase  portrait, 
and  its  corresponding  PoincarS  map  in  the  x-y  plane,  are  shown 
in  Fig.  5(a)-(f).  Note  that  the  phase  portrait  in  the  x-y  plane  is 
muddled  by  an  infinite  tangle  of  intersections  of  the  trajectory  upon 
itself,  whereas  the  corresponding  Poincare  map  in  the  x-y  plane 
is  a  clearly  defined  set  of  points  illustrating  the  chaotic  attractor 
occurring  in  the  twist-and-flip  circuit.  To  compare  with  theoretic 
results,  the  Poincare  maps  obtained  by  numerical  simulation  for  the 
circuit  operating  in  a  chaotic  regime  are  shown  in  Fig.  6(a)— (f).  The 
simulation  is  based  on  (4a)  and  (4b),  in  which  capacitances  Ci  and  £2 
are  normalized  to  1.  The  twist-and-flip  circuit  is  theoretically  lossless. 
However,  the  physical  realization  of  this  circuit  must  necessarily 
involve  some  losses,  however  small.  These  losses,  or  damping 
factors  are  nonlinear  and  very  difficult  to  model  exactly.  Therefore, 
to  construct  a  reasonable  simulation  requires  some  approximations 
to  these  losses.  The  way  to  include  damping  in  the  twist-and- 
flip  mapping  is  suggested  by  the  dissipative  example  in  [4],  and 
the  derivations  of  dissipative  Poincare  maps  in  [5].  Using  these 
results  we  include  two  dissipative  parameters  in  the  simulations, 
a,  and  p.  The  resulting  simulations  of  the  Poincare  maps  shown 
in  Fig.  6(aHf)  have  the  same  voltages  and  frequencies  utilized  in 
the  circuit  corresponding  to  Fig.  5(a)-(f).  While  the  correspondences 
are  not  exact,  the  differences  we  believe  are  due  to  the  difficulties 
of  capturing  the  exact  form  of  the  nonlinear  dissipative  terms  to  be 
included  in  the  twist-and-flip  maps  used  to  simulate  the  circuit.  Given 
this  qualification,  several  of  the  Poincare  maps  occurring  in  Fig.  5  are 
in  excellent  geometric  agreement  to  what  is  seen  in  typical  dissipative 
twist-and-flip  maps.  From  this  we  conclude  that  this  circuit  is  a  good 
electronic  realization  of  the  twist-and-flip  paradigm  of  chaos. 

The  trajectory  is  stable  when  the  circuit  operates  in  a  periodic 
regime.  In  this  case,  the  phase  portrait  in  the  x-y  plane  is  stationary, 
and  the  Poincare  map  is  a  set  of  periodic  points.  When  a  square 
wave  of  amplitude  a  =  0  over  each  negative-half  cycle  is  used  as  the 
sample-and-hold  voltage,  we  obtain  the  display  shown  in  Fig.  7(a) 
and  (b),  in  which  the  phase  portrait  and  its  Poincard  map  over  each 
positive-half  cycle  of  the  square-wave  voltage  source  s(t)  appear 
simultaneously. 

IV.  Concluding  Remarks 

The  most  remarkable  property  of  the  twist-and-flip  circuit  is 
that  its  associated  nonautonomous  state  equations  have  an  explicit 
and  simple  Poincar<5  map,  making  it  mathematically  tractable.  This 
circuit  is  imbued  with  a  full  repertoire  of  complicated  chaotic 
dynamics.  In  this  letter,  we  have  implemented  the  twist-and-flip 
circuit  having  a  nonlinear  gyration  conductance  function  defined 
by  g(vx,v 2)  =  Vvi  +  vb  311(1  presented  numerically  simulated 
observations  utilizing  the  twist-and-flip  map  model  with  losses.  Due 
to  the  complex  nature  of  the  actual  model  for  the  losses  and  me 
sensitivity  of  the  dissipative  Poincar6  map  to  the  nonlinear  dissipative 
parameters,  constructing  the  exact  damping  model  is  difficult  and 
is  an  open  question  for  further  study.  Utilizing  the  same  circuit 
synthesis  technique,  a  rich  variety  of  Poincare  maps  can  be  observed 
experimentally  by  synthesizing  other  twist-and-flip  circuits  having 
more  complicated  gyration  conductance  functions,  such  as  those 
presented  in  [6], 


(b) 


Fig.  7.  Phase  portrait  and  Poincar6  map  experimentally  observed  with  the 
circuit  operating  in  a  chaotic  regime.  Horizontal  axis  is  x,  vertical  axis  is  y. 
a  _  3  o  v  P  =  2.4  ms:  (a)  Phase  portrait  in  x-y  plane,  (b)  Corresponding 
Poincard  map  superimposed  on  the  phase  portrait  over  each  positive-half  cycle 
of  s(t). 
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Secore  Communication  via  Chaotic  Paramettr  Modulation 


Tao  Yang  and  Leon  O.  Chua 


Abstract — In  this  letter,  we  extend  chaotic  switching  to  general  chaotic 
parameter  modulation.  By  using  adaptive  controller,  synchronization 
between  transmitter  and  receiver  is  maintained  and  message  signal  Is 
recovered.  Computer  simulation  results  are  given. 

I.  Introduction 

Chaotic  switching  [1],  [2]  is  the  simplest  form  of  chaotic  parameter 
modulation.  In  this  method,  the  message  signal  sit)  is  assumed  to  be 
binary,  and  is  used  to  modulate  one  or  more  parameters  of  a  chaotic 
switching  transmitter  by  representing  binary  “one”  for  one  set  of 
parameters  and  binary  “zero”  for  a  different  seL  At  the  receiver,  s(f ) 
is  decoded  by  using  the  synchronization  error  to  decide  whether  the 
received  signal  corresponds  to  one  set  of  parameters,  or  the  other. 

Although  chaotic  switching  is  more  robust  against  noise  than 
chaotic  masking,  it  suffers  from  a  lower  information  transmission 
rate  than  those  methods  which  transmit  analog  signals  directly.  This 
is  because  the  receiver  has  to  wait  until  synchronization  and  de- 
synchronization  have  been  achieved  before  the  next  bit  is  transmitted. 
On  the  other  hand,  Tao  Yang  [3]  found  that  an  intruder  could  use 
short-time  zero-crossing  rate  (STZCR)  to  recover  s(t)  from  the 
transmitted  chaotic  signal.  So,  it  has  a  low  degree  of  security. 

In  this  letter,  we  propose  a  more  general  chaotic  parameter  mod¬ 
ulation  scheme  with  applications  to  secure  communication.  In  our 
method  s(t)  may  be  analog  or  digital. 

n.  Transmission  of  Signal  by  Chaotic  Parameter  Modulation 

In  this  letter,  all  results  are  based  on  Chua’s  circuit  [4],  [5],  which 
exhibits  a  family  of  chaotic  attractors  and  can  be  easily  implemented 
in  hardware.  As  shown  in  Fig.  1(a),  Chua’s  circuit  consists  of  a  linear 
inductor  L,  a  linear  resistor  R,  two  linear  capacitors  Ci  and  Ci  and 
a  nonlinear  resistor-the  Chua’s  diode  Nr.  The  stale  equations  for 
Chua’s  circuit  are  given  by 

'£x=  ^-'[(?(V2-Vl)-/(V1)) 

<  3?  =  £[<?(«! -t*)  +  «a]  (1) 

t?  =  irl-fz  -  -Ro*3] 

where  t>i ,  V2,  and  t3  are  the  voltage  across  Ci ,  the  voltage  across  C2 
and  the  current  through  L,  respectively.  We  set  G  =  7*  .  The  term 
Bot3  is  added  to  account  for  the  small  resistance  of  the  inductor  m 
the  physical  circuit  The  piece-wise  linear  v-i  characteristic  /(«i)  of 
the  Chua’s  diode,  is  given  by 

}(vi)  =  GbV!  +  |(Ga  -  G»)(|t>i  +  E\-  |t>!  -  E|)  (2) 

where  E  is  the  breakpoint  voltage  of  the  Chua’s  diode  as  shown  in 
Fig.  1(b). 
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To  transmit  e(t)  via  our  chaotic  parameter  modulation  scheme,  the 
receiver  must  chosen  as  follows: 

^-[G(52  —  vi)  —  /(vi)  +  Ki(vi  —  5i)] 

<  =  ^l<?(tii-ti2)  +  *s  +  A'i(,’i_Cl)]  *  (3) 

=  j-[— V2  —  Ao*3  +  Ki(vi  —  t>i)] 

We  first  use  a  “modulation  rule”  to  modulate  s(t)  in  a  parameter 
of  the  transmitter  in  (1).  Then  an  adaptive  controller  is  used  at  the 
receiver  to  maintain  synchronization  by  continuously  tracking  the 
changes  in  the  modulated  parameter.  So,  *(t)  can  be  recovered  by  this 
adaptive  controller.  The  parameter  for  the  unmodulated  Chua’s  otcuU 
were  chosen  as  follows:  Ci  =  5.56  nF,  C2  —  50  nF,  G  —  0-70028 
mS,  L  =  7.14  mH,  Ho  =  0  n,  G0  =  -0.8  mS,  Gb  -  -0.5 
mS  E  -  1  V,  A'i  =  0.01.  In  this  case,  the  Chua’s  circuit  exhibits 
a  double-scroll  Chua’s  attractor  as  shown  in  Fig.  2.  In  this  letter, 
we  discuss  the  cases  when  only  one  parameter  of  the  transmitter 
is  modulated  while  the  others  remain  constant  At  the  receiver,  the 
corresponding  parameter  is  changed  by  an  adaptive  controller  while 
the  others  are  fixed  at  the  same  values  as  in  die  transmitter. 

A*  G -Modulation 

In  this  case,  the  modulation  rule  is  given  by 

G(t)  =  Gs(t),G(t)  =  Gs(t)  (4) 

where  s(t)  is  die  recovered  message  signal. 

The  adaptive  controller  is  given  by 

*(*)  =  *>sgn(^)(vi-*i) 

=  JbiSgn^G(Ca-tii)^(t'i-tii)-  (5) 

Simulation  result  is  shown  in  fig.  3  with  fci  =  10®.  The  signal 
s(f)  (dashed  line)  is  defined  as  follows: . 

(1.05,  0  <  t  <  20  ms 

sit)  =  <  1.15,  20  ms  <  t  <  40  ms  .  (6) 

\l.l  -  0.05  sin  (if1*),-  40  ms  <<<  100  ms 

Observe  that  s(t)( solid  line)  tracks  s(t)  continuously  except  for  an 
interval  from  40  ms  to  66  ms  when  i(t)  is  almost  constant  while  *(f ) 
changes.  This  is  because  for  the  parameter  range  corresponding  to  die 
waveform  of  s(t )  in  this  interval,  synchronization  is  maintained  even 

though  i(t)  #  «(*)• 

B.  Ci-Modulation 

In  this  case,  the  modulation  rule  is  given  by 

1  _  *(0  l  _  fW  (7) 

,  Ci(t)  <Vci(0  Ci ' 

The  adaptive  controller  is  given  by 

j(f)  =  fclSgn(^)(vi-«i) 

=  jtjSgn(^-[G!(€2  —  vi)  —  /(v  i)  +  Hi(vi  —  vi)]^ 
j  x(tii-6i).  ® 

Simulation  result  is  shown  in  fig.  4  with  ki  =  2  x  10®.  The  signal 
T  »(t)  (dashed  line)  is  defined  by  (6).  Observe  that  s(t)  (solid  bne) 
tracks  s(t)  continuously  with  a  relatively  big  error. 
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Fig.  2.  Chaotic  attractor  of  Chua’s  circuit  used  in  simulations. 


Fig.  4.  Transmitted  signal  s(t)  (dashed  line)  and  recovered  signal  s(t )  (solid 
line)  obtained  by  modulating  the  parameter  C\ . 


Time  (s) 

Fig.  3.  Transmitted  signal  s(t)  (dashed  line)  and  recovered  signal  s(t)  (solid 
line)  obtained  by  modulating  the  parameter  G. 


Time  (s) 

Fig.  5.  Transmitted  signal  5(f)  (dashed  line)  and  recovered  signal  5(f)  (solid 
line)  obtained  by  modulating  the  parameter  C2. 


C.  C2  'Modulation 

In  this  case,  the  modulation  rule  is  given  by 

1  =  5(f)  1  =  s(t) 

C2(f)  <VC2(f)  C2  * 

The  adaptive  controller  is  given  by 


i(t) 

=  —  02)  +  t3  +  K\(vi  —  t?i)]^  (Vl  —  Vl). 


Simulation  result  is  shown  in  Fig.  5  with  ki  =  106.  The  signal 
5(f)  (dashed  line)  is  defined  by  (6).  Observe  that  5(f)  (solid  line) 
tracks  5(f)  continuously  with  a  small  error. 


D.  L-Modulation 

In  this  case,  the  modulation  rule  is  given  by 

l  =  =  f  (11) 

L(t)  L  ’  L(t)  L  ' 

The  adaptive  controller  is  given  by 

l(t)  =  feisgn^^jj(vi(*)  -  5i) 

=  k\ sgn^^-[— 1)2  —  Art  +  Ai(vi  —  £i)]^(t>i  —  vj).  (12) 

Simulation  result  is  shown  in  Fig.  6  with  ki  =  106.  The  signal 
5(f) (dashed  line)  is  defined  by  (6).  Observe  that  i(t )(solid  line)  tracks 
5(f)  continuously  with  very  small  error  and  big  overshoot 
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Fig.  6.  Transmitted  signal  s(t)  (dashed  line)  and  recovered  signal  s(f )  (solid  Fig.  7.  Transmitted  signal  s(t)  (dashed  line)  and  recovered  signal  S(t)  (solid 
line)  obtained  by  modulating  the  parameter  L.  line)  obtained  by  modulating  die  parameter  R o. 


E.  Ro-Modulation 

In  this  case,  the  modulation  rule  is  given  by 

Ro(t)  =  Ro  +  s(t),  &>(*)  =  Rc  +  s(t).  03) 

The  adaptive  controller  is  given  by 

^)  =  *iSgn(^))Mt)_5l) 

=  *isgn^-j^(t>i  -  5i).  (14) 

Simulation  result  is  shown  in  Fig.  7  with  k\  =  108.  The  signal 
s(t)(dashed  line)  is  defined  by  (6).  Observe  that  s(t)(solid  line)  tracks 
s(t)  continuously  with  a  small  error. 


HL  Conclusion 

Different  schemes  of  chaotic  parameter  modulation  are  presented. 
Their  performances  are  shown  by  computer  simulation  results. 
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In  this  letter,  we  present  a  variation  of  the  Huberman-Lumer  scheme  for  adaptive  systems.  We 
show  that  this  scheme  has  the  advantage  that  for  nonlinear  systems  with  linear  parameters, 
the  synchronization  error  can  be  proven  to  approach  zero.  We  also  present  an  adaptive  scheme 
for  nonlinear  systems  with  multiplicative  parameters.  Examples  using  Chua’s  oscillators  are 

presented. 


1.  Introduction 

Recently,  there  has  been  much  work  done  in  us¬ 
ing  adaptive  controllers  to  synchronize  two  chaotic 
systems  which  are  not  identical  [Sinha  et  al.,  1990; 
John  &  Amritkar,  1994;  Celka,  1995;  Chua  et  al., 
1996;  Wu  et  al.,  1996], 

The  purpose  of  this  letter  is  to  continue  the 
study  of  adaptive  controllers  which  are  used  to  en¬ 
force  the  synchronization,  even  though  initially  the 
two  coupled  systems  are  not  identical.  In  particu¬ 
lar,  we  present  a  variation  of  the  Huberman-Lumer 
scheme  [Huberman  &  Lumer,  1990]  and  show  that 
it  can  be  justified  theoretically  for  nonlinear  sys¬ 
tems  with  linear  parameters.  In  particular,  using 
a  Lyapunov  approach  we.  show  that  for  nonlinear 
systems  with  linear  parameters  under  certain  con¬ 
ditions,  this  scheme  will  make  the  synchronization 
error  approach  zero.  We  also  show  a  modification  of 
this  scheme  for  systems  with  multiplicative  param¬ 
eters.  Finally,  computer  simulations  using  Chua’s 
oscillator  will  be  given. 

We  use  lowercase,  bold  uppercase,  and  bold 
lowercase  letters  for  scalars  (or  scalar-valued  func¬ 
tions),  matrices,  and  vectors,  respectively. 


2.  An  Adaptive  Synchronization 
and  Control  Scheme 

Consider  two  coupled  continuous-time  systems 
described  by: 


ii  =  /i(x>  an>  •  •  • )  alm,  x>  x>  t) 

:  > 

Xn  =/n(xi  anli  ■  •  •  >  annu  x>  x>  , 

X\  =/i(x,  fin,  •  •  •  ,  aim,  X,  X,  t) 

;  > 

in  =  /n(x)  hnl,  ■  ■  •  i  x>  xi  0  > 


<—  System  1 
(1) 


<—  System  2 


(2) 


where  x  =  (xi, .  •  • ,  xn)^  and  x  =  {i\, . . . ,  xn) 
are  the  state  vectors  of  the  two  systems,  and  {ftij} 
and  {hy  }  are  the  parameters  of  System  1  and  Sys¬ 
tem  2,  respectively.  A  straightforward  way  to 
synchronize  these  two  systems  is  the  following  two- 
step  approach.  First,  make  sure  that  the  two  sys¬ 
tems  are  synchronized  when  the  parameters  in  the 
two  systems  are  identical,  i.e.,  the  two  systems  are 
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identical.1  Second,  adjust  the  parameters  such  that 
the  corresponding  parameters  in  the  two  systems 
approach  each  other.  The  reason  x  and  x  appear 
twice  in  the  arguments  of  /;  in  Eqs.  (1)  and  (2)  is  so 
that  we  can  more  easily  state  the  following  sufficient 
condition  for  when  the  two  systems  synchronize  [Wu 
&:  Chua,  1994]: 

Theorem  1.  If  dij  =  a{j  for  all  i,  j  and 
=  /i(x,  an,...,  aim,  u,  u,  t) 


d'tl  fn  (x,  0-721,  •  *  *  )  Otxttij  ^5 

is  globally  asymptotically  stable  for  all  external  in¬ 
puts  u  and  u,  then  the  systems  ( 1 )  and  (2)  will  syn¬ 
chronize  for  arbitrary  initial  states  x(0)  and  x(0). 

It  is  not  always  possible  to  implement  this  two- 
step  approach.  Fortunately,  this  two-step  approach 
is  not  necessary  for  synchronization.  Let  us  assume 
that  the  parameters  in  System  1  are  fixed.  Assume 
that  the  two  systems  synchronize  when  the  param¬ 
eters  are  identical,  i.e.,  the  first  step  is  satisfied. 
When  the  parameters  in  the  two  systems  are  dif¬ 
ferent,  the  goal  in  the  second  step  is  to  adaptively 
change  the  parameters  {a^}  in  System  2  such  that 
they  approach  the  parameters  {a,ij}  in  System  1. 
However,  if  we  want  to  change  the  parameters  of 
System  2  without  any  information  about  the  pa¬ 
rameters  in  System  1,  this  might  not  be  possible. 
If  synchronization  is  our  goal,  what  we  want  is  to 
change  {a^}  such  that  x  approaches  x.  For  certain 
systems,  it  could  be  true  that  when  x  approaches  x, 
it  is  neccesary  that  aij  — ►  a^.  However,  in  Sec.  5, 
we  show  an  example  where  although  the  synchro¬ 
nization  errors  are  small,  the  parameters  in  the  two 
systems  are  not  matched  (although  they  do  oscil¬ 
late  near  each  other).  This  is  an  example  of  weak 
coupling  where  the  first  step  in  the  above  two-step 
approach  is  not  satisfied,  and  thus  the  second  step 
cannot  be  used  to  achieve  synchronization,  but  syn¬ 
chronization  is  still  possible. 

Huberman  and  Lumer  [1990]  proposed  a  class 
of  adaptive  algorithms  for  aij  for  discrete  time  sys¬ 
tems.  For  continuous  time  systems  such  as  (1)  and 
(2),  these  algorithms  are  of  the  form: 

~aij  =  ~6ijG{rui^)  (3) 


lrrhus  when  a ij  =  we  have  x  — ►  x  as  t  — ►  oo. 


where  r*  =  X{  —  X{  and  8ij  >  0.  In  particular, 
Huberman  and  Lumer  propose  G  to  be 


(  dU  \ 

(  dh  \ 

V*’  daj 

=r'-S6nUJ 

which  was  also  used  successfully  in  [John  &;  Am- 
ritkar,  1994]. 


2.1.  A  variation  of  the 

Huberman- Lumer  scheme 

Definition  1.  A  function  /x  :  E  — ►  1  is  strictly  pas¬ 
sive  [Chua  &  Green,  1976]  if  it  lies  in  the  open  first 
and  third  quadrants.  Thus  /x  is  strictly  passive  if 
and  only  if  /x( 0)  =  0  and  xfi(x)  >  0  for  all  x  /  0.  A 
function  /x :  R  — >  E  is  in  class  V  if  it  is  strictly  pas¬ 
sive  and  there  exists  a  strictly  increasing  function 
^  such  that  ^(0)  =  0  and  |/x(x)|  >  \ip(x)\  for  all  x. 


An  example  of  a  function  /x  in  class  V  is  shown 
in  Fig.  1.  Most  strictly  passive  functions  belong  to 
class  V.  An  example  of  a  strictly  passive  function 
which  is  not  in  class  V  is  one  which  approaches  the 
z-axis  &s  x  —>  oo  (Fig.  2). 

The  purpose  of  this  letter  is  to  propose  the  fol¬ 
lowing  function  for  G  instead  of  Eq.  (4): 


where  /x  is  a  function  of  class  V  as  defined  in  Defi¬ 
nition  1. 

Some  candidates  for  /x  include  the  signum  func¬ 
tion,  sgn(x),  the  identity  function,  sgn(x)(eixl  -  1), 
and  xn  for  n  odd  and  positive.  When  /x  is  the 
signum  function,  the  resulting  G  becomes 


=  sgn(ri) 


(6) 


Theoretical  results  for  the  case  /x(x)  =  x  have  been 
presented  in  [Wu  et  a/.,  1996]. 

There  is  an  analogy  between  these  schemes  and 
the  signed  LMS  schemes  used  in  adaptive  signal  pro¬ 
cessing  [Clarkson,  1993].  Equation  (4)  would  cor¬ 
respond  to  the  Clipped  LMS  or  Signed  Regressor 
algorithm,  while  Eq.  (6)  would  correspond  to  the 
Pilot  LMS  or  Signed  Error  algorithm. 


On  a  Variation  of  the  Huberman-Lumer  Adaptive  Scheme  1399 


Fig.  1.  Function  p  belongs  to  class  V.  Function  ip  is  a  strictly  increasing  function  such  that  \p(x)\  >  \ip{x)\  for  all  x 


3.  Two  Coupled  Nonlinear  Systems 
with  Linear  Parameters 

One  advantage  of  the  proposed  adaptation  scheme 
is  that  under  certain  conditions  theoretical  results 
can  be  derived  for  the  class  of  nonlinear  systems 


with  linear  parameters.  Many  chaotic  systems  in 
the  literature  belong  to  this  class  (See  [Wu  &  Chua, 
1996]  for  several  examples  of  such  chaotic  systems). 

We  consider  the  class  of  systems  where  the  pa¬ 
rameters  in  the  system  are  linear  factors.  The  state 
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equations  for  two  such  systems  coupled  together  are  given  by: 


*i(t)  -di(x)  +  J2  aijfiji*)  +  «i  +  h(x)  -  fci(x) 
j  =  1 


Xn(t)  —  dn(x)  "f*  ^  ]  dnj  fnj(x)  d n  “1“  kn(x)  kn(x) 

3=1 

m 

xi(t)=di(x)  +  aijhj(x)  +  ui  +  M*)  -  Mx) 
j- 1 


#n(^)  —  ^n(x)  “h  ^  ]  dnjfnj(x)  "I"  “1“  /ln(x)  /ln(x) 

3=1 


>  <—  System  1 


System  2 


(7) 


(8) 


where  x  =  (a?i, . . . ,  xn)T  and  x  —  (aq, . . . ,  xn)T 
are  the  state  vectors  of  System  1  and  System  2, 
respectively.  We  assume  that  d;,  fij  are  nonlin¬ 
ear  functions  which  are  continuously  differentiable. 
The  vector  u  =  (ui, . . . ,  un)T  constitutes  the  exter¬ 
nal  inputs  to  the  two  systems.  Thus  both  systems 
receive  the  same  external  input.  The  scalars  and 
dij  are  the  parameters  of  System  1  and  System  2, 
respectively.  The  continuous  functions  hi  and  k{ 
denote  the  additive  coupling  between  the  two  sys¬ 
tems.  The  functions  di  denote  the  part  of  the  sys¬ 
tem  which  is  identical  in  the  two  systems.  There  is 
no  need  to  adapt  this  part  of  the  system.  For  ex¬ 
ample,  this  part  can  contain  parameters  which  are 
identical  in  both  systems. 

We  assume  that  the  parameters  a{j  in  System  1 
are  constant,  and  try  to  adjust  dij  adaptively  such 
that  x  approaches  x  as  t  — >  oo.  Applying  the  adap¬ 
tation  rule  (5)  to  this  system  results  in 

dij  —  Sijji{xi  Xi)  fij  (Sc)  (9) 

for  some  constants  Sij  >  0. 

Definition  2.  A  function  p  :  R  — ►  R  is  odd- 
symmetric  if  p(x)  =  —  p(— x)  for  all  x ,  i.e.,  the  graph 
of  p  is  point-symmetric  with  respect  to  the  origin. 


for  some  p  >  0  and  for  all  x,  h  where 
h  =  (/ii, . . .  j  hn) 

Proof  By  hypothesis,  there  exists  p  >  0  such  that 
|£fc(x)  -  <7fc(x  +  h)|  <  p  max;  |/i;|  for  all  k ,  x,  h.  Let 
j  be  the  index  such  that  max;  |/i;|  =  \hj\.  Then 

M*fc)(0fc(x)-0ib(x  +  h))| 

<  IMMI  |flfc(x)  -5fc(x  +  h)| 

<p\Khk)\\hj\  <p\n(hj)\\hj\ 

=  pfi(hj)hj  <PJ2  Khi)hi . 
i 

Note  that  \p(hk)\  <  \p(hj)\  since  p  is  odd-symmetric 
and  increasing.  By  summing  over  all  indices  k  and 
redefining  p  we  obtain  the  desired  result.  ■ 

The  main  result  in  this  section  is  the  follow¬ 
ing  theorem  which  gives  theoretical  justifications 
for  the  adaptive  scheme  in  Eq.  (5)  when  is  a 
piecewise-continuous,  odd-symmetric,  and  increas¬ 
ing  function  in  class  V  such  that  xp(x)  is 
continuous: 


Lemma  1.  Let  p  :  E  — »  R  be  an  odd-symmetric 
increasing  function.  Let  gi  be  a  set  of  arbitrary  real¬ 
valued  continuously  differentiable  functions .  If  the 
functions  gi  have  bounded  derivatives ,  then 


Y  -  5i(x  +  h)) 


<pY 

i 


Theorem  2.  Consider  the  adaptive  controllers  for 
dij  given  by  Eq.  ( 9 )  where  p  is  a  piecewise- 
continuous ,  odd-symmetric ,  and  increasing  function 
in  class  V  such  that  xp(x)  is  continuous .  We  also 
assume  that  ki ’s  and  hi ’s  are  linear  functions  of 
the  form  Ar;(x)  =  A;;x;,  /i;(x)  =  fi;X;  and  adapt  the 
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coefficients  using  the  following  controllers: 

k%  —  fJ'i^^i  X%){Xi  X{)  ? 

h{  —  — xfj^Xi  Xi)  , 

where  >  0. 

If  the  Jacobian  matrix  of 

/  di  +  E  aijhj  \ 


dn  +  O-njfnj 


is  bounded,  then  x  —  x  — ►  0  as  t  —*  oo. 


(10) 


(11) 


Proof.  Define  V(x)  =  /0X  /i(r)dr.  The  function 
a;\h(a;)  is  strictly  increasing  since  p  belongs  to 
class  V. 

By  Lemma  1 

'y  )  p(%i  —  ®i)  f  "1“  aijfij)  (x) 
i  '  X  j 

—  +  X/  (X)^ 

'  j 

is  less  than  p  J2i  p(xi  ~  xi)(xi  ~  x%)  l°r  some 
p  >  0.  Consider  a  set  of  positive  constants 
{A;f ax, . . . ,  /c™ax}  such  that  kf1**  >  p  for  all  i. 
Construct  the  following  Lyapunov  function: 

v  =  E  ®(*i  -  xi)  +  \  E  jr.tej  ~  ^ 

i  ij  U 

+  ;E-rr-i(fc.m“  +  fe  +  '«)2' 

2  Zr'  k*  + 

Since  x^(x)  is  strictly  increasing  and  ^(0)  =  0,  it 
follows  that  'L(x)  >  0  for  all  i/O.  If  we  define 
a(x)  =  min($(x),  tf(-x))  and  6(x)  =  max($(i), 
\I/(-;c)),  it  follows  that  a  and  b  are  functions  of 
class  K  [Lakshmikantham  &  Liu,  1993]  and  a(|x|)  < 
¥(x)  <  6(|x|). 

By  differentiating  V  along  the  trajectories,  we 
obtain 

V  =  E  p(.x*  ~  xi)(.xi  ~  xi ) 


-  E^f1**  +  ki  +  hi)p(xi  -  xi)(xi  -  it) 

i 

=  ^  ^  f^{Xi  Xi)(di(x.)  difxf 
i 

+  ( k{  +  hi)(xi)  ( k{  +  h{)(xi)) 

+  X{  —  Xi)(a{jfij{x)  —  Q>ij f ij (x) ) 

ij 

-  ^  X^ij  hij)(^ll{Xi  Xi) fijfx.)) 
ij 

-  Y,(krX  +  ki  +  hi)fl(xi  ~  Xi){Xi  -  Xi) 

i 

=  Yj  Kxi  ”  Xi)(di(x)  -  di(x)  -  kf^ixi  -  Xi)) 
i 

+  )  )  p(%i  —  xi)(aijfij{x)  ~~  Qijfiji X)) 
ij 

<  E(P  "  krX)P(xi  -  Xi)(Xi  ~xi)<°- 

(12) 

Note  that  (p-fcf*ax)  <  0  and  /i(x4 -&)(*<  “*<)  =  0 
if  and  only  if  Xi  =  x,.  The  values  of  dij  and  kt  +  hi 
are  bounded  since  otherwise  V  will  go  to  infinity. 
It  can  be  shown  that  h  and  hi  are  bounded 
[Wu  et  al.,  1996]  and  the  theorem  then  follows 
from  Theorem  1.2.3  of  [Lakshmikantham  &  Liu, 
1993].  ■ 

Remark.  It  is  clear  from  the  proof  of  Theorem  2 
that  this  result  also  holds  if  instead  of  adapting  the 
coupling  coefficients  ki  and  hi  we  keep  them  fixed 
at  values  such  that  ki  +  hi  <  —p  for  all  i. 


4.  Two  Coupled  Nonlinear 
Systems  with 
Multiplicative  Parameters 

When  the  parameters  are  not  linear,  but  multiplica¬ 
tive,  a  simple  change  of  variables  allow  us  to  use 
Theorem  2  to  design  adaptive  controllers  for  this 
case  as  well. 
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The  state  equations  for  two  such  systems  coupled  together  are  given  by: 


Xi(t)  =di(x)  +  53  9ij(aij)hj(x)  +  ui  +  *1(^1  -  *i) 

j= 1 


Xn(f)  — dn('X.)  4"  53  dnji^nj)  fnj (^)  ”1“  “I"  h n(Xn  *^n) 

J7=l 


>  System  1 


x\ (t)  =rfi(x)  4-  53  ^ii(fiij)/ij(x)  4-  +  fei(xi  -  xi) 

j= i 


5n(0  =  dn(x)  +  X)  9nj (finj )fnj (x)  +  Un  +  /l„(£„  -  Xn) 

j= 1 


>  System  2 


(13) 


(14) 


where  x  =  (x\, . . . ,  xn)T  and  x  =  (x\, . . . ,  xn)T 
are  the  state  vectors  of  System  1  and  System  2, 
respectively.  The  scalars  a\j  and  dij  are  the  param¬ 
eters  of  the  two  systems,  respectively.  We  assume 
that  gij,  di ,  fij  are  nonlinear  functions  which  are 
continuously  differentiable.  As  in  the  statement  of 
Theorem  2  the  coupling  is  linear  and  connects  only 
corresponding  state  variables. 

We  assume  that  the  parameters  aij  in  System  1 
are  constant,  and  try  to  adjust  a^,  and  hi  adap¬ 
tively  such  that  x  approaches  x  as  t  — >  oo. 


Corollary  1.  Suppose  that  g[j  is  never  zero.2  Con¬ 
sider  the  adaptive  controllers  for  dij  given  by 


fl(Xi  -  Xi)fij(x) 

lj  Siji&ij) 


(15) 


for  some  constants  Sij  >  0  where  p  is  a  piecewise- 
continuous ,  odd- symmetric,  and  increasing  function 
in  class  V  such  that  xp(x)  is  continuous.  We  adapt 
ki  and  hi  using  the  adaptive  controllers  in  Eq.  (10). 

If  the  Jacobian  matrix  of 


/  di  +  53  9ij(aij)fij  \ 


dn  4"  ^  )  g-nj  (Q'nj)f'i 


nj 


(16) 


is  bounded ,  then  x  —  x  — ►  0  as  t  — ►  oo. 


2This  implies  that  gij  is  one-to-one. 


Proof.  Using  the  change  of  variables  gnj  =  gij  (dij) 
and  applying  Theorem  2,  we  see  that  the  following 
controllers  for  gij  will  imply  the  conclusions  of  the 
corollary: 

tij  =  Sijfi(xi  -  xi)fij(x) .  (17) 

Since  g{,  =  g'ij(a,ij)aij,  the  corollary  is  proved.  ■ 


Some  examples  for  gl}  include  gij(x)  =  j  for 
x  >  0  and  gij(x)  =  x.  For  example,  in  the  system 
v  —  —  the  parameter  R  is  multiplicative  with 

g(R)  =  i- 

Remark.  If  we  apply  Eq.  (5)  to  systems  (13)  and 
(14),  we  obtain  the  following  adaptive  controllers 
for  dij\ 

dij  ^  8ijfi(xi  Xi )g{j (d{j) fij (x) 

which  differs  from  Eq.  (15)  by  a  (time- varying)  pos¬ 
itive  factor  of  (g^ (dij))2 . 

5.  Simulation  Results  Using 
Chua’s  Oscillator 

In  this  section,  we  illustrate  the  results  in  the  previ¬ 
ous  sections  via  computer  simulations  using  Chua’s 
oscillator.  In  particular,  we  choose  several  candi¬ 
dates  for  \x  from  the  class  V  and  use  them  to  syn¬ 
chronize  two  nonidentical  Chua’s  oscillators. 

In  contrast  to  Theorem  2  we  will  not  use  adap¬ 
tive  coupling.  In  particular,  we  will  use  a  fixed  cou¬ 
pling  between  only  the  x  state  variables  in  the  two 
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3.  &  as  a  function  of  time,  with  c  =  -20a,  6  =  100,  and  p,(x)  —  x 


time  (s) 

a  as  a  function  of  time,  with  c  =  —20a,  6  =  10,  and  p>(x)  —  sgn(a:). 
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systems.  In  fact,  we  show  that  even  when  the  cou¬ 
pling  is  not  strong  enough  to  synchronize  the  two 
systems  when  the  parameters  are  identical,  the  use 
of  adaptive  controllers  can  still  maintain  the  syn¬ 
chronization  in  some  sense.  In  [Chua  et  al.,  1996]  it 
was  shown  that  an  adaptive  controller  for  channel 
gain  compensation  also  exhibits  this  phenomenon. 

The  state  equations  used  for  synchronizing  two 
Chua’s  oscillators  are  given  by: 


dx 

dt 


a(y-x-  f{x)) , 


-di=x~y+z’ 

dz  0 
-  =  -0y--,z, 

7  = -  x  -  /(*))  +  c(x  -  x) , 
at 


dy_ 

dt 


=  x-y  +  z , 


dz 

dt 


-py  -  72 , 


^  =  8y(x  -  x)(y  -x-  /(x)) , 
at 


(18) 


and 

f(x)  =  bx  +  -(a  -  b)(\x  +  1|  -  \x  -  1|) . 


The  fixed  parameters  are  chosen  as  a  =  10, 
P  =  15.6,  7  =  0.001,  a  =  -1.14,  b  =  -0.714. 

In  Fig.  3  we  show  a  when  6  =  100,  n(x)  =  x, 
and  c  =  -20a,  where  a  is  a  parameter  defining  / 
and  corresponds  to  the  slope  of  the  middle  segment 
of  the  piecewise  linear  function  /.  dt  is  initially  cho¬ 
sen  to  be  10-5. 

In  Fig.  4  we  show  a  when  c  =  -20a,  6  =  10, 
and  p(x)  =  sgn(ac).  a  is  initially  chosen  to  be  10~5. 

In  Fig.  5  we  show  a  when  c  =  —20a,  6  =  1,  and 
fi(x)  =  sgn(x)(e'xl  -  1).  a  is  initially  chosen  to  be 

10~5. 

When  we  set  c  -  -2a,  the  resulting  coupling 
is  not  enough  to  synchronize  the  two  systems  even 
when  a  =  a.  In  fact,  simulations  show  that  when 
a  =  a,x,  y,  and  z  will  diverge  to  infinity.  However, 
when  S  =  10  and  fi(x)  =  8gn(x),  the  adaptive  con¬ 
troller  for  a  will  keep  x  in  “phase”  to  x.  Figures  6—8 
compare  the  state  variables  in  the  two  systems.  The 
state  variables  x,  y,  and  z  are  shown  in  red  and  the 
state  variables  x,  y,  and  z  are  shown  in  blue.  We 
see  that  y  and  y  (and  also  z  and  2)  are  less  in  phase 
than  x  and  x. 

In  Fig.  9  we  show  a  as  a  function  of  time.  We 
see  that  a  does  not  converge  towards  a,  but  fluc¬ 
tuates  around  a  value  below  a  =  10.  This  is  an 
example  where  a  cannot  converge  towards  a  for 
the  system  to  synchronize,  since  the  coupling  is  too 
weak.  Thus  the  time-varying  mismatch  in  parame¬ 
ters  is  used  here  to  reduce  the  synchronization  error 
rather  than  to  increase  it. 


6  =  10,  p(x)  =  sgn(x).  We  see  that  a  fluctuates  around  a  value  below  a  -  10. 


Fig.  9.  oi  as  a  function  of  time,  c  —  2a, 
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Fig.  10.  a  as  a  function  of  time  with  c  =  —20a  and  a  =  sgn(x  —  a;)sgn(j/  —  x  —  f(x)). 


6.  Generalizations 


Acknowledgments 


An  obvious  generalization  of  the  scheme  in  Eq.  (5) 
is  to  use  the  following  G  in  Eq.  (3): 


dij 

da, 


u 


=  -mi  (n)v2 


where  Mi  and  ^2  are  functions  in  class  V.  Thus  for 
the  coupled  systems  (7)  and  (8)  the  controllers  for 


aij  =  -  Xi)fi2(fij(x)) . 


Using  the  coupled  Chua’s  oscillators  in  Sec.  5 
with  c  =  —20a  and  a  =  sgn(x  —  x)sgn(y  —  x  — 
f(x))  we  find  that  the  two  Chua’s  oscillators  will 
still  synchronize.  Figure  10  shows  a  as  a  function 
of  time. 


7.  Conclusions 

In  this  letter,  we  present  a  variation  of  the  adaptive 
scheme  presented  in  [Huberman  &  Lumer,  1990]. 
We  give  theoretical  justifications  for  this  scheme 
when  the  system  is  nonlinear  with  linear  parame¬ 
ters.  This  scheme  also  has  the  property  that  it  can 
synchronize  two  systems  even  when  the  coupling  is 
weak.  Computer  simulation  results  based  on  Chua’s 
oscillator  are  presented  and  an  extension  to  systems 
with  multiplicative  parameters  is  given. 
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In  this  paper  we  present  a  single  map  that  displays  an  extraordinary  range  of  dynamics  that  lies 
between  the  Bernoulli  maps  and  almost  periodic  maps.  Of  central  importance  is  the  fact  that 
this  map  illustrates  how  almost-periodic  dynamics  evolves  into  Bernoulli  dynamics.  Due  to  its 
continuous  spectrum  of  dynamics  between  Bernoulli  and  almost  periodic,  we  call  this  map  the 
fundamental  map  in  contrast  to  the  better  known  standard  map.  The  range  of  dynamics  found 
in  this  map  suggests  that  as  order  gives  way  to  chaos,  both  the  geometry  of  the  orbit  and  the 
sequence  of  coordinates  of  the  points  of  the  orbit  evolve  from  order  to  disorder.  An  interesting 
point  brought  out  by  this  map  is  that  the  spatial  and  temporal  properties  of  orbits  near  each 
end  of  the  scale  bear  some  striking  similarities.  Additionally,  we  show  how  to  derive  a  Poincare 
map  from  the  fundamental  map  and  derive  the  associated  ODE,  an  equation  for  an  electronic 
circuit. 


1.  Introduction 

In  this  paper  we  describe  a  one-parameter  family 
of  maps  that  range  from  a  shift  on  n-symbols  to 
an  almost-periodic  map.  This  family  illustrates  the 
extraordinary  range  of  dynamics  that  can  occur  be¬ 
tween  these  two  limits  and  suggests  how  the  evolu¬ 
tion  from  almost  periodic  to  Bernoulli  takes  place. 
A  significant  question  is  “Where  in  this  parameter 
space  does  chaos  actually  begin?”  The  figures  ob¬ 
tained  from  different  parameter  values  of  this  map 
illustrate  interesting  relationships  between  order 
and  chaos,  and  how,  as  order  begins  to  evolve  into 
chaos,  the  spatial  and  temporal  relationships  of  an 
orbit  are  transformed. 

As  a  practical  application,  this  map  may  be 
used  to  generate  data  that  can  be  used  for  the  evalu¬ 
ation  of  empirical  tests  of  pseudo-random  processes 


such  as  the  empty  box  test  [Lake,  1996].  Lastly,  we 
observe  that  this,  map  may  be  generalized  to  higher 
dimensions. 

We  begin  by  showing  how  to  construct  a  useful 
formula  for  a  Bernoulli  map  in  two  dimensions. 


2.  From  Almost  Periodic  to 
Bernoulli 

2.1.  A  useful  formula  for  a 
Bernoulli  map 

In  this  section  we  show  how  to  construct  a  func¬ 
tion  of  a  two-sided  Bernoulli  map  which  provides 
insight  into  how  two-sided  Bernoulli  maps  manifest 
themselves  in  algebraic  forms.  The  algebraic  repre¬ 
sentation  of  two-sided  Bernoulli  maps  is  essential  to 
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recognizing  when  we  are  encountering  chaos  in  our 
“everyday”  equations.  The  construction  extends 
the  methods  used  for  one-sided  shifts  found  in  our 
paper  on  examples  and  counterexamples  [Brown  & 
Chua,  1996].  Let 


/u\ 

/cos(<t>)\ 

V 

sin(<p) 

w 

cos (9) 

\zJ 

(  sin(0)  / 

Note  that  while  these  coordinates  are  in  four  di¬ 
mensions,  they  are  identified  by  only  <f>  and  9,  and 
hence  represent  only  a  two-dimensional  space  em¬ 
bedded  in  four  dimensions. 

Now  we  derive  an  algebraic  representation  of 
a  Bernoulli  map  in  terms  of  elementary  functions 
using  the  Anosov  dynamical  system  on  the  torus 
defined  by 


This  system  is  also  known  as  the  cat  map  and  is 
known  to  be  a  bi-lateral  Bernoulli  map  on  the  unit 
square.  Note  the  occurrence  of  the  addition  mod¬ 
ulo  1  function  in  this  definition  of  the  Anosov  map. 
This  must  be  removed  in  any  algebraic  representa¬ 
tion  we  seek  because  this  operation  is  not  an  ele¬ 
mentary  function  and  it  does  not  occur  explicitly  in 
the  laws  of  nature.  In  fact,  the  operation  of  addition 
mod  1  is  a  mathematical  abstraction  that  is  very 
useful  for  proving  theorems  while  obscuring  the  re¬ 
lationship  between  the  conclusion  of  a  theorem  and 
its  connection  to  the  physical  world. 

By  direct  substitution  of  the  components  of 
Eq.  (2)  into  Eq.  (1),  and  by  an  application  of  the 
double  angle  formulas  for  the  sine  and  cosine, 
we  get,  after  simplification,  the  four-dimensional 
system: 


/u\ 

( 

V 

w 

\z) 

\ 

0 

0 

w 


0 

0 

— z 
w 


( u 2  —  v 2)  —2 uv  \ 

fu\ 

2uv  ( u 2  —  v2) 

V 

0  0 

w 

0  0  ) 

\zj 

What  is  revealed  by  this  map  is  that  the  bi-lateral 
Bernoulli  map  is  equivalent  to  a  map  defined  by  a 
two-component  twist  system:  the  upper  right  block 
of  four  entries  is  a  twist  as  is  the  lower  left  block 
of  four  entries.  The  u ,  v  component  of  this  map  is 
acting  as  a  twist  on  the  w,  z  component  and  vice 
versa. 


Implementation  of  this  map  on  a  computer 
must  be  done  carefully  due  to  the  rapid  accumula¬ 
tion  of  round-off  errors.  By  taking  the  arctangents/ 
27T  we  obtain  a  map  on  the  unit  square  which  is  a 
bi-lateral  Bernoulli  map.  An  implementation  of  this 
map  in  QuickBASIC  is: 

FOR  is  1  TO  N 
ul«(u“2-v“2) *w-2*u*v*z 
vl*2*u*v*w+(u“2-v"2) *z 
vl«u*w-v*z 
zl«v*w+u*z 

phi*arctangent (vl/ul) 

theta*arc tangent (zl/vl) 

u=cos(phi) 

v*sin(phi) 

w*cos (theta) 

z=sin(theta) 

PSET  (phi/(2*pi) ,theta/(2*pi)) ,10 
NEXT  i 

The  computation  of  the  arctangents  is  included  to 
compensate  for  round-off  errors.  Also,  we  plot  the 
points  in  the  angular  coordinates  to  retain  the  uni¬ 
formity  of  the  Bernoulli  distribution. 

Following  this  example  we  may  derive  countless 
additional  examples  of  functions  of  bilateral  shifts 
on  any  number  of  symbols  in  terms  of  elementary 
functions. 

2.2.  Combining  Bernoulli  with 
almost  periodic 

The  preceding  map,  if  transformed  to  complex  co¬ 
ordinates  w  =  il>\  +  7?it,  z  —  ip2  +  *?2*\  can  be  repre¬ 
sented  by: 

»CH«)  (3> 

where  the  modulus  of  the  complex  numbers  |tu|  = 

1*1  =  I- 

An  almost-periodic  map  in  complex  coordinates 
can  be  written  as 

Ad)=(;i)  <*> 

where  a,  b  are  complex  numbers  satisfying  |iy|  = 
|z|  =  |tt|  =  |6|  =  1.  This  is  a  pair  of  rotations  on 
the  cross  product  of  two  unit  circles  known  as  the 
complex  torus  in  two  dimensions. 

We  generalize  the  Bernoulli  map  to  all  two- 
dimensional  complex  space  by  redefining  B  as 
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follows: 


B  is  now  defined  on  the  complex  plane  and  projects 
every  vector  onto  the  complex  torus.  The  torus  is, 
in  effect,  an  attractor,  and  B  restricted  to  the  torus 
is  an  invertible  differentiable  mapping.  It  is  not 
necessary  to  similarly  redefine  A  since  A  is  bounded 
even  when  |u;|,  \z\  ^  1. 

We  form  a  typical  linear  combination  of  these 
two  maps  often  used  in  vector  computations  to  get 
the  following  map: 

T(IH -<)+<)  <6) 

where  0  <  A  <  1.  To  make  this  equation  a  mapping 
on  the  torus  we  need 

Ki  =  |(1  -  A)w2z  +  A(au;)|  (7) 

and 

K2  =  |(1  -  X)wz  +  A(6z)|  (8) 

We  now  define  the  fundamental  map  as 


(9) 


This  is  a  mapping  on  the  complex  torus.  When 
A  =  0,  it  is  Bernoulli,  and  when  A  =  1  it  is  almost 
periodic.  For  all  other  values  of  A  it  is  somewhere 
in-between.  Stated  differently,  it  is  a  one-parameter 
family  of  maps,  which,  except  at  the  origin,  are  C°° 
(when  considered  as  real  valued  maps)  that  con¬ 
tinuously  vary  from  an  almost-periodic  map  to  a 
Bernoulli  map  on  two  symbols. 

We  note  that  B\  is  not  an  analytic  map.  This 
is  of  no  significance  since  the  use  of  complex  coordi¬ 
nates  here  is  only  a  notational  convenience  and  the 
theory  of  complex  variables  is  not  used  in  any  of 
the  results.  As  real  valued  maps,  B\  and  the  sub¬ 
sequence  maps  that  we  present  are  infinitely  differ¬ 
entiable,  except  possibly  at  the  origin. 

If  we  generalize  this  map  further  we  may  ob¬ 
tain  a  set  of  maps  that  continuously  vary  from  an 


Almost-periodic  map  to  a  Bernoulli  map  on  n- 
symbols.  The  generalization  is . 


B\{n,  a,  b ) 


(10) 


and  Ki  are  the  divisors  needed  to  force  the  mapping 
to  stay  on  the  complex  torus. 


3.  A  Poincare  Map:  The  Second 
Fundamental  Map 

In  this  section  we  derive  a  Poincare  map  for  a  cir¬ 
cuit  which  is  an  arbitrarily  small  perturbation  of  the 
fundamental  map  and  derive  the  associated  circuit 
equations. 

We  note  that  the  fundamental  map  is  not  al¬ 
ways  invertible,  but  by  using  the  technique  of  Brown 
&  Chua  [1993],  it  can  be  embedded  in  an  invertible 
map  which  is  an  arbitrarily  small  perturbation  of 
the  fundamental  map.  This  new  map,  which  is  a 
four-dimensional  complex  map,  will  be  called  the 
second  fundamental  map.  Its  key  properties  are: 

(1)  it  has  the  full  range  of  dynamics  of  the  funda¬ 
mental  map,  ranging  from  Bernoulli  to  almost 
periodic; 

(2)  it  contains  period  doubling  bifurcations  to 
chaos; 

(3)  it  contains  the  full  range  of  dynamics  from  at¬ 
tracting  dynamics  to  measure  preserving  dy¬ 
namics; 

(4)  it  is  invertible;  and, 

(5)  it  is  a  closed  form  Poincare  map  for  an  elec¬ 
tronic  circuit. 


3.1.  The  second  fundamental  map 

The  general  method  for  embedding  any  map  into 
a  Poincar6  map  was  suggested  in  Brown  &  Chua 
[1993]  but  was  not  explicitly  stated.  We  now  state 
this  result  formally: 

Theorem  1.  Let  f  :  Rn  — »  Rn  be  any  differen¬ 
tiable  ( not  necessarily  invertible)  function  on  Rn. 
Then  f  can  be  embedded  in  a  Poincare  map  for  an 
electronic  circuit  as  follows: 
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Let  x,  y  €  Rn  be  any  two  vectors  in  Rn  and 

define  T :  R2n  — ►  R2"  by  the  equation : 

r(;)-(Kv:‘:v  <■» 

where  c  is  any  real  number,  then, 

(1)  T  is  1-1,  has  the  same  number  of  derivatives  as 
/,  and  det(DT)  =  cn; 

(2)  for  all  c>  0  T  is  a  Poincare  map  for  an  ODE 
in  R2n; 

(3)  for  c  =  0,  the  range  of  T  is  the  graph  of  f,  and 
the  orbit  of  a  point  (x,  y)  under  T  is  the  orbit 
ofx  under  f,  i.e.  (/n+1(x),  /n(x)); 

(4)  foranyxe Rn,  t/|c|<l  then  (/n+1(x),  /n(x)), 
is  a  subset  an  attractor; 

(5)  as  c  — ►  0,  the  attractor  of  T  converges  to  the 
orbit  ofx  under  f. 


Proof.  All  assertions  are  direct  computations.  ■ 

Using  Theorem  1,  we  write  down  the  second 
fundamental  map: 

/0\  (  Bx(n,  ctf  +  e)  — ctf\ 

c*  +  e  j  (12) 


map  are: 


where  c  is  any  real  number.  The  second  fundamen¬ 
tal  map  is  the  composition  of  these  three  maps. 

The  second  fundamental  map  is  the  Poincare 
map  forr 

/ex  *)  -  *n 

U7  V  « we -.,(<)»  J  ' 

where  Si(t)  is  a  three-phase  gate  as  shown  in  Fig.  1. 

3.3.  Detailed  circuit  equations 

In  this  section  we  write  down  the  eight-dimensional 
real-variable  equations  for  the  second  fundamental 
map  circuit.  In  order  to  do  this  we  must  change  our 
notation,  thus  in  this  section  we  define: 


From  the  above  theorem  we  know  that  the  sec¬ 
ond  fundamental  map  preserves  the  dynamics  of  the 
fundamental  map.  The  analogy  is  our  example  of  a 
Poincare  map  for  a  two-dimensional  equation  which 
was  a  small  perturbation  of  the  map  x  —*2x  mod  (1) 
in  Brown  &  Chua  [1993].  The  second  fundamental 
map  is  the  composition  of  three  invertible  maps,  all 
of  which  are  time-one  maps  of  complex  ODEs.  We 
now  show  how  to  construct  the  circuit  using  the 
fundamental  map. 


3.2.  The  circuit 

4 

In  this  section  we  use  greek  letters  to  represent  four¬ 
dimensional  complex  vectors.  Thus, 

*-(:)  -o 

where  u,v,w,  z  are  complex  variables.  In  this  nota¬ 
tion  the  fundamental  map  is  written  as  B\(n ,  '!>). 
The  three  components  of  the  second  fundamental 


(x\ 

/01\ 

y 

©  = 

d2 

w 

03 

\  z  J 

U  / 

where  x,  y,  w,  z,  6i  are  real  variables.  In  this  nota¬ 
tion  the  eight-dimensional  circuit  equation  is 


(0 i\ 
02 
*3 

\04/ 


=  s3(t ) 


ffi(x,  y,  W,  z)-cB i\ 
f2(x,  y,  w,  z)  -  c92 
fz(x,  y,  w,  z)  -  c63 
\/4(x,  y,  w,  z)-cBa) 


(17) 


/X\ 

/01> 

fx\ 

y 

w 

\z) 

=  *2(0 

02 

yt) 

~Sl  (t) 

_ _ 

(18) 


where  we  define  the  /,•  in  the  following  equations. 
First  we  need  to  define  #  and  K,  as  a  notational 
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Fig.  1.  The  functions  t  =  1,  2,  3,  constitute  a  three-phase  gate  function.  Each  is  periodic  of  the  same  period.  s2(f)  and 
53(f)  are  phase  shifts  of  the  function  si(t). 


convenience: 

/gi(x,y,w,  z)\  (x2  —  y2)w  —  2xyz \  /a\x-a2y\ 

g2(x,y,w,z)  2xyw  +  (x2  -  y2)z  +  ^  a,2X  +  aiy 

g$(x,y,w,z )  xw  —  yz  biw  —  b^z 

\g4(x,  y,  w,  z) /  V  xz  +  yw  /  \b2W  +  biz/ 

Kia  =  (1  —  A)2(x2  +  y2){w2  +  z2)  +  A2(al  +  a2) 


(19) 

(20) 


(21) 

(22) 

(23) 


3.4.  The  attractor 8 

What  is  most  useful  about  these  maps  is  what  they 
reveal  about  the  transition  between  almost  periodic 
and  chaotic  dynamics.  While  the  second  fundamen¬ 
tal  map  is  in  eight  dimensions,  the  essential  dynam¬ 
ics  occurs  in  only  two  dimensions:  In  addition  to  the 
two  dimensions  used  to  portray  the  dynamics,  two 
more  are  needed  to  arrange  for  the  map  to  oper¬ 
ate  on  a  two-dimensional  manifold  which  is  com¬ 


pact  (the  torus).  The  additional  |our  dimensions 
are  used  to  make  the  map  invertible.  Another  way 
of  seeing  this  is  to  note  that,  by  inspection,  the 
three  component  maps  that  make  up  the  second 
fundamental  map,  only  one  carries  the  dynamics  of 
the  fundamental  map,  Eq.  (18),  and  that  map  only 
uses  four  dimensions.  Of  the  four  dimensions  used 
only  two  are  really  needed  since  the  parameter  c 
may  be  chosen  to  be  arbitrarily  small.  For  example, 
we  could  choose  c  =  io-10000. 
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3.4.1.  Figures  2-11 

In  Figs.  2-11  we  show  how  the  variation  of  a  single 
parameter  in  the  second  fundamental  map  produces 
a  diverse  array  of  dynamics  which  start  at  Bernoulli 
and  end  almost  periodic.  In  Fig.  2,  we  choose  A  =  0 
to  obtain  a  pure  Bernoulli  orbit.  This  orbit  could  be 
obtained  by  using  the  cat  map.  The  orbit  appears 
uniform  yet  irregular.  The  map  is  measure  preserv¬ 
ing  on  the  attractor.  Using  the  empty  box  test  we 
would  conclude  that  this  orbit  is  pseudo-random. 

In  Fig.  3,  we  have  chosen  A  =  1  to  obtain  a 
pure  almost  periodic  orbit.  This  orbit  is  dense  in 
a  closed  curve.  This  orbit  could  be  obtained  by  a 
rotation  on  the  torus.  Figures  2  and  3  demonstrate 
the  two  extremes  of  the  second  fundamental  map. 

In  Fig.  4,  we  choose  A  =  0.2  to  obtain  a  small 
perturbation  of  the  cat  map.  The  measure  pre¬ 
serving  feature  is  apparently  lost,  but  the  pseudo¬ 
random  feature  is  preserved.  This  is  to  be  expected 
due  to  the  “structural  stability”  of  the  cat  map.  We 
conclude  that  the  map  is  still  chaotic,  though  not 
strictly  Bernoulli  which  requires  that  the  map  be 
measure  preserving. 

In  Figs.  5  and  6,  we  increase  A  and  the  orbits 
become  less  uniform  and  twisted.  These  images  are 
what  we  might  expect  to  see  if  we  were  to  twist  the 
underlying  space  while  leaving  the  orbit  uniform. 
Another  view  might  be  that  the  two-dimensional 
orbit  has  buckled  into  higher  dimensions  in  order 
to  retain  its  invertibility. 

In  Fig.  7,  A  =  0.5  and  the  orbit  now  is  “half 
Bernoulli  and  half  almost  periodic”.  A  bifurcation 
has  taken  place  in  that  repelling  regions  have  ap¬ 
peared  as  large  empty  spaces  and  the  orbit  is  now 
clearly  higher  dimensional  though  we  are  only  show¬ 
ing  a  two-dimensional  projection.  Though  the  map 
is  half  and  half  in  the  parameter  space,  it  is  still 
clearly  chaotic,  but  not  Bernoulli.  What  we  can 
conclude  is  that  the  contribution  from  the  Bernoulli 
component  is  still  strong  enough  that  the  map  is 
chaotic.  It  is  worth  recalling  at  this  point  that  the 
second  fundamental  map  is  a  closed  form  Poincare 
map  for  an  electronic  circuit. 

In  Fig.  8,  A  =  0.65  and  is  weighted  toward  al¬ 
most  periodic  dynamics.  The  ripples  represent  the 
formation  of  order  while  the  orbit  is  clearly  disor¬ 
derly  to  the  eye.  The  Bernoulli  component  keeps 
this  orbit  chaotic.  The  ripples  resemble  wind  swept 
sand  dunes  as  seen  from  overhead.  Does  this  sug¬ 
gest  that  the  ripples  in  sand  dunes  are  the  result  of 
a  combined  random  and  almost  periodic  process? 


In  Fig.  9,  (A  =  0.7)  the  addition  of  0.05  to  the 
parameter  value  of  Fig.  8  has  pushed  the  orbit  into 
almost-periodic  motion.  The  orbit  is  an  attractor 
which  appears  to  have  chaotic  transients.  While 
the  dynamics  appear  almost-periodic,  the  closed  or¬ 
bits  that  formed  are  highly  “nonlinear”.  Thus  we 
have  what  we  might  call  “geometric  chaos”  within 
almost-periodic  motion. 

In  Fig.  10,  A  =  0.76  and  the  “chaotic”  geom¬ 
etry  has  vanished  with  another  bifurcation.  Now 
the  orbit  could  be  described  as  a  uniform  almost- 
periodic  motion  where  we  have  twisted  or  wrinkled 
the  underlying  space.  This  apparent  uniformity 
on  a  twisted  space  was  seen  as  we  perturbed  the 
Bernoulli  map  in  Figs.  4-6. 

In  Fig.  11,  we  have  a  nearly  uniform  almost- 
periodic  orbit  for  A  =  0.9. 

Summary  of  Figs.  2-11 

By  varying  the  parameter  A  from  0  to  1  we  ob¬ 
served  the  transition  from  Bernoulli  dynamics  to  al¬ 
most  periodic  dynamics.  From  the  initial  conditions 
and  rotation  factors  chosen,  we  never  encountered 
period  doubling  bifurcations.  By  other  choices  of 
rotation  factors  we  can  obtain  period  doubling  tran¬ 
sitions  to  chaos.  One  striking  feature  of  the  transi¬ 
tion  is  the  appearance  of  the  underlying  space  be¬ 
coming  twisted  at  each  end  of  the  parameter  range 
suggesting  that  a  loss  of  geometric  uniformity  may 
precede  the  loss  of  orbit  uniformity.  During  the 
transition  two  bifurcations  were  observed.  The  first 
occurred  when  repelling  regions  first  formed  and  the 
second  occurred  when  the  attractor  became  one¬ 
dimensional.  Clearly,  these  features  are  related.  In 
this  series  of  examples,  the  influence  of  the  Bernoulli 
term  in  the  second  fundamental  map  maintained 
the  presence  of  chaos  even  when  the  map  was 
weighted  toward  almost-periodic  dynamics.  The  ef¬ 
fect  of  combining  Bernoulli  dynamics  with  almost- 
periodic  dynamics  as  done  here  will  be  more  fully 
explored  in  Clarifying  Chaos  II:  Bernoulli  Chaos, 
to  appear. 

3.4.2.  Figures  12-27 

In  Figs.  12-27  we  display  a  wide  range  of  dynam¬ 
ics  that  can  be  found  in  the  second  fundamental 
map.  These  figures  are  produced  by  changing  the 
rotation  factor  in  the  almost-periodic  term  of  the 
fundamental  map. 
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In  Fig.  12,  fa  =  0.9,  <f>2  =  0,  A  =  0.65.  The 
system  is  weighted  toward  AP,  we  obtain  a  one¬ 
dimensional  attractor  with  a  highly  irregular  shape. 

In  Fig.  13,  <f>i  =  0.5,  <f>2  =  0.18,  A  =  0.65.  The 
orbit  is  a  spiral  into  a  single  attracting  fixed  point. 

In  Fig.  14,  <f>\  =  2.5764,  <j>2  =  0.4,  A  =  0.60. 
The  orbit  geometry  is  very  complex  and  the  orbit 
itself  appears  to  be  AP.  It  is  an  attractor. 

In  Fig.  15,  fa  =  0.5,  (f>2  =  0.5,  A  =  0.80.  The 
dynamics  are  AP  and  if  the  orbit  is  sampled  over 
infinite  time  it  will  fill  out  the  plane.  This  is  another 
example  of  how  the  orbit  geometry  begins  to  bend 
and  twist  before  chaos  sets  in. 

In  Fig.  16,  4>\  =  0.5,  <f>2  =  0.5,  A  =  0.70.  A  has 
been  shifted  toward  B  and  has  now  become  twisted 
in  a  higher  dimensional  space.  The  nature  of  the 
dynamics  is  uncertain. 

In  Fig.  17,  fa  =  0.1,  <f>2  =  0.1,  A  =  0.64.  An 
attractor  buckled  in  higher  dimensional  space  ap¬ 
pears.  The  dynamics  appear  to  be  chaotic. 

In  Fig.  18,  fa  =  1.0,  fa  =  0.1,  A  =  0.705. 
This  attractor  is  beyond  strange,  having  both  one- 
and  two-dimensional  features.  The  two-dimensional 
feature  is  not  transient.  There  is  an  order  to  the 
orbit,  but  it  does  not  appear  to  be  AP.  We  might 
call  this  class  of  attractors,  X-attractors. 

In  Fig.  19,  fa  =  0.1,  fa  =  2.1,  A  =  0.705.  This 
is  another  X-attractor  having  both  one-  and  two- 
dimensional  features.  The  webbing  and  the  claws 
are  separated  by  an  area  that  will  fill  out  as  the 
orbit  is  continued. 

In  Fig.  20,  <f>i  =  2.5,  <f>2  =  0.1,  A  =  0.635.  An¬ 
other  X-attractor  is  shown  with  rope  like  features 
extending  from  the  two-dimensional  areas. 

In  Fig.  21,  fa  =  2.6,  fa  =  0.0,  A  =  0.58.  This 
attractor  is  only  slightly  weighted  toward  AP.  It 
has  folded  into  higher  dimensions  as  can  be  seen  by 
the  apparent  overlapping  of  the  folds.  The  orbit  is 
clearly  chaotic. 

In  Fig.  22,  <f> i  =  0.05,  fa  =  5.5,  A  =  0.73. 
This  is  an  orbit  that  might  be  chaotic  but  it  cannot 
be  determined  by  observation.  It  has  areas  where 
points  are  concentrated.  Considered  in  two  dimen¬ 
sions  only,  it  appears  not  to  be  an  attractor  but 
rather  to  have  areas  of  nonuniform  density. 

In  Fig.  23,  fa  =  0.7,  fa  =  2.5,  A  =  0.76.  This 
orbit  is  AP  with  twisted  geometry.  If  the  orbit  is 
run  out  it  will  fill  the  plane. 

In  Fig.  24,  fa  =  2.6,  fa  =  0.0725,  A  =  0.72. 
Another  AP  orbit  with  twisted  geometry  which  will 
fill  out  the  plane. 


In  Fig.  25,  <f> x  =  1.0,  fa  =  0.9,  A  =  0.73.  This 
AP  orbit  will  fill  out  the  plane  and  shows  relatively 
moderate  twisting. 

In  Fig.  26,  <f> i  =  2.6,  <j> 2  =  0.9,  A  =  0.75.  This 
orbit  has  the  appearance  of  being  gently  twisted.  It 
is  AP. 

In  Fig.  27,  <f>i  =  0.1,  <f>2  —  2.1,  A  =  0.0.  In 
this  figure,  we  have  c  =  0.999,  a  value  that  makes 
the  map  nearly  measure  preserving.  The  dynamics 
is  indeterminate  by  observation  but  the  geometry 
of  the  orbit  looks  chaotic.  There  are  areas  that 
appear  to  be  continuous,  but  this  is  an  illusion.  The 
orbit  circulates  in  higher  dimensions  taking  on  the 
appearance  of  a  ball  of  yarn  that  has  unraveled  in 
a  random  manner. 

Summary  of  Figs.  12-27 

What  is  most  apparent  from  these  figures  is  that 
chaotic  dynamics  has  a  far  greater  diversity  than 
we  have  supposed.  It  is  clear  that  we  may  con¬ 
struct  chaotic  attractors  having  high  dimensional 
characteristics  and  having  geometry  as  bizarre  as 
our  imagination  allows.  It  should  be  clear  that 
chaos  is  not  a  low-dimensional  phenomena  in  a  mea¬ 
sure  theoretic  sense  but  can  be  found  in  any  dimen¬ 
sion  with  any  predetermined  set  of  characteristics. 
The  examples  constructed  here  are  not  merely  aca¬ 
demic  mathematical  abstractions,  but  can  be  real¬ 
ized  in  electronic  hardware.  Additionally,  the  diver¬ 
sity  of  attractors  constructed  from  a  simple  formula 
have  shapes  that  are  suggestive  of  natural  phenom¬ 
ena.  This  raises  the  question:  “Are  many  natural 
processes  simple  combinations  of  random  and  non- 
random  processes?”,  if  so,  the  fundamental  map  is 
a  simple  model  for  such  processes. 

3.5.  Figure  data 

These  figures,  computed  for  c  =  10-10,  are  an  ac¬ 
curate  computer  replication  of  an  attractor  of  the 
second  fundamental  map.  In  only  one  figure  do  we 
allow  c  to  take  on  a  larger  value.  The  resulting  fig¬ 
ure,  Fig.  27,  illustrates  just  how  complex  the  geom¬ 
etry  of  an  orbit  can  be  for  the  second  fundamental 
map  when  it  is  not  an  approximation  of  the  funda¬ 
mental  map. 

In  Figs.  2-27 

a  =  (cos(fa),  sin(fa)) ,  b  =  (cos (fa),  sm(fa)) , 
and  tfo  =  ©o  where 

©o  =  (cos(1.266),  sin (1.266),  cos(0.9273),  sin(0.9273)) 
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Fig.  2.  Orbit  of  the  map  Fo(l,  a,  b)(w0,  20)  defined  by 
Eq.  (12).  In  this  figure,  <f>  1  =  0.9,  <t> j  =  0.4.  The  hori¬ 
zontal  axis  is  the  argument  of  w,  and  the  vertical  axis  is  the 
argument  of  z.  This  figure  shows  the  upper  limits  of  chaos, 
a  Bernoulli  orbit. 


Fig.  3.  Orbit  of  the  map  Fi(l,  a,  b)(w 0,  zo)  defined  by 
Eq.  (12).  In  this  figure,  4>  1  —  °-9>  to  ~  °-4- 
shows  the  lower  limit  of  the  map’s  complexity,  an  almost- 
periodic  orbit  that  lies  on  a  one-dimensional  manifold. 


Fig.  4.  Orbit  of  the  map  Fo.j(l,  °,  b)(wo,  zo)  defined  by 
Eq.  (12).  In  this  figure,  <£1  =  0.9,  <t>i  =  0.4.  We  have  added 
a  small  amount  of  almost-periodic  dynamics  to  the  Bernoulli 
map  causing  striations  to  appear  in  the  previously  uniform 
orbits.  The  dynamics  are  still  chaotic  though  apparently  not 
Bernoulli  any  longer. 


Fig.  5.  Orbit  of  the  map  Fo.3(l,  b)(wo,  zo)  defined  by 
Eq.  (12).  In  this  figure,  4>i  =  0.9,  4>t  =  0.4.  By  a  further 
increase  in  almost-periodic  dynamics  the  striations  become 
more  prominent.  By  inspection  we  determine  that  chaos  is 
still  present. 


Fig.  6.  Orbit  of  the  map  Fo.<(l,  a,  b)(wo}  zo)  defined  by 
Eq.  (12).  In  this  figure,  <f> i  =  0.9,  fa  =  0.4.  Still  further 
increases  in  almost-periodic  dynamics  cause  the  striations  to 
become  ever  more  prominent  and  by  inspection  we  determine 
that  chaos  is  still  present. 


Fig.  7.  Orbit  of  the  map  Fo.s(l,  6)(u>o,  zo)  defined  by 
Eq.  (12).  In  this  figure,  =  0.9,  fa  =  0.4.  Another  in¬ 
crement  of  almost-periodic  motion  gives  a  map  which  is  half 
Bernoulli  and  half  almost-periodic.  A  bifurcation  has  taken 
place  as  indicated  by  the  prominent  empty  spaces  that  have 
appeared  and  form  repelling  regions.  The  combined  mapping 
remains  chaotic. 


Fig.  8.  Orbit  of  the  map  Fo.es(l,  a,  6)(u>o,  *o)  defined  by 
Eq.  (12).  In  this  figure,  fa  =  0.9,  fa  =  0.4.  Another  in¬ 
crement  of  almost-periodic  motion  brings  about  another  bi¬ 
furcation  in  that  the  prominent  empty  spaces  have  vanished. 
The  orbit  now  displays  ripples.  Order  seems  to  be  appearing 
at  this  point.  The  almost-periodic  component  of  the  map  is 
now  higher  than  the  Bernoulli  component,  but  by  inspection 
we  determine  that  the  map  is  neither  Bernoulli  nor  almost 
periodic. 


Fig.  9.  Orbit  of  the  map  Fo.7(l,  &)(«>o,  *o)  defined  by 

Eq.  (12).  In  this  figure,  fa  =  0.9,  fa  =  0.4.  A  smaller 
increment  of  almost-periodic  motion  brings  about  another 
bifurcation:  the  orbits  are  one-dimensional  attractors  and 
are  now  clearly  almost-periodic. 
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Fig.  10.  Orbit  of  the  map  Fo.7s(l,  a,  6)(u>o,  zo)  defined  by  Fig.  11.  Orbit  of  the  map  Fo.9(l,  a,  6)(u>o,  zo)  defined  by 

Eq.  (12).  In  this  figure,  fa  —  0.9,  fa  =  0.4.  Another  small  in-  Eq.  (12).  As  before  fa  =  0.9,  fa  =  0.4.  The  combined  map 

crement  of  almost-periodic  motion  brings  about  another  bi-  is  90  percent  almost-periodic  but  the  dynamics  are  totally 
furcation:  the  closure  of  the  orbit  is  two-dimensional.  Some-  almost-periodic.  The  striations  are  lost  and  the  orbit  now 

thing  similar  to  the  striations  that  appeared  in  Fig.  4  now  appears  uniform.  The  closure  of  the  orbit  is  two-dimensional, 

appear  in  a  more  orderly  fashion  in  this  figure.  In  some  sense  this  uniformity  is  a  slight  variation  of  the  uni¬ 

form  distribution  of  points  that  we  associate  with  a  Bernoulli 
map. 


Fig.  12.  Orbit  of  the  map  F0  6 s(l,  cl,  b)(wo,  zq)  defined  by  Fig.  13.  Orbit  of  the  map  a,  b)(w0 ,  z0)  defined  by 

Eq.  (12).  In  this  figure,  we  change  the  rotation  factor.  Eq.  (12).  In  this  figure,  the  rotation  factor  is  fa  =  0.5, 

fa  =  0.9,  fa  =  0.  Also,  we  choose  a  value  of  A  which  weights  fa  =  0.18.  The  dynamics  are  a  simple  point  attractor, 

the  combined  map  toward  almost-periodic  dynamics.  The 
dynamics  appear  almost-periodic  but  by  inspection  this  is 
not  easy  to  determine.  The  attractor  is  one-dimensional. 

The  geometry  of  the  orbit  is  becoming  complex  and  is  rem¬ 
iniscent  of  nonlinear  dynamics  in  its  curvature. 
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Fig.  14.  Orbit  of  the  map  F0.6(l,  a,  6)(iu0,  2d)  defined  by  Fig.  15.  Orbit  of  the  map  F0  8(  1,  a,  b)(w0i  zo)  defined  by 

Eq.  (12).  In  this  figure,  the  rotation  factor  is  fa  =  2.5764,  Eq.  (12).  In  this  figure,  the  rotation  factor  is  fa  =  0.5,  fa  = 

fa  =  0.4.  The  dynamics  are  indeterminate  by  inspection  and  0.5.  The  dynamics  are  almost  periodic.  While  the  dynamics 

the  orbit  is  another  one-dimension aJ  attractor.  The  geome-  are  simple,  the  orbit  looks  as  complex  as  a  fingerprint.  The 

try  of  the  orbit  is  very  complex.  closure  of  the  orbit  is  two-dimensional. 


Fig.  16.  Orbit  of  the  map  Fo.7(l,  a,  6)(t^o,  20)  defined  by 
Eq.  (12).  In  this  figure,  the  rotation  factor  is  fa  =  0.5, 
fa  =  0.5.  Portions  of  this  attractor  bears  some  resemblance 
to  the  top  of  a  sea  shell.  The  dynamics  are  uncertain  but 
are  presumed  to  be  chaotic.  The  empty  regions  are  repelling 
regions. 


Fig.  17.  Orbit  of  the  map  Fo.64(l,  a,  6)(ti>0i  20)  defined  by 
Eq.  (12).  In  this  figure,  the  rotation  factor  is  fa  s  0.1, 
fa  =  0.1.  The  dynamics  are  most  certainly  chaotic.  The 
empty  region  is  repelling. 
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Fig.  18.  Orbit  of  the  map  Fo.705(l>  a,  b)(wo ,  zq)  defined  by 
Eq.  (12).  In  this  figure,  the  rotation  factor  is  <f>\  =  0.1,  <f> 2  = 
0.1,  hence  this  attractor  is  a  small  perturbation  of  Fig.  17. 
The  dynamics  axe  most  certainly  chaotic  with  large  empty 
repelling  regions.  This  attractor  seems  to  be  transitioning 
between  one-  and  two-dimensional  dynamics  in  that  neither 
the  one-dimensional  portion  nor  the  two-dimensional  portion 
are  transients. 


Fig.  19.  Orbit  of  the  map  Fo.70s(l,  a,  b)(w 0>  zq)  defined  by 
Eq.  (12).  In  this  figure,  the  rotation  factor  is  <f>  1  =  0.1, 
tf>2  =  2.1.  The  dynamics  are  chaotic  with  large  empty  re¬ 
pelling  <  regions.  Some  portions  of  this  attractor  resemble 
the  unstable  manifold  of  some  two-dimensional  twist- an d- 
flip  systems.  The  structures  on  the  right-hand  side  of  the 
attractor  figure  resemble  cobwebs.  They  are  not  transients. 


Fig.  20.  Orbit  of  the  map  Fo.63s(1i  a,  6)(tuo,  *o)  defined  by 
Eq.  (12).  In  this  figure,  the  rotation  factor  is  =  2.5, 
fa  =  0.1.  The  dynamics  are  chaotic.  Another  example  of 
transitioning  between  one-dimensional  and  two-dimensional 
dynamics. 


Fig.  21.  Orbit  of  the  map  Fo.sa(l»  a,  6)(ti>o,  *o)  defined  by 
Eq.  (12).  In  this  figure,  the  rotation  factor  is  <t>\  =  2.6, 
$2  =  0.0.  The  dynamics  are  chaotic.  This  attractor  is  a  small 
perturbation  of  Fig.  20  and  has  transitioned  completely  to 
two-dimensional  dynamics. 
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Fig.  22.  Orbit  of  the  map  Fo.73(l»  a,  5)( tuo,  zo)  defined  by 
£q.  (12).  In  this  figure,  the  rotation  factor  is  <t>\  =  0.5, 
<t> 2  =  5.5.  The  dynamics  are  chaotic.  The  feathery  texture 
of  this  attractor  gives  it  the  appearance  of  smoke. 


Fig.  23.  Orbit  of  the  map  Fo.7«(l,  a,  6)(tuo,  so)  defined  by 
Eq.  (12).  In  this  figure,  the  rotation  factor  is  <f>i  =  0.7, 
4*2  =  2.5.  The  dynamics  are  almost  periodic.  This  attractor 
could  also  resemble  some  portions  of  a  smoke  trail. 


Fig:  24.  Orbit  of  the  map  Fo.72(l,  a,  6)(u>o,  «o)  defined  by 
Eq.  (12).  In  this  figure,  the  rotation  factor  is  =  0.0725, 
4>2  =  2.6.  The  dynamics  are  uncertain.  This  attractor  re¬ 
sembles  the  surface  of  a  large  body  of  water  blown  by  a  high 
wind  as  seen  from  above. 


Fig.  25.  Orbit  of  the  map  Fo.7s(l,  a,  b)(wo ,  so)  defined  by 
Eq.  (12).  In  this  figure,  the  rotation  factor  is  =  1.0, 
4>2  =  0.9.  The  dynamics  are  almost  periodic.  This  attractor 
also  resembles  the  surface  of  a  large  body  of  water  blown  by 
a  high  wind  as  seen  from  above. 
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Fig.  26.  Orbit  of  the  map  Fo.75(lt  *o)  defined  by 

Eq.  (12).  In  this  figure,  the  rotation  factor  is  <f>i  =  2.6, 
<f> 2  =  0.9.  The  dynamics  are  almost  periodic.  This  attractor 
resembles  the  surface  of  a  thick  liquid  or  pliable  solid  such 
as  taffy. 


The  graph  coordinates,  ( x ,  y),  are  the  argument 
of  the  first  component  of  the  complex  vector 
Fa(1,  a,  6)(0,  $0,  i.e.,  ©.  The  length  of  the  ar-axis 
and  y-axis  is  6.5.  The  orbits  all  lie  in  a  square  with 
sides  of  length  27r. 


4.  Summary  and  Conclusions 

The  fundamental  map  describes  an  extraordinary 
range  of  two-dimensional  dynamics.  It  is  partic¬ 
ularly  useful  in  developing  intuition  into  the  evo¬ 
lution  from  almost-periodic  dynamics  to  the  high¬ 
est  end  of  chaotic  dynamics,  the  Bernoulli  maps. 
On  each  end  of  this  dynamical  spectrum  analogous 
changes  take  place  as  we  move  toward  the  other 
end  of  the  spectrum  in  that  the  orbit  geometry  first 
loses  its  uniformity.  Further,  as  we  proceed  from 
almost-periodic  dynamics  toward  Bernoulli  the  map 
becomes  more  nonlinear  and  this  nonlinearity  first 
appears  as  a  change  in  the  geometric  appearance 
of  the  orbits.  These  changes  can  be  used  to  better 
understand  the  transition  into  chaos  and  to  discrim¬ 
inate  between  chaotic  and  non-chaotic  processes.  In 
particular,  tests  for  randomness  can  be  examined  by 
the  use  of  data  generated  by  the  fundamental  map. 


Fig.  27.  Orbit  of  the  map  Fo.7s(l>  a,  6)(u>o,  zo)  defined  by 
Eq.  (12)  where  c  =  0.999.  The  dynamics  are  very  nearly 
measure-preserving.  In  this  figure,  the  rotation  factor  is  <j> i  = 
0.1,  <f> 2  =  2.1.  The  dynamics  are  uncertain.  This  attractor 
resembles  a  tangled  ball  of  yarn. 


The  fundamental  map  may  be  useful  in  identifying 
the  point  of  demarcation  between  chaos  and  order. 
Lastly,  the  fundamental  map  may  be  a  simple  model 
for  how  random  and  non-random  processes  combine 
to  form  complex  and  varied  natural  processes. 
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In  this  paper,  we  study  the  generality  of  Chua’s  oscillator  by  deriving  a  class  of  vector  fields 
that  Chua’s  oscillator  is  equivalent  to.  For  the  class  of  vector  fields  with  a  scalar  nonlinearity, 
we  prove  that  under  certain  conditions,  two  such  vector  fields  are  topologically  conjugate  if 
the  Jacobian  matrices  at  each  point  have  the  same  eigenvalues  and  the  equilibrium  points  are 
matched  up.  We  show  how  these  conditions  are  related  to  the  complete  state  observability  of 
a  corresponding  linear  system.  These  results  are  used  to  show  that  the  71-dimensional  Chua  s 
oscillator  is  topologically  conjugate  to  almost  every  vector  field  in  this  class.  We  comment 
on  the  special  case  when  the  vector  field  is  piecewise-linear  and  in  particular  when  the  vector 
field  is  2-segment  piecewise-linear.  These  results  are  illustrated  by  transforming  several  systems 
studied  in  the  literature  into  equivalent  Chua’s  oscillators. 

We  also  extend  some  of  these  results  to  the  case  of  several  scalar  nonlinearities.  As  a 
corollary  we  prove  that  almost  all  piecewise-linear  vector  fields  with  parallel  boundary  planes 
are  topologically  conjugate  if  the  boundary  planes  and  equilibrium  points  are  the  same  and  the 
eigenvalues  in  corresponding  regions  are  the  same.  We  also  give  a  dual  result  of  topological 
conjugacy. 


1.  Introduction 

It  is  known  that  the  unfolded  Chua’s  circuit,  also 
known  as  Chua’s  oscillator  [R.  Madan,  Guest 
Editor,  1993],  with  an  odd-symmetric  3-segment 
piecewise-linear  nonlinearity  is  topologically  conju¬ 
gate  to  almost  all  three-dimensional  systems  with  a 
3-segment  odd-symmetric  piecewise-linear  continu¬ 
ous  vector  field  [Chua,  1993;  Shil’nikov,  1994].  The 
purpose  of  this  paper  is  to  extend  this  result  to 
the  case  where  the  nonlinearity  is  no  longer  odd- 
symmetric  or  piecewise-linear  but  may  be  any  ar¬ 
bitrary  continuous  function  and  the  dimension  of 
the  system  may  also  be  arbitrary.  We  will  do  this 
in  two  steps.  In  the  first  step,  we  show  that  un¬ 
der  certain  conditions,  nonlinear  vector  fields  are 


topologically  conjugate  if  the  Jacobian  matrices  at 
each  point  have  the  same  eigenvalues  (Sec.  2).  In 
the  second  step,  we  show  that  Chua’s  oscillator  can 
synthesize  almost  any  eigenvalue  patterns  of  vector 
fields  in  our  class  (Sec.  3).  These  steps  are  com¬ 
bined  in  Sec.  4  to  give  the  main  result  of  this  pa¬ 
per.  Sections  5  and  6  are  devoted  to  the  special 
case  of  piecewise-linear  vector  fields.  In  Sec.  7  the 
results  in  Sec.  2  are  extended  to  systems  with  sev¬ 
eral  scalar  nonlinearities.  We  show  that  almost  all 
piecewise-linear  vector  fields  with  parallel  bound¬ 
ary  planes  are  determined,  up  to  topological  con¬ 
jugacy,  by  the  boundary  planes,  equilibrium  points 
and  the  eigenvalues  in  each  region.  This  general¬ 
izes  previously  known  results  on  linear  conjugacy  of 
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piecewise-linear  vector  fields.  Section  8  is  devoted 
to  a  dual  result  of  topological  conjugacy. 

We  use  lowercase,  bold  uppercase  and  bold  low¬ 
ercase  letters  for  scalars  (or  scalar- valued  functions), 
matrices  and  vectors,  respectively.  The  transpose  of 
a  matrix  A  is  denoted  AT .  The  vector  0  denotes 
the  zero  vector  and  e;  denotes  the  ith  unit  vector, 
i.e.,  ei  =  (1,0,...,  0)r.  Let  y(A)  =  det(AI  -  A) 
denote  the  characteristic  polynomial  of  the  matrix 
A.  The  integer  n  is  usually  used  to  denote  the  size 
of  matrices  and  vectors. 


2.  Topological  Conjugacy  under 
Equivalence  of  Eigenvalues 

We  consider  the  following  class  of  vector  fields  in 
Lur’e  form: 

Definition  1.  The  class  C( w)  consists  of  vector 
fields  of  the  form: 

x  =  Ax  +  /(wrx)b  (1) 

where  A  is  an  n  x  n  matrix,  w,  b  are  n  x  1  vec¬ 
tors  and  /(•)  :  R  — *•  K  is  a  real-valued  continuous 
function.  The  class  C  is  defined  as  C  =  |JW  £(w)- 

If  w  =  0,  C(w)  reduces  to  the  class  of  affine  systems. 
When  w^fl,  there  exists  a  nonsingular  matrix  M 
such  that  Mtw  =  ei.  Using  the  transformation 
x  — *•  Mx,  system  (1)  can  be  written  as 

x  =  Ax  + /(efx)b  (2) 

where  A  — +  M_1AM  and  b  — *•  M-1b.  Thus  for 
w  7^  0,  vector  fields  in  C( w)  are  topologically  con¬ 
jugate  to  vector  fields  in  C(ej). 

Vector  fields  in  class  C(w)  can  be  considered 
to  be  nonlinear  vector  fields  where  the  nonlinearity 
occurs  only  in  the  direction  w  and  the  changes  in 
the  Jacobian  matrix  are  of  a  fixed  form.  In  this 
paper,  we  will  mainly  be  working  with  vector  fields 
in  class  C.  By  translating  an  equilibrium  point  to 
the  origin,  a  seemingly  larger  class  of  vector  fields 
can  be  shown  to  be  reducible  to  class  C. 

Definition  2.  A  point  x*  is  a  virtual  equilibrium 
point  of  the  system  x  =  f(x)  if 

•  x*  is  not  an  equilibrium  point  of  the  system;  i.e., 
f(x*)  ^  0. 


•  There  exists  a  point  x  where  the  Jacobian  matrix 
exists  and  such  that  x*  is  an  equilibrium  point  of 
the  system  linearized  at  point  x;  i.e.,  Ax  +  b  is 
the  linearized  vector  field  at  x  and  Ax*  +  b  =  0, 
where  A  =  Z)f(x)|x=*  and  b  =  f(x)  -  Ax. 

The  property  of  a  system  possessing  a  (real  or 
virtual)  equilibrium  point  is  generic;  a  real  or  vir¬ 
tual  equilibrium  point  exists  whenever  the  Jacobian 
matrix  at  some  point  is  nonsingular.  In  general, 
there  are  uncountably  many  equilibrium  points  in 
a  system.  For  example,  consider  the  simple  first  or¬ 
der  circuit  shown  in  Fig.  1(a).  The  virtual  equilib¬ 
rium  points  are  found  by  linearizing  the  nonlinear 
resistor  around  some  point  and  finding  the  inter¬ 
section  with  the  u-axis  which  corresponds  to  the 
equilibrium  point  of  the  linearized  circuit.  Some  of 
the  equilibrium  points  of  this  circuit  are  shown  in 
Fig.  1(b),  where  the  blue  curve  is  the  v-i  charac¬ 
teristic  of  the  nonlinear  resistor.  The  red  tangent 
lines  correspond  to  the  affine  v-i  characteristics  of 
the  resistor  in  the  linearized  circuit. 

Definition  3.  The  class  C'{ w)  consists  of  vector 
fields  of  the  form: 

x  =  Ax  +  A(wTx)b  +  c  (3) 

where  h(-)  is  a  continuous  real-valued  function 
such  that  the  system  has  at  least  one  equilibrium 
point  which  can  be  real  or  virtual.  We  define 

c'  =  Uw  C'(w). 

Lemma  1.  The  vector  fields  in  class  C'  is  equiva¬ 
lent  to  a  subset  of  the  vector  fields  in  class  C  in  the 
sense  that  after  a  change  of  coordinates,  Eq.  (3)  can 
be  written  as  Eq.  ( 1 ). 

Proof.  Let  x*  be  an  equilibrium  point  (which  can 
be  real  or  virtual)  of  system  (3).  x*  being  an  equi¬ 
librium  point  means  that  there  exists  a  real  number 
d  such  that  Ax*  +  db  +  c  =  0.  Let  y  =  x  —  x*. 
Then 

y  =  x  =  Ay  +  Ax*  +  h(  wT(y  +  x*))b  +  c 

=  Ay  +  /(wTy)b 

/ 

where  /(wTy)  =  h(wTy  +  wTx*)  —  d.  ■ 

Lemma  1  says  that  we  can  translate  one  of  the 
equilibrium  points  to  the  origin,  thereby  obtaining 
a  simpler  form  and  reducing  class  C  to  class  C . 
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Fig.  1.  (a)  First  order  nonlinear  circuit  consisting  of  a  linear  capacitor  and  a  nonlinear  resistor,  (b)  Some  equilibrium  points 

of  the  circuit  in  (a).  The  blue  curve  indicates  the  v-i  characteristic  of  the  nonlinear  resistor.  The  red  tangent  lines  correspond 
to  the  affine  v-i  characteristics  of  the  resistor  in  the  linearized  circuit. 


Definition  4.  The  pair  (A,  w)  satisfies  condition 
K  if  the  matrix 


K  =  K(A,  w) 


(  \ 

wrA 

wtA2 

\wTAn~1 ) 


(4) 


is  nonsingular,  where  A  is  an  n  x  n  matrix  and  w 
is  an  n  x  1  vector. 

Note  that  w:r[K(A,  w)]_1  =  ef  when  K(A,  w) 
is  invertible.  Also  note  that  if  (A,  w)  satisfy  con¬ 
dition  K,  then  w  ^  0.  The  set  of  (A,  w)  which 
satisfy  condition  K  is  of  full  measure.  One  of  the 
consequences  of  (A,  w)  satisfying  condition  K  is 
that  A  is  similar  to  a  matrix  in  companion  form. 


Lemma  2.  If  (A,  w)  satisfies  condition  K,  then 


Proof.  By  the  Cayley-Hamilton  theorem,  we  have 


(  wTA  N 

( 

wTA  \ 

wTA2 

wTA2 

KA  = 

wtA3 

- 

wTA3 

^wTAn/ 

\  wT(— r„_i  Ar 

1-1 - riA-r0I)  / 

° 

1 

°  ^ 

= 

0 

0 

1 

K.  ■ 

K-r0  - 

• • '  -Tn-1 / 

Note  that  any  companion  matrix  in  form  (5) 
together  with  ei  satisfies  condition  K. 


Lemma  3.  If  M  is  nonsingular,  then  K(A,  w)M  — 
K(M_1AM,  Mtw).  In  particular,  for  all  nonsin¬ 
gular  M, 

(A,  w)  satisfies  condition  K 

(M-1AM,  Mtw)  satisfies  condition  K 


KAK"1 


[ 0 
0 


1  0 
0  1 


\ 

4  A  (5) 


V— ro  -r\  -rn-\) 


where  x(A)  =  An  +  rn_iAn  1  +  •  •  •  +  rjA  +  To  and 
K  =  K(A,  w)  is  as  defined  in  Eq.  (^). 


Proof 

/  WT  \ 

/  wrM  \ 

wTA 

wTMM-1AM 

K(A,  w)M  = 

wTA2 

M  = 

wrMM_1A2M 

\  wTAn_1  / 

\wTMM-1An-‘M/ 

=  K(M~1AM,  Mtw) 
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Since  M  is  nonsingular,  the  second  part  of  the 
lemma  follows.  ■ 


Lemma  4.  For  all  matrices  A  and  all  vectors 
b,  w 

(A,  w)  satisfies  condition  K 

(A  +  bwT,  w)  satisfies  condition  K 


Proof.  The  case  w  =  0  is  trivially  true.  Let 
K  =  K(A,  w)  be  defined  as  in  (4).  First  note  that 
wT  =  ef K.  We  claim  that  wr(A  +  bw71)*  can  be 
written  as  cfK  for  some  vector  c*.  Thus  co  =  ei. 

wr(A  +  bwr)l+1  =  cfK(A  +  bwr) 

=  cfAK  +  cfKbefK 
=  cf(A  +  Kbef)K 


Thus  cf+1  =  cf  (A  +  Kbef).  Since  Co  =  (1,  0, . .  .)T 
and  ci  =  (efKb,  1,  0, . .  .)T,  etc,  it  is  clear  that  the 
matrix  m 

/  Co  \ 


VcL  ij 

is  lower  triangular  with  l’s  on  the  diagonal,  i.e.  it 
is  nonsingular. 

Since 

f  wT  \ 

wt(A  +  bwr) 
wt(A  +  bwT)2 

^  wr(A  +  bw7")™-1  J 
the  result  follows.  ■ 

Lemma  5.  Let  A  and  A  be  matrices ,  and  b,  b 
and  w  be  vectors.  For  each  real  number  8,  define 
As  and  As  as  follows: 


(  c  l  \ 


\c  1-1  J 


K 


A^  =  A  +  <5bwr ,  Ag  =  A  +  ^bwr 


Then  As  has  the  same  eigenvalues  as  As  for  all  6 
if  and  only  if  A s1  and  A sl  have  the  same  eigenval¬ 
ues  and  As2  and  A s2  have  the  same  eigenvalues  for 
some  6\  ^  62. 


denote  the  ith  entry  of  b  and  b,  respectively  and 
let  aij  and  dij  denote  the  (i,  j)th  entry  of  A  and 
A,  respectively.  Expanding  along  the  first  column, 
X(A),  x(A),  x(Afi),  x(A s)  can  be  written  as: 

X(A)  =  (A  -  an)pi(A)  -  02iP2(A) - a„ipn(X) 

X(A)  =  (A  -  an)pi(A)  -  a^p^A) - a«iPn(A) 

x(A«)  =  x(A)  -  <56ipi(A)  -  Sb2p2(X)  -  ■  ■  ■  —  6bnpn(X) 

X(A«)  =  x(A)  -  Sbipi(X)  -  Sb2p2(X) - -  Sbnpn( A) 


for  some  polynomials  pi  and  pi. 

By  the  assumption  x(A«j)--x(Atf2)  =  x(A aj- 
x(A<52))  i  e., 

(62  —  <5l)(^lPl(A)  +  ^2P2(A)  +  •  •  •  +  bnpn{\ )) 

=  (S2  —  hi)(bipi(X)  +  b2p2(\)  H - 1-  bnpn(X )) 

(6) 

Since  62  —  61  ^  0,  we  can  multiply  both  sides  of 
Eq.  (6)  by  add  xCA^)  to  the  left  side,  and 

add  xOAtfj)  to  the  right  side  to  get  x(A«)  =  x(A^). 


Lemma  6.  Let  b  be  a  vector  and  let  (A,  w)  satisfy 
condition  K.  Then  Kb  is  uniquely  determined  by 
the  eigenvalues  of  A  and  A  +  bwr,  where  K  = 
K(A,  w)  is  defined  in  Eq.  (4).  Furthermore,  b  is 
uniquely  determined  by  A,  w  and  the  eigenvalues 
of  A  +  bwT. 


Proof.  Write  the  characteristic  polynomials  of  A 
and  A  +  bwr  as: 


x(A)  =  An+rn_iAn  M - HnA+ro 

X(  A+bwr)  =  An+sn_i  A"-1  H - hSiA+so 


(7) 


Let  Kb  =  (61,  £2,...,  bn)T.  Then  KAK  1  is  in 
companion  form  by  Lemma  2  and 


K(A+bwT)K-1  =  KAK-1  +Kbef 


f  b  1  10 

fr2  0  1 


\ 

(8) 


\b„-r0  -n 


-rn-i  / 


Proof.  One  direction  is  clear.  Without  loss  of  gen-  By  expanding  along  the  first  column,  we  see  that  the 
erality  we  can  assume  that  w  =  ej.  Let  bi  and  bi  characteristic  polynomial  of  K(A  +  bwr)K  1  is: 
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x(K(A  +  bwr)K  *) 

=  x(KAK_1)  -  6i(An_1  +  rn_iAn'2  H - h  nj 

-b2(\n-2  +  rn-i\n~3  +  ■  ■  ■  +  ri) 

—  •  •  •  —  bn~i(X  +  r„_i)  —  bn  (9) 

which  is  equal  to  x(A  +  bwT).  Comparing  Eq.  (7) 
with  Eq.  (9)  the  following  set  of  equations  is 
obtained: 


h- 1 

o 

o 

fh\ 

(  Tn— 1  Sn— 1  ^ 

Tn— 1  1 

b  2 

rn-2  —  sn-2 

rn- 2  rn-i  0 

; 

; 

V  n  r2  1  / 

UJ 

\  To -So  / 

(10) 


So  b  is  determined  by  Kb  which  in  turn  is  uniquely 
determined  by  r j  and  Sj  which  is  determined  by  the 
eigenvalues  of  A  and  A  +  bwr.  ■ 

Corollary  1.  Let  A  be  a  matrix  and  w,  bi  and  b2 
be  vectors.  Suppose  that  (A,  w)  satisfies  condition 
K.  The  matrices  A  +  biwT  and  A  +  b2Wr  have 
the  same  eigenvalues  if  and  only  if  bi  =  b2 . 

Proof.  One  direction  is  clear.  Now  let  A'  =  A  + 
biWT.  Then  A  +  b2WT  =  A'  +  (b2  —  bi)wr. 
Lemma  4  implies  that  (A1,  w)  satisfies  condition 
K.  Applying  Eq.  (10)  in  Lemma  6  to  A'  and  A'  + 
(b2  —  bi)wr  for  the  case  where  r%  =  st  we  see  that 
b2  -  bi  =  0.  ■ 

The  following  theorem  gives  some  concepts 
which  are  equivalent  to  condition  K. 

Theorem  1.  Let  A  be  a  matrix  and  w,  bi 
and  b2  be  vectors.  The  following  statements  are 
equivalent: 

(1)  The  linear  system 

x  =  Ax  y  =  wrx  (11) 

is  completely  state  observable.1 


1 A  (time-invariant)  linear  system 

x  =  Ax  y  =  Cx 

is  said  to  be  completely  state  observable  if  there  exists  a 
time  t  >  0  such  that  for  any  initial  state  xo  at  time  0,  the 
knowledge  of  the  output  y  over  the  time  interval  [0,  t]  suffices 
to  determine  xo  [Chen,  1984]. 


(2)  The  pair  (A,  w)  satisfies  condition  K. 

(3)  No  nontrivial  subspace,  which  is  invariant  un¬ 
der  A,  is  orthogonal  to  w. 

(4)  The  matrices  A  +  biwr  and  A  +  b2W7'  have 
the  same  eigenvalues  if  and  only  if  bi  =  b2- 

Proof.  The  equivalence  between  the  first  two  state¬ 
ments  is  a  standard  result  in  linear  system  theory 
[Chen,  1984].  The  equivalence  between  statements 
2  and  3  follows  from  the  fact  that  Kb  =  0  if  and 
only  if  wrAlb  =  0  for  all  nonnegative  integers  i. 
From  Corollary  1  statement  2  implies  statement  4. 
Suppose  that  (A,  w)  does  not  satisfy  condition  K. 
Without  loss  of  generality  we  can  assume  w  ^  0. 
Let  b  /  0  be  in  the  kernel  of  K(A,  w).  This  im¬ 
plies  that  wrAib  =  0  for  all  nonnegative  integers  i. 
Now  let  A  >  |A|  be  a  real  number  and  MTw  =  ei 
for  M  nonsingular.  Since  A  is  not  in  the  spec¬ 
trum  of  A,  the  matrix  AI  -  A  is  invertible.  Then 
(AI  -  A  -  bwr)  =  (AI  -  A) (I  -  (AI  -  A)_1bwr). 
By  expanding  (AI  -  A)-1  as  a  power  series,  we  see 
that  wr(AI  -  A)-1b  =  efM_1(AI  -  A)-Xb  =  0, 
i.e.,  the  first  element  of  the  vector  M_1(AI  — A)  *b 
is  0.  Therefore  the  first  row  and  all  columns  except 
the  first  column  of  M-1(AI  -  A)-1bef  consists  of 
zero  entries  and  thus  det(I  —  (AI  —  A)-1bwr)  = 
det(I  -  M-1(AI  -  A)_1bef)  =  1.  Thus  the  char¬ 
acteristic  polynomials  of  A  and  A  +  bw^  agree  for 
all  A  >  |A|.  This  implies  that  these  polynomials 
are  equal  and  thus  A  and  A  +  bwT  have  the  same 
eigenvalues.  This  means  that  statement  4  is  not 
satisfied.  ■ 

Remark  1.  In  studying  the  absolute  stability  prob¬ 
lem  (or  Lur’e  problem)  of  a  system  in  form  (1),  it 
is  sometimes  assumed  that  the  linear  system  (11) 
is  observable  [Vidyasagar,  1978],  and  thus  (A,  w) 
satisfies  condition  K. 

Remark  2.  Piecewise-linear  systems  where  the 
Jacobian  A  and  the  normal  vectors  to  the  boundary 
planes  w  satisfy  statement  3  in  the  above  theorem 
are  called  proper  in  Komuro  [1988].  In  light  of  The¬ 
orem  1,  this  coincides  with  the  following  definition 
of  “proper”: 

Definition  5.  A  vector  field  in  C  written  in  the 
form  (1)  is  called  proper  if  (A,  w)  satisfy  condi¬ 
tion  K. 

Remark  3.  Proper  vector  fields  form  a  set  of  full 
measure  in  C.  Lemma  4  implies  that  Definition  5 
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is  well-defined  for  a  vector  field  in  C.  Furthermore, 
the  matrix  A  in  the  definition  can  be  replaced  by 
the  Jacobian  matrix  at  any  point. 

Remark  4.  Statement  4  in  Theorem  1  provides  a 
characterization  for  state  observability  of  single¬ 
input  single-output  (SISO)  systems.  It  says  that 
an  SISO  system 

x  =  Ax  +  b»  (12) 

y  =  wJ  x 

is  state  observable  if  and  only  if  for  all  b  7^  0,  con¬ 
stant  gain  output  feedback  (i.e.,  u  =  y)  moves  the 
poles  of  the  system. 

Consider  a  linear  system  of  the  form  x  =  Ax. 
Two  such  linear  systems  are  linearly  conjugate ,  i.e. 
topologically  conjugate  via  an  affine  mapping,  if  the 
Jacobian  matrices  are  similar,  i.e.  have  the  same 
Jordan  form  matrix.  If  we  restrict  ourselves  to  ma¬ 
trices  which  are  similar  to  a  matrix  in  companion 
form,  then  all  Jordan  blocks  must  be  of  maximum 
order,  and  the  eigenvalues  uniquely  determine  the 
Jordan  form  matrix  up  to  permutation.  Thus  if  we 
assume  that  the  Jacobian  matrices  are  similar  to 
some  matrix  in  companion  form,  then  two  linear 
systems  are  linearly  conjugate  if  the  eigenvalues  are 
the  same.  Lemma  2  says  that  matrices  A  which  sat¬ 
isfy  condition  K  with  some  w  are  examples  of  such 
matrices.  This  result  of  topological  conjugacy  by 
matching  of  eigenvalues  is  generalized  in  the  next 
theorem  which  is  the  main  theorem  in  this  section. 
It  is  a  generalization  of  the  global  unfolding  theorem 
in  Chua  [1993]  and  gives  conditions  under  which 
vector  fields  in  C  are  topologically  conjugate  when¬ 
ever  the  eigenvalues  of  the  Jacobian  matrices  are 
matched  up  at  every  point. 


Theorem  2.  Consider  the  systems 

x  =  Ax  +  /(wTx)b 

(13) 

and 

x  =  Ax  +  /(wrx)b 

(14) 

Assume  that  both  systems  are  proper.  Then  system 
(13)  and  system  ( 14 )  are  topologically  conjugate  if 
the  eigenvalues  of  A  and  A  are  the  same  and  the 
eigenvalues  of  A-f-bwT  and  A-f-bwr  are  the  same. 

Proof.  The  proof  follows  the  same  steps  as  in  Chua 
[1993].  By  hypothesis,  the  matrices  K  =  K(A,  w) 


and  K  =  K(A,  w)  are  nonsingular.  Note  that 
w^K"1  =  wtK~x  =  ej.  Let  us  denote 

x(A)  =  x(A)  =  An+rn_iAn_1  +  ---+riA+r0 

x(A+bwT)  =  x(A+bwr)  (15) 

=  An  +  s„_iAn  - hSiA+so 

Using  the  transformation  y  =  Kx,  we  obtain  a 
system  of  the  form: 

y  =  KAK-1y  +  f(wTK~1y)Kb 
=  Ay  +  /(efy)Kb 

where  A  is  defined  in  Eq^  (5). 

Similarly  using  y  =  Kx,  we  get 

p  =  KAK^y  +  /(wrK-1y)Kb 
=  Ay  +  /(efy)Kb 

By  Lemma  6,  the  vectors  Kb  and  Kb  are 
uniquely  determined  by  the  coefficients  Vi  and  Si 
and  are  thus  equal  to  each  other.  Thus  the  two  sys¬ 
tems  above  are  identical,  which  means  that  systems 
(13)  and  (14)  are  topologically  conjugate.  ■ 

Remark  5.  By  Lemma  5,  for  differentiable  /,  e.g., 
the  smooth  version  of  Chua’s  equation  [Huang  et  a/., 
1996],  the  condition  that  the  eigenvalues  of  A  and 
A  are  the  same  and  the  eigenvalues  of  A  +  bwT  and 
A+bwT  are  the  same  is  equivalent  to  the  condition 
that  the  Jacobian  matrices  of  the  two  systems  (13) 
and  (14)  (with  the  same  nonlinear  function  /)  have 
the  same  eigenvalues  at  every  point. 

Thus  almost  all  systems  in  C  are  determined,  up 
to  topological  conjugacy,  by  two  sets  of  eigenvalues 
and  the  scalar  nonlinearity  /. 

Lemma  7.  Suppose  (A,  w)  and  (A,  w)  satisfy 
condition  K  and  A  and  A  have  the  same  eigenval¬ 
ues.  The  transfer  function  g(s)  =  wT(sI  — A)-1b  is 
equal  to  the  transfer  function  g(s)  =  wT(sl— A)_1b 
if  and  only  if  A-f  bwT  and  A  +  bwT  have  the  same 
eigenvalues. 

Proof.  By  writing  (si  —  A)-1  and  (si  —  A)"1  as 
a  power  series,  we  see  that  g(s)  =  g(s)  if  and  only 
if  wrAzb  =  wTAzb  for  all  nonnegative  integers  i. 
This  is  equivalent  to  Kb  =  Kb  where  K  =  K(A,  w) 
and  K  =  K(A,  w).  The  matrix  A  +  bwT  is  similar 
to  KAK'1  +  KbwTK~1  =  A  +  Kbef .  Similarly, 


A  +  bwr  is  similar  to  A  +  Kbe^ .  By  Theorem  1, 
Kb  =  Kb  is  equivalent  to  A+Kbef  and  A+Kbef 
having  the  same  eigenvalues.  ■ 

Definition  6  ([Chen,  1984]).  A  linear  time- 
invariant  dynamical  system  is  irreducible  if  and  only 
if  there  does  not  exist  a  linear  time-invariant  dy¬ 
namical  system  of  lesser  dimension  that  has  the 
same  transfer-function  matrix. 

The  SISO  system  (12)  is  irreducible  if  and  only 
if  the  pairs  (A,  w)  and  (Ar,  b)  both  satisfy  condi¬ 
tion  K  [Chen,  1984]. 

Lemma  8.  Suppose  the  two  systems 

x  =  Ax  +  hu  x  =  Ax  +  b  u 
y  =  wTx  y  =  wTx 

are  irreducible.  Then  (si  —  A)-1b  =  wr(sl  — 
A)-1b  if  and  only  if  A  and  A  have  the  same  eigen¬ 
values  and  A  +  bwT  and  A  +  bwr  have  the  same 
eigenvalues. 

Proof.  By  Chen  [1984,  Theorem  5.20]^  if  wr(sl  - 
A)-1b  =  wT (si- A)_1b,  then  A  and  A  are  similar 
matrices.  The  rest  follows  from  Lemma  7.  ■ 

From  an  input-output  properties  point  of  view, 
this  has  the  following  interpretation.  The  systems 
(13)  and  (14)  can  be  decomposed  into  a  linear  and  a 
nonlinear  part  as  shown  in  Fig.  2(a).  Suppose  both 
linear  parts  have  the  same  transfer  function  g(s). 
Then  both  systems  can  be  depicted  as  Fig.  2(b). 

There  is  essentially  only  one  irreducible  state- 
space  realization  of  g{s),  so  if  the  linear  parts  are 
irreducible,  then  the  two  systems  are  linearly  con¬ 
jugate.  This  is  what  Lemma  8  and  Theorem  2  say. 

If  the  linear  parts  are  observable  but  not  con¬ 
trollable  (i.e.  (A,  w)  and  (A,  w)  satisfy  condition 
K,  but  (At,  b)  and  (Ar,  b)  do  not),  then  by 
Lemma  7  these  2  systems  are  still  linearly  conju¬ 
gate  if  A  and  A  have  the  same  eigenvalues. 

Lemma  9.  Let  f  and  g  be  differentiable  functions 
from  E  to  E.  If  f(x)  =  g'(px)  for  some  constant 
p,  ±  0  and  for  all  x,  then  pf(x)  =  g(fix)  +  e  for  all 
x  and  some  constant  e. 

Proof.  Let  g{x)  =  g(fix).  Then  g'(x)  =  pg'(px). 
This  implies  that  pf'(x)  —  g'(x).  Thus  pf  =  g  +  e 
for  some  constant  e.  ■ 
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(a) 


(b) 

Fig.  2.  (a)  System  (13)  and  system  (14)  each  decomposed 

as  a  linear  system  with  (scalar)  nonlinear  feedback,  (b)  By 
expressing  the  transfer  function  of  the  linear  part  as  p(s),  the 
systems  in  (a)  can  be  depicted  as  shown. 


Definition  7.  We  say  that  a  virtual  equilibrium 
point  x*  in  system  1  and  a  virtual  equilibrium  point 
y*  in  system  2  are  matched  if  x*  =  y*  and  the  same 
point  x  is  used  in  both  systems  for  the  lineariza¬ 
tion  (Definition  2).  Two  real  equilibrium  points  are 
matched  if  they  are  the  same. 
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The  next  theorem  shows  that  matching  the 
equilibrium  points  and  the  eigenvalues  of  the  Jaco¬ 
bian  matrices  at  every  point  are  sufficient  to  guar¬ 
antee  topological  conjugacy  of  vector  fields  in  C(w). 

Theorem  3.  Consider  two  systems  in  C: 

x  =  Ax  +  /(wTx)b  (16) 

and 

x  =  Ax  +  j(wTx)b  (17) 

where  f  and  g  are  differentiable  functions.  Sup¬ 
pose  that  these  two  systems  are  proper  and  have  at 
least  one  matched  ( real  or  virtual)  equilibrium  point 
and  their  Jacobian  matrices  at  each  point  have  the 
same  eigenvalues ,  then  these  systems  are  topologi¬ 
cally  conjugate. 

Proof  By  Lemma  1  we  can  assume  that  both  sys¬ 
tems  have  an  equilibrium  point  at  the  origin.^  Fix 
xi  and  define  A'  =  A  +  //(wTxi)bwT  and  A'  = 
A  +  p'(wrxi)bwT.  Then  Eqs.  (16)— (17)  can  be 
written  as  follows: 

x  =  A'x  +  (/(wTx)  -  /'(wrxi)wTx)b  (18) 
x  =  A'x  +  (g(wTx)  -  gf( wrxi)wTx)b  (19) 

Then  (A',  w)  and  (A',  w)  both  satisfy  condition  K 
by  Lemma  4  and  A7  and  A7  have  the  same  eigen¬ 
values.  This  implies  that  w/0  and  w  0. 

Without  loss  of  generality  we  can  assume  that 
A  and  A  have  the  same  eigenvalues,  as  otherwise 
we  can  always  perform  the  above  transformation. 
We  can  also  assume  without  loss  of  generality  that 
b  ^  0  and  /  and  g  are  not  affine  functions.  The 
Jacobian  matrices  of  system  (16)  and  system  (17) 
at  x  are  A  +  /7(wrx)bwT  and  A  +  gf( wTx)bwT, 
respectively  which  are  similar  to  A  +  /7(wTx)Kbef 
and  A+#7(wTx)Kbef .  From  Corollary  1  it  follows 
that  /'(wrx)Kb  =  #7(wrx)Kb  for  all  x.  Since 
Kb  7^  0,  we  must  have  /7(wTx)  =  cgf(wTx)  for 
all  x  for  some  constant  c.  Let  x  =  -~-w  for  some 

WJ  w 

ft  €  I  and  n  =  Then  f'(a)  =  eg' (tux)  for 

all  real  q.  //  /  0  since  otherwise  /  is  affine.  By 
Lemma  9  this  implies  that  fif(a)  =  eg  (pa)  +  e 
for  some  constant  e.  Since  g  is  not  affine,  i.e., 
g'( wTx)  ~f-  0  for  some  x,  it  follows  that  cKb  =  Kb. 

Similar  to  the  proof  of  Theorem  2,  by  using  the 
transformations  y  =  Kx  and  y  =  ^Kx  for  the  two 


systems,  respectively,  we  get 

y  =  Ay +  /(efy)Kb 

y  =  Ay  +  — <?(MeiV)Kb 
l 1 

By  using  nf(a)  =  cp(/ia)  +  e  these  two  systems 
simplify  to 

y  =  Ay  +  -5(//efy)Kb  +  -Kb 

jj,  n 

and 

y  =  Ay  + -^(/refy)Kb 
ft 

Now  if  they  share  an  equilibrium  point  y*  =  0,  then 
Ay*  +  -Kb  +  -Kb  =  0  for  the  first  system,  and 

Ay*  +  -Kb  =  0  for  the  second  system,  where  d  = 
gifiej y*)  if  the  equilibrium  point  is  real,  and  d  = 
tig'ifieT y)ef(y*  -  y)  +  gi^I y)  if  the  equilibrium 
point  is  virtual  due  to  linearization  around  y.  In 
either  case,  we  see  that  ^Kb  =  0,  thus  the  two 
systems  are  topologically  conjugate.  ■ 

Since  topological  conjugacy  is  preserved  under 
an  affine  change  of  coordinates,  Theorem  3  can  be 
stated  with  more  generality. 

Theorem  4.  Consider  two  systems  in  C 

x  =  Aix  +  /(wfx)bi  =  hi(x)  (20) 

and 

y  =  A2y +  £r(w2,y)b2  =  h2(y)  (21) 

where  f  and  g  are  differentiable  functions  and  Ai 
and  A2  are  n  x  n  matrices.  Suppose  that  these  two 
systems  are  proper.  Suppose  further  that  T  is  a 
nonsingular  matrix  and  t  is  a  vector  such  that  x 
and  y  —  Tx  +  t  are  real  equilibrium  points  of  (20) 
and  (21),  respectively  and  jDhi(x)  shares  the  same 
eigenvalues  as  Dh2(Tx  + 1)  for  all  x,  then  the  two 
systems  (20)  and  (21)  are  topologically  conjugate . 

Proof.  Without  loss  of  generality  we  can  assume 
that  bi  and  b2  are  nonzero  and  /  and  g  are  non¬ 
linear  scalar  functions.  Using  the  transformation 
y  =  Tx  + 1,  system  (21)  can  be  written  as 

x  =  A2x  +  ^(w|’Tx)T"1b2  +  T-1A2t  (22) 

Then  systems  (20)  and  (22)  share  an  equilibrium 
point  x  and  the  Jacobian  matrices  at  each  point 
share  the  same  eigenvalues.  The  result  follows  from 
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and  resistors.  We  will  call  this  the  n-dimensional 
Chua’s  oscillator.  We  show  that  the  n-dimensional 
Chua’s  oscillator  can  synthesize  almost  every  eigen¬ 
value  pattern  of  n-dimensional  vector  fields  in  C. 

For  even  n  the  n-dimensional  Chua’s  oscillator 
is  shown  in  Fig.  3(a).  For  odd  n  the  n-dimensional 
Chua’s  oscillator  is  shown  in  Fig.  3(b).  The  state 
equations  of  the  n-dimensional  Chua’s  oscillator 
with  an  arbitrary  nonlinearity  are  given  by: 


dv i  _  1  /  V2  —  v\  _  , 

~dt~C[\  R2  9( 

dv 2  _  J_  fVl~V2  . 

~dt  ~  C2  V  R2  3 

di 3  _  J_  /_  _  #4*3  V±_  \ 

dt  Lz  \  2  1  +  G3.R4  I  +  G3R4J 

dv 4  _  1  /  (?3^4 _ *3  ,  ^ 

dt  C4  \  1  +  G3R4  1  +  G3R4 

:  (23) 

di2j-i  1  /  _  #2j*2j-i  4 _ v2j 

~~dT~L^[\  V2j~2  1  +  G2j-\R2j  1  +  G2j—i R2j 

^2 j  =  J_  /  <^2j-1^2j _ *2^1 - +  , 

dt  C2j  y  1  +  G2j-iR2j  1  +  G2j-\R2j 


Theorem  3  after  using  Lemma  1  to  remove  the  term 
T“1A2t.  ■ 

3.  Eigenvalue  Patterns  in  the 

7>Dimensional  Chua’s  Oscillator 

In  this  section  we  extend  the  three-dimensional 
Chua’s  oscillator  [Chua,  1993]  to  higher  dimensions 
by  adding  additional  linear  inductors,  capacitors 


dvn  _  J_  f  in- 1 _ Gn-lVn  \ 

dt  Cn  \  1  +  Gn-\Rn  1  T  Gn—\Rn ) 


810  C.  W.  Wu  &  L.  O.  Chua 


when  n  is  even,  and 


dv i  _  1  /  V2  —  Vi 

dt  Ci  \ 

dv 2  _  1  fy  1  —  «2 
dt  C%  \  i?2 


dt  L3 


_  Rih  ^4 

1  +  G3R4  1  +  G3R4 


dt  C4  V  1  +  G3R4  1  +  G3R4 


dhj-i 

dt 


_  R2jilj-l  , _ v2j 

2j  1  +  G%j — 1  R%j  1  +  Gij-iRij 


1  /  G2j-lV2j _ *2j-l 

C‘2j  l  1  +  G‘2j~]  lt->j  1  +  G2j-\R‘2J 


+  *2j+l 


aln  _  1  (  ^11  \ 

H  =  Tn  V  v"_1 "  g~J 

when  n  is  odd.  We  define  G2  =  l/i?2-  For  n  odd,  where  the  last  equation  is: 

77-  =  0  is  allowed.  The  state  variable  Vj  is  the  volt- 

u  n  J  7 

age  across  capacitor  Cj  and  the  state  variable  ij  is  dxn  _  ,n  a  /_  _  \ 

the  current  through  inductor  Lj.  The  function  g(-)  dt  1  1 

is  a  continuous  real-valued  function  describing  the 
v-i  characteristic  of  the  Chua’s  diode  [R.  Madan,  if  n  is  even  and 
Guest  Editor,  1993]  nonlinear  resistor. 

By  using  a  state  transformation,  the  following  c^Xn  _  ( 

dimensionless  form  is  obtained:  dt  \ 


^  —  k(%n  (  *^ti — 1 


777  =  kai  (x2-x\-h(xi)) 
at 

^  =  k(xi-X2+xz) 

(j[%  3 

——  =  ka3(-X2+  p3(-a4X3+x4)) 

at 

777  =  k@4  (#}(' -XZ -13X4  )  +^5  ) 


if  n  is  odd.  The  state  transformation  is  given  by: 


E  =  1V,  xi  = 


V2j  *2i+l-R2 

x2j  —  g  i  x2j+l  £  i 


for  j  =  l,  2,...,  - 


C2  s 

ai  =  —  ,  h{x) 


RqgjxE) 

E 


dX2i- 


-  =  ka2i-l(-X2i-2  +  P2i-l(-(X2ix2i-l+x2i)) 
~  =  kf32i(p2i-l(— %2i-l  —  lf2i-lx2i)  +  x2i+l) 


■  ,  02  j  = 


for  j  =  2,  3, ... , 


«2j  — 1 


L>2i-l 


i _ * _ 

^2j_1  ”  1  +  G2j-1  J*2j  ~  1  +  72j-l<*2j  ’ 
72j-l  =  RlGij-l  , 


for  j  =  2,3,, 


where  [.rj  is  the  largest  integer  less  than  x  and  [.r] 
is  the  smallest  integer  larger  than  x.  If  we  also 
rescale  time,  then  we  can  assume  A;  =  +lorfc  =  -l 
depending  on  whether  C2R2  is  positive  or  negative. 
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We  will  write  [Eqs.  (23)-(24)]  in  the  form  of 
Eq.  (1)  as: 


where 


x  =  Ax  + 


Ga  —  Gb  j.,t 


x  = 


Cx 

(vi\ 

V2 

k 

Vi 

k 

\vj 


/(e[x)e  i 


(26) 


(  G2+Ga 

cT~ 

G2 

g2 


and  A  = 


V 


when  n  is  even,  and 


G2 
Ci 
_  C2 

c2 

~l3 


_1_ 

C2 

R4 


1 


'L3{1+G3Ra)  L3{1+G3Ra) 

1  —G3 

C4(l+G3i?4)  C 4(1 +G3Ri) 


x  = 


/M 

V2 

k 

Vi 

k 

\in  ) 


cl 


<3  71-1 


(27) 


Cn(l  +  Gn— 1^71)  Cn(l  +  Gn-lRn)  / 


and 


(  C2+G  a 

62 
C2 


A  = 


£2 

Ci 

_C2 

C2 

_1_ 


_1_ 

c2 

R4 


Lsil+GsR^)  L^l+G^R*) 

1  -G3  J_ 

'C4(1+G3.R4)  C4(l+G3/?4)  C4 


£jn  LnGn  / 


(28) 


when  n  is  odd. 
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The  function  /  in  Eq.  (26)  is  related  to  the 
function  g  in  Eqs.  (23)-(24)  as  follows: 


g(vi)  =  Gavi  +  (Gb-Ga)f(vi) 


(29) 


Consider  two  tridiagonal  matrices  Ao  and  Ai 
defined  as  follows: 


( fll.l  <2-1,2 

fl2,l  02,2 


Aq  = 


\ 


o  2,3 


( 01,1  Oi,2 
02,1  O  2,2 


A],  = 


l,n— 2  l,n— 1  &n— l,n 

&n}n—l  &n,n  / 

(30) 

\ 

^2,3 

l,n— 2  ^n— l,n— 1  ^n— l,n 


an,n— 1 


an,n  / 

(31) 


Thus  Ao  and  Ai  only  differ  in  the  first  entry.  Let 
the  characteristic  polynomials  of  Ao  and  Ai  be 
written  as: 


X(A0)  =  An  +  r„_iAn  1  +  •  •  •  +  nA  +  r0 
x(Ai)  =  An  4-  sn_iAn  1  +  •  •  •  +  SiA  +  sq 


(32) 


The  following  Lemma  is  proved  in  Kocarev 
et  al.  [1993]: 

Lemma  10.  Define  for  i  =  1, . . . ,  n  and 

Pi  =  a^+iaj+i,*  for  i  =  1, . . . ,  n  -  1.  Except  for  a 
set  of  measure  zero ,  the  values  ofa\ and  pi  are 
uniquely  determined  by  r%  and  S{  in  (32)  and  vice 
versa. 

The  following  (n  +  l)-step  algorithm2  is  given 
in  Kocarev  et  al  [1993]  for  computing  a^i,  and 
Pi  from  ri  and  S{\ 

Algorithm  1 

Step  0 .  Calculate 


Ai} i  =  (-1  )V„_i  for  i  =  1, . . . ,  n 

z— 1  Sn—i— 1 


*i,2 


(-1)1 


'Tn  —  1  — 1 


for  i  =  1, . . . ,  n  —  1 


2The  algorithm  shown  here  corrects  some  typographical 
errors  in  Kocarev  e£  al.  [1993]. 


Step  1.  Calculate 

«i  =  Ai,i  -  Ai,2 
Ol,l  =  “Sn-l  “  ^.1,2 
pi  =  -^2,1  +  ^2,2  +  KlAi,2 
A  —Aj+ 2,1  +  Aj+2,2  +  «iAj+i)2 

^  = - 7i 

for  j  =  1, . . . ,  n  —  2 

~Aw,l  +  /Cj.2ln-1,2 


Pi 


An-2,3  = 

Step  2.  Calculate 

«2  =  ^1,2  “  ^-1,3 

p2  =  — -42,2  +  ■'42, 3  +  ^2^1,3 


AiA  = 


—  Aj+ 2,2  +  A;+2,3  +  «2-4.j+i,3 
P2 

for  j  —  1, . . . ,  n  —  4 


,  _  An_i,2  +  «2J4n-2,3 

An— 3,4  =  - 

P2 


Step  k,  for  k  =  3, ...  ,n  —  3.  Calculate 
Kfc  =  Ai,k  -  -^l.fc+i 
Pk  =  —A-2  ,k  +  ^2,fc+l  +  KkM,k+l 

_  -Aj+2,fc  +  Aj+ 2,fc+l  +  KkAj+l'k+l 

Pk 

for  j  =  1, . . . ,  n  —  k  —  2 
~ An— k+l,k  4"  An_A;,fc-j-l 


Aj,fc+2 


An-k-l,k+2  = 


Pk 


Step  n  —  2.  Calculate 

K-n- 2  =  Ai,„_2  —  Ai,„_l 
Pn—2  —  ~A2,n-2  +  A2,n-1  +  l^n-2Al,n-l 
—  2I3  n— 2  +  Kn-2^2,n-l 

Ai  „  = - 1 - 

Pn—2 

Step  n  —  1.  Calculate 

Kn— 1  =  Aj,n_i  Ai,n 

Pn- 1  =  — A2,n-1  +  «n-lAi,n 

Step  n.  Calculate 

~  Al  n 
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End  of  Algorithm  1 

The  matrix  A  defined  in  (27)  or  (28)  is  tridiagonal 
and  differs  from  A  +  Gac^k  eief  in  only  the  first 
entry.  Therefore  we  can  apply  Lemma  10  to  the 
matrices  A  and  A  4-  Ga^eie[.  Applying  Algo¬ 
rithm  1  to  find  ai  i,  and  pi  and  then  solving  for 

’  ~  ~  G  _ Gh  T 

the  circuit  parameters  in  A  and  A  + 

we  obtain  the  following  theorem: 

Theorem  5.  Assume  that  the  parameters  ai,i,  k i 
and  pi  are  calculated  as  in  Algorithm  1.  Suppose 
that  the  following  inequalities  are  satisfied: 


ai,i  ±  ki  (33) 

«2  7^  0  (34) 


Ga  =  —KlCl  ~  @2 


Pi  ±  0  for  i  =  1, . . . ,  n  —  1  (35) 

Ti 

p2i—\  7 £  K 2i-lK2i  for  *  =  1, ,  —  (36) 

Then  the  following  values  for  the  circuit  parame¬ 
ters  will  give  a  matrix  A  [Eg.  (27)  or  (28)\  such 
that 

x(  A)  =  A"  +  rn_iAn_1 
+  •  •  •  +  riA  +  r0 

( r  .  Ga  -  Gb  jA  »n  .  „  \n— 1 

x  (  a  H - — —  eiex  J  =  A  +  sn-iA 

+  •  •  •  +  siA  +  so 


814  C.  W.  Wu  &  L.  O.  Chua 


4.  Topological  Conjugacy  Between 
Chua’s  Oscillator  and  Vector 
Fields  in  C 

We  are  now  in  a  position  to  combine  the  results 
in  the  previous  sections  into  the  main  result  in 
this  paper  which  shows  that  by  choosing  appro¬ 
priate  parameters  the  n-dimensional  Chua’s  oscil¬ 
lator  is  topologically  conjugate  to  almost  every 
n-dimensional  vector  field  in  C.  The  statement  of 
the  next  theorem  also  gives  an  algorithm  for  choos¬ 
ing  the  parameters  of  Chua’s  oscillator. 


Theorem  6.  Consider  a  proper  vector  field 
of  C  written  in  the  form  ( 1 ).  Let  the  char¬ 
acteristic  polynomials  of  A  and  A  +  bwr  be 
written  as  Eq.  (7).  Suppose  the  inequalities 
(S3)- (36)  are  satisfied,  then  the  Chua’s  oscil¬ 
lator  defined  in  (23)- (24)  with  the  parameters 
specified  by  ( 37)  and  (29)  is  topologically  con¬ 
jugate  to  system  (1). 


Proof.  It  can  easily  be  shown  that  given  the  con¬ 
ditions  in  the  theorem,  the  matrix  A  defined  in 


(27)-(28)  together  with  e*  satisfies  condition  K. 
The  theorem  then  follows  from  Theorem  2  and 
Theorem  5.  ■ 

Remark  6.  Lemma  1  implies  that  almost  all  vector 
fields  in  C  are  topologically  conjugate  to  Chua’s 
oscillator. 

Remark  7.  Lemma  5  implies  that  the  eigenvalues  of 
the  Jacobian  matrix  in  Chua’s  oscillator  [Eqs.  (23)- 
(24)]  and  the  vector  field  in  C  [when  written  as 
Eq.  (2)]  will  be  the  same  at  corresponding  points 
where  the  Jacobian  matrix  is  defined. 

Remark  8.  The  set  of  vector  fields  in  C  where  in¬ 
equalities  (33)-(36)  are  not  satisfied  or  is  not  proper 
is  of  measure  zero.  For  these  vector  fields,  in  general 
it  is  possible  to  perturb  the  system  slightly  to  ob¬ 
tain  a  system  in  C  outside  this  set  which  generates 
similar  behavior. 

Remark  9.  In  dimensionless  form  (25),  the  param¬ 
eters  for  Chua’s  oscillator  are  given  by: 


k  =  — «2 


_ Pi 

aK~  ^2 


„  P2 
«3  =  -"2 


72i-l  =  -■ 


02i-l  ~ 


«2i+l 


K2i-lK2i_ 

P2i—1 

_ 1 _ 

1  +  72i— 1 

P2iP2i-lPlOl2i-l 
(P2i-1  ~  K2i-lK2i)2 


for  i  =  2, . . . , 

for  i  = 

for  i  =  2, . . . , 


(38) 


n  (p2i— 1  ^2i—  l^2i) 

P2  i  —  2 

K2/92i-la2i-l 


for  i  =  2, 


n 

2 


= 


f2i- l(P2t— i  ~  K2i  —  1^2i) 
K2P2i-\0‘2i-\ 


for  i  =  2, . . 


n 

2 


h(x)  =  (- —  -  l)  x  +  — (ai,i  -  Ki)f(x) 
\  Pi  J  Pi 
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5.  Continuous  Piecewise-Linear 
Vector  Fields 

For  piecewise-linear  vector  fields,  the  Jacobian  ma¬ 
trices  Ji  and  J2  in  neighboring  regions  must  sat¬ 
isfy  a  consistent  variation  property  Ji  —  J2  =  6caT . 
Piecewise-linear  vector  fields  in  C  are  such  that  the 
vectors  c  and  a  are  the  same  at  all  boundaries.  Thus 
we  consider  the  subclass  of  piecewise-linear  vector 
fields,  where  the  Jacobian  matrix  in  the  different 
regions  differ  by  a  scalar  multiple  of  a  fixed  rank  1 
matrix: 

Definition  8.  The  class  V  is  the  class  of  vector 
fields  which  are: 

•  continuous, 

•  piecewise-linear  with  a  countable  number  of 
regions, 

•  the  boundary  planes  are  parallel  planes  of  the 
form  wTx  =  dj, 

•  there  is  at  least  one  equilibrium  point  (which  can 
be  real  or  virtual), 

•  there  exists  a  matrix  A  and  a  vector  b  such  that 
the  Jacobian  matrix  in  each  region  is  of  the  form 
A  +  /Xfbwr. 

Lemma  11.  By  a  change  of  coordinates ,  the  vector 
fields  in  class  V  form  a  subclass  of  C  and  can  be 
written  in  the  form 

x  =  Ax  +  (  /  +  eef  x  +  |ef  x  -  *|)  b  (39) 

Proof ;  The  proof  is  similar  to  Lemma  1,  where  an 
equilibrium  point  is  translated  to  the  origin.  With¬ 
out  loss  of  generality  we  can  assume  that  w  =  ei .  It 
is  clear  that  vector  fields  in  class  V  can  be  written 
in  the  form 

x  =  A;x  +  b i ,  di- 1  <  efx  <  di  (40) 

Suppose  that  there  exists  an  equilibrium  point  due 
to  the  linearization  in  region  &,  i.e.  there  exists  fk 
such  that  Afcffc  +  bfc  =  0.  The  difference  between 
the  Jacobian  matrices  in  two  different  regions  are 
of  the  form  6beJ .  If  dx  ^  0,  by  continuity,  we  must 
have 

A;+i  —  Ai  =  -j*(bt  —  b^+i)^ 
di 

If  di  =  0,  by  continuity  we  have  bi  —  bj+i  =  0.  Thus 
in  either  case,  we  have  (b;  —  b;+i)  =  5b  for  some 


constant  6.  So  we  can  write  Eq.  (40)  as 

x  =  AiX  +  bfc  +  Sib ,  di- 1  <  e[x  <  di  (41) 

where  Si  are  real  numbers  and  6k  =  0.  Using  the 
transformation  y  =  x  —  ffc,  we  obtain 

y  =  x  =  A*y  +  Aifjt  +  bfc  +  5jb ,  ^ 

di_ i  —  efffc  <  ejy  <  di  —  efffc 

Observing  that  Ajffc  +  bfc  =  (Ai  —  Afc)ffc  +  Afcffc  + 
bfc  =  (Ai  -  Afc)ffc  =  Kibefffc  =  Kiefffcb  for  some 
m,  we  see  that  system  (42)  is  in  the  form 

y  =  Aiy  +  Sib ,  di- 1  <  efy  <  di  (43) 

where  i  G  {0,  1, . . . ,  n},  6t  G  E  and  6k  =  0  for  some 
k.  Noting  that  A*  =  A  +  mbej  and  by  using  the 
canonical  piecewise-linear  equation  [Chua  &  Kang, 
1977],  this  can  be  written  as  Eq.  (39).  ■ 

Thus  the  class  V  can  be  reduced  to  a  subclass 
of  C  and  we  can  apply  Theorem  6  to  these  vector 
fields.  For  vector  fields  in  V,  Theorem  3  has  the 
following  interpretation.  If  two  vector  fields  in  V 
have  the  same  boundary  planes,  and  the  eigenval¬ 
ues  in  corresponding  regions  are  identical,  and  the 
equilibrium  points  are  matched,  then  the  two  sys¬ 
tems  with  these  two  vector  fields  are  topologically 
conjugate  (except  for  a  measure  zero  set  in  V). 

Consider  the  four-dimensional  3-region  piece- 
wise-linear  system  considered  in  Matsumoto  et  al. 
[1986]  which  exhibits  hyperchaos: 

dv i  _  f(v 2  -  vi)  -  h 
dt  Ci 

dv 2  _  -/( t>2  —  vi)  —  h 

dt  C2  (44) 

di 3  _  v\  -I-  Ris 

dt  Ls 

di±  __  V2 

dt  Z/4 

where 

f(x)  —  m\x  +  -(mo  —  mi)(\x  +  1|  -  \x  -  1|) 

For  the  parameters  C\  =  C2  =  ^,^3  =  1, 
L4  =  §,  R  =  1,  m0  =  -0.2,  and  =  3,  there 
exists  a  real  equilibrium  point  in  each  of  the  three 
regions. 
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Fig.  4.  Attractor  from  the  four-dimensional  Chua’s  oscilla¬ 
tor  which  is  topologically  conjugate  to  the  system  in  Eq.  (44) 
with  parameters  C\  =  §,  C2  =  L3  =  1,  La  =  §,  R  =  1, 
mo  =  —0.2  and  mi  =  3.  The  attractor  is  projected  onto  the 
v\-V2-h  plane. 


Applying  Theorem  5  we  obtain  the  following 
values  for  the  four-dimensional  Chua’s  oscillator: 

Ci  =  l 

C2  =  -6.2599109091  x  105 
C4  =  -7.3076305375  x  105 
L3  =  -6.7877793494  x  1(T7 
R2  =  2.4121749046  x  1(T4 
G3  =  7.7704985725  x  105 
R4  =  -9.9757154563  x  10~8 
Ga  =  -4.1500363636  x  103 
Gb  =  -4.0796363636  x  103 

with  g(-)  defined  as 

g(x)  =  Gbx  +  ±(Ga  -  Gb)( \x  +  1|  -  1*  -  1|) 

For  these  parameters,  both  system  (23)  and  system 
(44)  have  an  equilibrium  point  at  the  origin,  both 
systems  are  odd-symmetric  3  segment  piecewise- 
linear,  and  the  eigenvalues  in  corresponding  regions 
are  matched.  Figure  4  shows  a  projection  of  the 
resulting  attractor  from  Chua’s  oscillator. 


6.  2-Segment  Continuous 

Piecewise-Linear  Vector  Fields 

In  this  section  we  study  the  subclass  of  vector  fields 
in  V  which  is  piecewise-linear  with  two  segments. 
Thus  the  system  has  the  form: 

[A0x  +  bo,  efx  <  d 
X  =  <  T  1  (45) 

(  Aix  +  bi,  x  >  a 


Without  loss  of  generality  we  can  assume  that  there 
exists  a  (real  or  virtual)  equilibrium  point  by  lin¬ 
earizing  in  the  region  efx  <  d .3 

The  following  corollary  to  Lemma  11  transforms 
system  (45)  into  a  more  simplified  form: 


Corollary  2.  Assume  system  (45)  is  in  V.  System 
(45)  is  then  topologically  conjugate  to  one  of  the 
following  systems: 


A0x, 

CD 

< 

A].x  + 

b2, 

T 

x 

> 

Aix  + 

b2, 

T 

e[  x 

< 

A0x, 

T 

e{  x 

> 

A0x, 

efx 

<  0 

Aix, 

efx 

>  0 

(46) 

(47) 

(48) 


for  some  vector  b2. 


Proof.  We  will  refer  to  Eqs.  (46)-(48)  as  Form  1 
to  Form  3,  respectively.  Consider  system  (45).  Let 
f  =  (/i,  /2,  •  •  •  >  fn)T  be  such  that  A0f  +  b0  =  0. 
Using  the  transformation  y  =  x  -  f ,  we  get 


A0y, 

Aiy  +  bi  +  Aif, 


efy  <d-fi 
efy  >d-fi 


If  d  —  fi  7^  0,  a  transformation  of  the  form  z  = 
will  transform  the  system  into  Form  1  [Eq.  (46)]  if 
d  —  /i  >  0  and  into  Form  2  [Eq.  (47)]  if  d  -  /i  <0. 
If  d  —  fi  =  0,  we  obtain  the  system 


y  = 


A0y, 

Aiy  +  bi  +  Aif, 


efy  <  0 
efy  >  0 


which  by  continuity  must  be  equal  to  Form  3.  ■ 


This  corollary  says  that  one  of  the  equilibrium 
points,  which  can  be  real  or  virtual,  can  be  trans¬ 
lated  to  the  origin.  Form  1  and  Form  2  correspond 
to  the  cases  where  a  real  and  a  virtual  equilibrium 
point,  respectively,  is  translated  to  the  origin.  Form 
3  corresponds  to  a  real  equilibrium  point  lying  on 

3Thus  we  assume  that  there  is  either  a  real  equilibrium  point 
in  the  region  efx  <  d  or  a  virtual  equilibrium  point  in  the 
region  efx  >  d.  If  this  assumption  is  not  satisfied,  it  will  be 
satisfied  after  the  application  of  the  transformation  y  =  — x 
since  we  assume  the  existence  of  at  least  one  equilibrium  point 
for  a  vector  field  in  V. 
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the  boundary  being  translated  to  the  origin.  When 
we  use  A  =  Ao  and  A  +  bef  =  Ai  in  Theorem  5 
for  calculating  the  parameters  of  Chua’s  oscillator, 
we  only  need  to  deal  with  Chua’s  oscillator  with  one 
of  the  following  three  nonlinearities: 

9{x)  =  \{Ga-Gb)  +  ^{Ga  +  Gb)x 

+  \(Gb  -  Ga)\x  -  1|  for  Form  1  (49) 

4U 

g(x)  =  - (Ga  -  Gb )  +  -  (Ga  +  Gb)x 

+  Ga  -  Gft)|x  -  1|  for  Form  2  (50) 

g{x)  =  \{Ga  +  Gb)x  +  \{Gb-Ga)\x\ 

for  Form  3  (51) 

Note  that  using  these  three  forms  for  g(-)  re¬ 
sults  in  Chua’s  oscillator  having  the  same  num¬ 
ber  of  parameters  as  the  3-segment,  odd-symmetric 
Chua’s  oscillator. 

Let  us  illustrate  the  above  by  transforming 
two  chaotic  systems,  which  have  2-segment 
piecewise- linear  vector  fields,  into  equivalent  Chua’s 
oscillators. 

Nishio  et  al.  [1992]  introduced  two  simple  cir¬ 
cuits  which  exhibit  hyperchaos.  The  state  equations 


are  given  by: 

x\  =  x3  -  f(x x) 
x2  =  7c (^4  -  X3) 

X3  =  X2  -  X\ 

X4  —  — 7z,X2  +  OLX4 

(52) 

and 

Xl  =  X3 

x2  =  'lc{x\  ~  x3- f{x2)) 

(53) 

x3  =  x2  -  Xl 

x4  =  —')lx2  +  ax4 

where  f(x)  =  ^( \x  —  1|  +  x  —  1). 

Consider  Eq.  (52)  with  parameters  7 l  —  0.5, 
7C  =  0.5,  a  =  0.18,  e  =  0.005.  There  exists  a 
real  equilibrium  point  in  each  of  the  two  regions, 
so  we  obtain  Form  1.  Using  Theorem  5,  we  obtain 
the  following  parameters  for  the  four-dimensional 


Chua’s  oscillator: 

Ci  =  l 

C2  =  -1.2980742146337069  x  1033 
C4  =  -2.5961484292674138  x  1033 
L3  =  -1.5407439555097887  x  10"33 
R2  =  -2.7755575615628914  x  10-17 
G3  =  4.6730671726813447  x  1032 
i?4  =  4.2764235361475130  x  10"50 
Ga  =  3.6028797018963968  x  1016 
Gb  =  3.6028797018964168  x  1016 

where  g(-)  is  defined  by  Eq.  (49).  Note  that  some 
ill-conditioning  causes  Ga  to  be  very  close  to  Gb. 
Figure  5  shows  a  projection  of  the  resulting  attrac¬ 
tor  from  Chua’s  oscillator. 

Consider  Eq.  (53)  with  parameters  7 l  =  1, 
7 c  =  1.545,  a  =  0.26,  e  =  0.005.  Again  there 
exists  a  real  equilibrium  point  in  each  of  the 
two  regions.  Using  Theorem  5,  we  obtain  the  fol¬ 
lowing  parameters  for  the  four-dimensional  Chua’s 
oscillator: 

Ci  =  1 

C2  =  -1.8284023669  x  102 
C4  =  -2.1568595807  x  102 
L3  =  -1.1321166763  x  10~2 
R2  =  4.2071197411  x  10-2 
G3  =  7.1307692308  x  101 
jR4  =  -2.5374219121  x  10"3 
Ga  =  -2.3769230769  x  101 
Gb  =  2.8523076923  x  102 


1e+17*- 


Fig.  5.  Attractor  from  the  four-dimensional  Chua’s  oscilla¬ 
tor  which  is  topologically  conjugate  to  the  system  in  Eq.  (52) 
with  parameters  'yi  =  0.5,  7 c  ==  0.5,  a  =  0.18,  e  —  0.005. 
The  attractor  is  projected  onto  the  V1-V2-13  plane. 


818  C.  W.  Wu  &  L.  O.  Chua 


Fig.  6.  Attractor  from  the  four-dimensional  Chua’s  oscilla¬ 
tor  which  is  topologically  conjugate  to  the  system  in  Eq.  (53) 
with  parameters  7z,  =  1,  7c  =  1.545,  a  =  0.26,  e  =  0.005. 
The  attractor  is  projected  onto  the  V\-V2~iz  plane. 


where  g(-)  is  defined  by  Eq.  (49).  Figure  6  shows 
a  projection  of  the  resulting  attractor  from  Chua’s 
oscillator. 


7.  Linear  Conjugacy  of  Vector 
Fields  with  Multiple 
Scalar  Nonlinearities 

We  now  extend  the  results  in  Sec.  2  to  vector  fields 
with  several  scalar  nonlinearities.  We  consider  the 
following  class  of  vector  fields: 

Definition  9.  The  class  Cn( w)  consists  of  vector 
fields  of  the  form: 

oo 

X  =  Ax  +  ^2  fi(wTx)hi  (54) 

i=l 

where  A  is  an  n  x  n  matrix,  w,  b*  are  nxl  vec¬ 
tors  and  fi(-)  :  R  — *•  R  are  real-valued  continuous 
functions.  We  define  Cn  =  Uw  <?n(w). 

If  w  =  0,  this  reduces  to  the  class  of  affine  sys¬ 
tems.  Vector  fields  in  class  C„(w)  can  be  considered 
as  n-dimensional  nonlinear  vector  fields  where  the 
nonlinearity  occurs  only  in  the  direction  w.  This  is 
stated  more  precisely  in  the  following  lemma. 

Lemma  12.  For  w  =£  0,  the  class  C„(w)  is  equal 
to  the  class  of  continuous  vector  fields  x  =  f(x) 
such  that  f(x)  =  Au  +  g(v)  for  all  x  where  x  is 
decomposed  as  x  —  u  +  v  and  v  =  w  is  the 

1  w  w 

orthogonal  projection  of  x  onto  w. 


Proof.  Since  wTx  =  wTv,  a  system  in  the  form 
(54)  can  be  written  as: 

OO 

X  =  Au  +  Av  +  £  /;(wrv)b; 

1=1 

So  one  direction  is  clear.  Consider  a  system  of  the 
form  x  =  Au  +  g(v).  Since  v  =  (^)wrx,  g(v) 
can  be  written  as  g(wTx).  Thus  we  can  write  the 
system  as 

x  =  Ax  -  Av  +  g(wrx) 

=  Ax  -  A — — w  x  +  g(wJ  x) 

WJ  w 

This  can  be  written  as  (54)  if  we  define  b;  =  e*  and 
fi( wTx)  =  ef  (g(wTx)  -  A^wrx) 
for  i  =  1, . . . ,  n.  ■ 

Definition  10.  A  vector  field  in  Cn  in  the  form  (54) 
is  said  to  be  proper  if  (A,  w)  satisfy  condition  K. 

The  following  theorem  is  the  analog  of 
Theorem  2  for  the  class  Cn  (w). 

Theorem  7.  Consider  the  systems 

x  =  Ax  +  /i(wTx)bi  (55) 

i— 1 

and 

oo 

£  =  Ax  +  /i(wrx)bi  (56) 

i— 1 

Assume  that  both  systems  are  proper.  Then  sys¬ 
tem  (55)  and  system  (56)  are  linearly  conjugate  if 
the  eigenvalues  of  A  and  A  arejhe  same  and  the 
eigenvalues  of  A+bjWT  and  A+bjWr  are  the  same 
for  each  i. 

Proof.  The  proof  follows  the  same  steps  as  in 
Theorem  2.  ■ 

Thus  almost  all  systems  in  Cn  are  determined, 
up  to  topological  conjugacy,  by  countable  sets  of 
eigenvalues  and  the  scalar  nonlinearities  /,’s.  Given 
countable  arbitrary  sets  of  eigenvalues,  is  it  possible 
to  find  a  matrix  A,  and  vectors  b;,  w  such  that  A 
and  A  +  b;wr  have  these  eigenvalues?  The  answer 
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is  yes  and  the  following  A,  b;,  w  give  characteristic 
polynomials  as  described  by  Eq.  (57): 


X(A)  =  An  +  r„_iAn  1  H - 1-  rqA  +  r0 

X(A  4-  b;wr)  =  A"  +  4-1  A71"1  +  •••  +  4  A  +  4 

(57) 

The  next  theorem  is  the  analog  of  Theorem  3 
for  the  class  Cn . 

Theorem  8.  Consider  two  systems  in  Cn 

oo 

x  =  Ax  +  £  /j(wTx)bi  (58) 

i— 1 

and 

oo 

x  =  Ax  +  £  fi'i(wTx)bi  (59) 

2=1 

where  fi  and  gi  are  differentiable  functions  for  all 
i .  Suppose  that  these  two  systems  are  proper  and 
have  at  least  one  matched  ( real  or  virtual)  equi¬ 
librium  point  and  their  Jacobian  matrices  at  each 
point  have  the  same  eigenvalues,  then  these  systems 
are  linearly  conjugate. 

Proof  As  in  Theorem  3  we  can  assume  without  loss 
of  generality  that  A  and  A  have  the  same  eigen¬ 
values,  that  one  of  the  fj s  is  not  an  affine  func¬ 
tion  and  that  the  origin  is  an  equilibrium  point 
for  both  systems.  Consider  K  =  K(A,  w)  and 
K  =  K(A,  w)  which  are  nonsingular  by  hypoth¬ 
esis.  Since  {K“1ei}Jl=1  and  {K-1e;}f=1  form  two 
bases  of  Rn ,  it  is  easy  to  see  that  without  loss  of 
generality  we  can  assume  that  the  two  systems  can 
be  rewritten  in  the  form: 

x  =  Ax  +  £  /i(wrx)K-1ei  (60) 

i— 1 

71 

x  =  Ax  +  ]>>(wTx)K-lei 

i—  1 


The  Jacobian  matrices  of  system  (58)  and  sys¬ 
tem  (59)  at  x  are  A  +  ELi  //(wrx)K_1e,wT  and 
A  +  E?=i  4(wrx)K-1eiWr,  respectively  which 
are  similar  to  A  +  E”=i  /((wTx)e,ef  and  A  + 
From  Corollary  1  it  follows  that 
E"=i  //(wTx)et  =  Ya= i  4(wTx)ei  for  all  x.  This 
means  that  /•( wrx)  =  g[( wTx)  for  all  x  and  for  all 

-  T 

i.  Let  x  =  — ^ —  w  for  some  a  €  M  and  ii  =  :!L=rL. 

wJw  W2W 

Then  f-(a)  =  9i(ga)  for  all  real  a  and  for  all  i. 
/i  /  0  since  otherwise  all  the  /t’s  are  affine.  By 
Lemma  9  this  implies  that  gfi(a)  =  9i(go:)  +  c»  for 
some  constants  c*. 

Similar  to  the  proof  of  Theorem  3,  by  using  the 
transformations  y  =  Kx  and  y  =  ^Kx  for  the  two 
systems,  respectively,  we  get 

n 

y  =  Ay +  ^Z/i(efy)ei 
2=1 

1  n  ^ 

y  =  Ay  +  -  X/0i(Mefy)ei 

^  i= l 

Using  gfi(a)  =  gi(ga)  +  ci  these  two  systems 
simplify  to 

1  n 

y  =  Ay  +  -  y)  +  d)*i 

V-  i= 1 

and 

n 

y  =  Ay +  ^5i(efy)ei 

i=l 

Now  if  they  share  an  equilibrium  point  y*  =  0,  then 
Ay*  +  7:  Ya=\  (di  +  Ci)ei  =  0  for  the  first  system, 

and  Ay*  +  ^  EE=i  =  0  for  the  second  system, 
where  di  =  g^gejy*)  if  the  equilibrium  point  is 
real,  and  d{  =  gg'^ge fy)ef  (y*  -  y)  +  9i(g^i  9)  if 
the  equilibrium  point  is  virtual  due  to  linearization 
around  y.  In  either  case,  we  see  that  C{  =  0  for  all 
i,  thus  the  two  systems  are  linearly  conjugate.  ■ 

For  completeness,  we  will  state  the  following 
analog  of  Theorem  4  for  class  Cn . 

Theorem  9.  Consider  two  systems  in  Cn 

oo 

x  =  AiX  +  ^/i(wfx)bt,i  =  hi(x)  (62) 
2=1 

and 

oo 

y  =  A2y  +  Yl^i(w2y)bi,2  ~  My)  (63) 
2=1 


(61) 
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where  fi  and  gi  are  differentiable  functions  and  A\ 
and  A2  are  n  x  n  matrices .  Suppose  that  both  sys¬ 
tems  are  proper .  Suppose  further  that  T  is  an  non¬ 
singular  matrix  and  t  is  a  vector  such  that  x  and 
y  =  Tx  +  t  are  real  equilibrium  points  of  (62)  and 
(63),  respectively  and  Z)hi(x)  shares  the  same  eigen¬ 
values  as  £)h2(Tx  + 1)  for  all  x,  then  the  two  sys¬ 
tems  (62)  and  (63)  are  topologically  conjugate. 

The  simplest  case  of  nonlinear  vector  fields  in 
Cn  are  the  continuous  piecewise-linear  vector  fields 
where  the  boundary  planes  are  parallel.  Parallel 
boundary  planes  mean  that  in  the  consistent  vari¬ 
ation  property  Ji  —  J2  —  car  the  vector  a  is  the 
same  at  all  boundaries.  It  is  easy  to  show  that  all 
piecewise-linear  vector  fields  with  parallel  boundary 
planes  belong  to  class  Cn.  Thus  we  get  the  following 
corollary  to  Theorem  8: 

Corollary  3.  Two  proper  continuous  piecewise- 
linear  vector  fields  with  parallel  boundary  planes  are 
topologically  conjugate  if  the  boundary  planes  and 
the  equilibrium  points  are  matched  up  and  the  eigen¬ 
values  are  the  same  in  corresponding  regions. 

In  Komuro  [1988]  it  was  shown  that  n-dimen- 
sional  2-region  proper  piecewise-linear  vector  fields 
are  topologically  conjugate  if  the  eigenvalues  in  cor¬ 
responding  regions  are  the  same.  In  Feldmann  & 
Schwarz  [1994]  this  is  shown  for  all  n-dimensional 
3-region  odd-symmetric  piecewise-linear  vector 
fields.  Corollary  3  extends  these  results  to  the  class 
of  proper  continuous  piecewise-linear  vector  fields 
with  parallel  boundary  planes. 

8.  A  Dual  Result 

Just  as  controllability  is  the  dual  concept  of  observ¬ 
ability  [Chen,  1984],  we  present  here  a  dual  ver¬ 
sion  of  Theorem  7.  Instead  of  considering  whether 
(A,  w)  satisfy  condition  K ,  we  consider  the  pair 
(AT,  b). 

Theorem  10.  Consider  two  systems  of  the  form 

x  =  Ax  +  /(wfx,  w^x, . .  • ,  wfx, . .  .)b  (64) 

and 

x  =  Ax -f /(wfx,  wfx,...,  wfx,...)b  (65) 

Suppose  that  (AT ,  b)  and  (AT ,  b)  satisfy  condition 
K.  Then  system  (64)  and  system  (65)  are  linearly 


conjugate  if  the  eigenvalues  of  A  and  A  are  the 
same  and  the  eigenvalues  of  A  +  bwf  and  A  +  bw f 
are  the  same  for  each  i. 

Proof.  Let  K  =  K(AT,  b)  and  K  =  K(AT,  b), 
which  by  hypothesis  are  nonsingular._  Using  the 
transformations  x  =  Kry,  and  x  =  KTy,  we  get 
the  following  systems: 

y  =  (Kr)_1AKry+/(wfKry,  wpCry,..., 
wfKry,...)(Kr)-1b 

=  Ary +/(wf  Kry ,  KTy , . . . ,  wf  KTy , . .  .)ei 

^  =  (Kr)_1AKTy+/(wfKry,  w^Kry,..., 

wfK7y,...)(KTr1b 

=  Ary+/(wfKry,  WjK^y,...,  wfKTy,  ...)ei 

where  A  is  defined  in  Eq.  (5).  By  Lemma  6  and_the 
hypothesis,  for  each  z,  the  vectors  Kw*  and  Kw; 
are  uniquely  determined  by  the  eigenvalues  of  A 
and  A  +  bwf  and  are  thus  equal  to  each  other.  ■ 

9.  Conclusions 

We  have  identified  a  class  of  vector  fields  where  the 
members  are  topologically  conjugate  whenever  the 
Jacobian  matrices  have  the  same  eigenvalues  at  each 
point  and  the  equilibrium  points  are  matched  up. 
Since  Chua’s  oscillator  belongs  to  this  class  and 
can  synthesize  a  large  set  of  eigenvalue  patterns, 
this  implies  that  Chua’s  oscillator  is  topologically 
conjugate  to  a  large  class  of  vector  fields.  This  ex¬ 
tends  previous  results  which  deal  only  with  three- 
dimensional  odd-symmetric  3-segment  piecewise- 
linear  vector  fields.  The  topological  conjugacy  part 
of  the  main  result  can  be  extended  to  systems  with 
multiple  scalar  nonlinearities  and  we  use  that  to 
prove  that  almost  all  continuous  piecewise-linear 
vector  fields  with  parallel  boundary  planes  are 
topologically  conjugate  if  the  boundaries  and  equi¬ 
librium  points  are  the  same  and  the  eigenvalues 
in  corresponding  regions  are  the  same.  This  re¬ 
sult  also  extends  previously  known  results  which  are 
limited  to  2-segment  and  3-segment  odd-symmetric 
piecewise-linear  vector  fields. 
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Appendix  1 

In  this  appendix  we  present  three-dimensional  phase 
projections  of  attractors  from  several  well-known 
three-dimensional  chaotic  systems  and  their  coun¬ 
terparts  from  the  three-dimensional  Chua’s  oscilla¬ 
tor  by  applying  Theorem  6.  In  cases  where  Eq.  (33) 
is  not  satisfied,  sn— l  is  decreased  by  a  small  amount 
when  applying  Algorithm  1. 

Chaotic  Colpitts  oscillator 

The  state  equations  of  the  chaotic  Colpitts  oscilla¬ 
tor  [Kennedy,  1994]  are  given  by: 


-  -  Il-Ib 
+  Vbe  ~  IlRl 


Vbe  <  Vth 
Vbe  >  Vth 

Ic  =  PfIb 

For  the  parameters  Vcc  =  5  V,  Rl  —  35  Q, 
L  =  98.5  /zH,  Ci  =  C2  =  54  nF,  Ree  =  400  fi, 
Vee  —  —  5  V,  Vth  —  0.75  V,  Ron  =  100  fl, 


Cl*%*=lL-Ic 


C2 


dt 

dVsE 

dt 


Vee  +  VB 


Ree 

L-jt  =  VCC  -VCE 

dt 


where 


fo 


1B  =  { 


Vbe  — Vt h 
Ron 
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/3f  =  200  of  this  system,  the  corresponding  param¬ 
eters  for  Chua’s  oscillator  are  given  by 


Ci  =  l 

C2  =  3.9234278162  x  102 
L3  =  6.7473529008  x  10~17 
R2  =  8.2538319739  x  10~9 
G3  =  3.1852491364  x  1011 
Ga  =  -1.2092436506  x  108 
Gb  =  -1.2110955024  x  108 

g(x)  =  ±(Ga-Gb)  +  ±(Ga  +  Gb)x 
+  l-(Gb-Ga)\x-l\ 

The  corresponding  attractors  from  these  two  sys¬ 
tems  are  shown  in  Figs.  7(a)  and  7(b),  respectively. 


Brockett’s  system 

The  3rd-order  scalar  differential  equation  for 
Brockett’s  system  [Brockett  1982]  is  given  by: 


where  /  is  a  3-segment  piecewise-linear  function 
given  by: 


|  ~ky  |y|  <  1 

\  2ky  -  3k  sgn(y)  \y\  >  1 


For  k  =  1.8,  the  corresponding  parameters  for 
Chua’s  oscillator  are  given  by: 


Ci  =  1 

C2  =  5.3270141220  x  102 
L3  =  3.4698425778  x  10"6 
R2  =  -1.8666566179  x  10~3 
G3  =  2.8657513826  x  105 
Ga  =  5.3671716962  x  102 
Gb  =  5.3672716962  x  102 

g(x)  =  Gbx  +  2^a  ~  ^f>)(lx  +  1|  —  \x  ~  !|) 


The  corresponding  attractors  from  these  two  sys¬ 
tems  are  shown  in  Figs.  8(a)  and  8(b),  respectively. 


Sparrow’s  system 

The  state  equations  for  Sparrow’s  system  [Sparrow, 
1981]  are  given  by: 

x\  =  /(x3)  -  Xl 
x2  =xi  -  x2 
x3  =  x2  -  x3 


where  /  is  a  3-segment  piecewise-linear  function 
given  by: 

I8.4rx3+0.96276-)-2.3872r  x3  <0.28419 
-8.4x3+3.35  0.28419  <x3  <  j 

8.4rx3-0.25-3.6r  x3>- 

For  r  =  19.0,  the  corresponding  parameters  for 
Chua’s  oscillator  are  given  by: 

Ci  =1 

C2  =  -6.2252592698  x  102 
L3  =  2.8731155811  x  10"7 
R2  =  5.3544019103  x  10-4 
G3  =  1.1601531225  x  106 
Ga  =  -1.8646222233  x  103 
Gb  =  -1.8645922233  x  103 

g(x)  =  Gbx  +  |(Ga  -  Gb)(\x  +  1|  -  \x  -  1|) 

The  corresponding  attractors  from  these  two  sys¬ 
tems  are  shown  in  Figs.  9(a)  and  9(b),  respectively. 


Ogorzalek’s  system 

The  state  equations  for  Ogorzalek’s  system 
[Ogorzalek,  1989]  are  given  by: 

£l  =  f(x 3)  -  2xi  +  x2 

X2=X\-  2X2  +  x3 

x3  =  x2  —  x3 


where  /  is  a  3-segment  piecewise-linear  function 
given  by: 


/(x 3)  =  { 


mix3  +  mi  —  mo 
mox3 

mix3  +  mo  -  mi 


x3  <  -1 
|x3|  <  1 
x3  >  1 
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(b) 

Fig.  7.  (a)  Phase  portrait  projection  of  a  chaotic  attractor  in  the  Colpitts  oscillator,  (b)  Phase  portrait  projection  of  a 

chaotic  attractor  in  Chua’s  oscillator  topologically  conjugate  to  Fig.  7(a). 
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(b) 

Fig.  8.  (a)  Phase  portrait  projection  of  a  chaotic  attractor  in  Brockett’s  feedback  system,  (b)  Phase  portrait  projection  of  a 

chaotic  attractor  in  Chua’s  oscillator  similar  to  Fig.  8(a). 


(b) 

Fig.  9.  (a)  Phase  portrait  projection  of  a  chaotic  attractor  in  Sparrow’s  system,  (b)  Phase  portrait  projection  of  a  chaotic 

attractor  in  Chua’s  oscillator  similar  to  Fig.  9(a). 
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For  mo  =  -33.03  and  mi  =  400,  the  corresponding 
parameters  for  Chua’s  oscillator  are  given  by: 


Ci  =  1 

C2  =  -3.4660736904  x  102 
L3  =  3.3408722323  x  10~7 
R2  =  5.7696798665  x  10"4 
G3  =  5.9859025418  x  105 
Ga  =  -1.7281984151  x  103 
Gb  =  -1.7281484151  x  103 

g(x)  =  Gbx  +  l-{Ga  -  Gb){ \x  +  1|  -\x  -  1|) 

The  corresponding  attractors  from  these  two 
systems  are  shown  in  Figs.  10(a)  and  10(b), 
respectively. 


Ameodo’s  system 

The  3rd-order  scalar  differential  equation  for 
Arneodo’s  system  [Arneodo  et  al.,  1982]  are  given 
by: 

d?y  d2y  dy  3 

For  y  =  —1,  yo  =  —5.5,  yi  =  3.5,  y2  =  1,  the 
corresponding  parameters  for  Chua’s  oscillator  are 
given  by: 

Cl  =  1 

C2  =  8.0737820354  x  101 
L3  =  1.2239479563  x  10“4 
i?2  =  -1.1329163199  x  10"2 
G3  =  7.4732911509  x  103 
Ga  =  8.9267772512  x  101 
Gb  =  8.9277772512  x  101 
g(x)  =  Gax  +  ( Gb  -  Ga)x 3 

The  corresponding  attractors  from  these  two 
systems  are  shown  in  Figs.  11(a)  and  11(b), 
respectively. 


Nishio’s  system 

The  state  equations  for  Nishio’s  system  [Nishio 
et  al.,  1990]  are  given  by: 


Ai  =  -f>(/(zi)  +  rr3) 


i2  =  £3 

x3  =  (a  -  b)x3  —  x2  —  bf(x i) 

where  /  is  a  3-segment  piecewise-linear  function 
given  by: 


f(x l)  =  < 


mixi  +  mi  —  mo 
mo^i 

m\X\  +  mo  —  mi 


xi  <  -1 

M  <  1 

X\  >  1 


For  mo  =  —0.5  and  mi  =  10,  a  —  0.3,  6  =  1,  the 
corresponding  parameters  for  Chua’s  oscillator  are 
given  by: 

Ci  =  1 

C2  =  -3.2604757879  x  10~2 
L3  =  -2.7603333333 
R2  =  -1.0111111111  x  101 
G3  =  1.0868252626  X  10-1 
Ga  =  5.9890109890  x  10_1 
Gb  =  1.1098901099  x  101 

g(x)  =  Gbx  +  - (Ga  —  Gb)(\x  + 1|  —  \x  -  1|) 

The  corresponding  attractors  from  these  two 
systems  are  shown  in  Figs.  12(a)  and  12(b), 
respectively. 


Dmitriev’s  system 

The  state  equations  for  Dmitriev’s  system  [Rul’kov 
et  al. ,  1992]  are  given  by: 


xi  =  x2 

x2  =  —xi  —  6x  2  +  x3 
x3  = 'y(Fixi)  -  x3)  -  ax2 

where  F  is  given  by: 


F(x  i)  =  { 


0.528a 
ax  i(l  —  x\) 
-0.528a 


x\  <  —1.2 

|xi|  <  1.2 

(66) 

IV 

to 

0.71,  7  = 

0.1,  the 

corresponding  parameters  for  Chua’s  oscillator  are 
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(a) 


0>) 

Fig.  10.  (a)  Phase  portrait  projection  of  a  chaotic  attractor  in  Ogorzalek’s  system,  (b)  Phase  portrait  projection  of  a  chaotic 

attractor  in  Chua’s  oscillator  similar  to  Fig.  10(a). 
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0>) 

Fig.  11.  (a)  Phase  portrait  projection  of  a  chaotic  attractor  in  Arneodo’s  system,  (b)  Phase  portrait  projection  of  a  chaotic 

attractor  in  Chua’s  oscillator  similar  to  Fig.  11(a). 
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(b) 

Fig.  12.  (a)  Phase  portrait  projection  of  a  chaotic  attractor  in  Nishio’s  system,  (b)  Phase  portrait  projection  of  a  chaotic 

attractor  in  Chua’s  oscillator  topologically  conjugate  to  Fig.  12(a). 
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(b) 

Fig.  13.  (a)  Phase  portrait  projection  of  a  chaotic  attractor  in  Dmitriev’s  system,  (b)  Phase  portrait  projection  of  a  chaotic 

attractor  in  Chua’s  oscillator  similar  to  Fig.  13(a). 
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given  by: 

Ci  =  1 

C2  =  -8.9906258405  x  101 
L3  =  5.6294509561  x  10~4 
R2  =  2.2612337453  x  10~2 
G3  =  3.6113480161  x  103 
Ga  =  -4.3693645701  x  101 
Gb  =  -4.3688645701  x  101 
g(x)  =  Gax  +  (Gb  —  Ga)F(x) 

where  F(-)  is  given  by  (66).  The  corresponding 
attractors  from  these  two  systems  are  shown  in 
Figs.  13(a)  and  13(b),  respectively. 


Appendix  2 

We  give  in  this  Appendix  a  different  n-dimensional 
circuit  which  is  presented  in  Kocarev  et  al.  [1993]. 
This  circuit  can  also  synthesize  almost  all  eigenvalue 
patterns  in  C.  The  circuit  diagram  for  n  is  even 
and  n  is  odd  is  shown  in  Figs.  14(a)  and  14(b), 
respectively. 

The  state  equations  are  given  by: 


*5  _  Av  _ 
dt  ~  Ci 


where  g(-)  is  the  v-i  characteristic  of  the  nonlinear 
resistor  and  A  is  given  by: 


Ci  °  °  ° 


R2  J_ 

l2  l2 


0  0 


1 

cl 


Gz  J_ 

c3  c3 


0 


0  0  0 

000  ••• 


0 

0 


ooo 

0  0  0 

0  0  0 


1  Gn-1  1 

Cn— i  Cn— i  Cn— i 

1  Rn 

~Tn  ~Ln 


if  n  is  even  and 


0  0  0 


Gz  J_ 

Cz  Cz 
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0  0  ••• 

0  0  ••• 


0 

0 


832  C.  W.  Wu  &  L.  O.  Chua 


) 


r— 

- , 

sawiTg 

• - 

> -  - - 

r^lM/VS 

— 

L2  R2 

Ln  Rn 
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> 

> 

+  _J 

vl  _ 

_ v3 

—  -< 

—  < 
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>  •  vn-1  _ 

-  -c 

—  < 
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> 

-< 

R1 
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G3 
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Fig.  14.  n-dimensional  circuit  given  in  Kocarev  et  al.  [1993].  (a)  n  is  even,  (b)  n  is  odd. 


if  n  is  odd.  Applying  Algorithm  1,  the  following  assignment  of  circuit  parameters  will  give  the  desired 
topologically  conjugate  system  when  g(-)  is  given  by  (29): 


Ci  =  1 

G  d  — 

Gb  =  —  ai.iCq 

Ll=~^k 

R-2  =  -K2L2 
1 


c3  =  - 


P2L2 


G21- 1  =  —K21-1C21-1 

21  P21-1G21-1 

R21  =  -K21L21 

C2,+1 = -7^ 

Rn  =  -KnLn,  if  n  is  even 
Gn  =  - KnCn ,  if  n  is  odd 

Other  circuit  topologies  for  synthesizing  eigenvalue  patterns  in  C  are  given  in  Gotz  et  al.  [1993]. 
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Pecora  and  Carroll1  have  shown  how  two  nonautonomous  chaotic  circuits  driven  by 
periodic  forcing  can  be  synchronized  using  the  master-slave  driving  principle.  However, 
in  their  scheme,  the  periodic  forcing  in  both  circuits  needs  to  be  phase-locked  through 
some  additional  circuitry  for  the  system  to  synchronize.  In  this  paper,  we  show  two  ways 
in  which  this  can  be  avoided. 

In  the  first  scheme,  the  two  circuits  are  connected  in  a  master-slave  driving  config¬ 
uration  and  the  periodic  forcing  is  included  in  the  driving  signal  such  that  it  eliminates 
the  need  for  the  slave  circuit  to  have  an  external  periodic  forcing  signal.  In  addition,  we 
can  recover  the  periodic  forcing  signal  at  the  slave  circuit. 

In  the  second  scheme,  the  two  circuits  are  connected  in  a  mutual  coupling  configura¬ 
tion.  The  two  circuits  will  synchronize  regardless  of  what  the  periodic  forcing  signals  of 
the  two  circuits  are.  In  particular,  the  two  periodic  forcing  signals  could  have  different 
phases,  different  frequencies,  or  different  shapes. 

We  discuss  two  interpretations  of  these  synchronization  schemes.  First,  we  consider 
them  as  communication  systems  when  the  periodic  forcing  signal  is  replaced  by  a  prop¬ 
erly  encoded  information  signal.  We  illustrate  this  in  a  physical  circuit  implementation. 
Second,  we  consider  them  as  synchronization  schemes  for  nonidentical  systems  by  con¬ 
sidering  the  external  forcing  signal  as  an  error  signal  due  to  the  difference  between  the 
two  systems. 

1.  Introduction 

f  Pecora  and  Carroll1  have  shown  how  two  nonautonomous  chaotic  circuits  driven  by 

periodic  forcing  can  be  synchronized.  Since  the  two  circuits  need  to  be  identical 
|  to  synchronize,  the  periodic  forcing  in  the  two  circuits  must  have  the  same  phase. 

In  their  implementation,  the  two  periodic  forcing  signals  need  to  be  phase-locked 
through  some  additional  circuitry  for  the  two  circuits  to  synchronize.  In  Ref.  2. 
computer  simulations  were  performed  on  two  nonautonomous  chaotic  circuits  where 
the  periodic  forcing  signals  in  both  circuits  also  have  the  same  phase.  We  show  here 
two  cases  where  such  phase-locking  is  not  necessary  for  synchronization. 

First,  we  show  a  master-slave  driving  scheme  where  the  periodic  forcing  is  in¬ 
cluded  in  the  driving  signal,  and  which  eliminates  the  need  for  the  slave  system  to 
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have  an  external  periodic  forcing  signal.  We  can  then  recover  the  periodic  forcing 
signal  from  the  driving  signal. 

Second,  we  show  a  mutual  coupling  scheme,  where  the  two  systems  are  syn¬ 
chronized  regardless  of  whether  the  periodic  forcing  signals  in  the  two  systems  are 
identical  or  not. 

One  of  the  key  properties  of  these  synchronization  schemes  for  nonautonomous 
systems  is  that  the  external  inputs  to  the  two  systems  do  not  need  to  have  the  same 
phase.  In  fact,  they  can  he  arbitrary  and  completely  different.  This  allows  us  to  use 
them  as  communication  systems  or  synchronization  schemes  for  two  systems  which 
are  not  identical.  These  schemes  can  be  considered  as  communication  systems  when 
the  periodic  driving  signal  is  replaced  by  a  properly  encoded  information  signal. 
These  schemes  are  considered  as  synchronization  schemes  for  two  systems  which 
are  not  identical  when  the  external  forcing  signal  is  considered  as  an  error  signal 
due  to  mismatch  between  the  two  systems. 

In  this  paper,  we  assume  that  we  can  write  state  equations  for  all  the  nonlinear 
circuits  that  we  consider  and  that  for  each  initial  condition,  there  exists  a  unique 
solution  for  all  time. 

The  organization  of  this  paper  is  follows.  In  Sec.  2  we  discuss  the  master-slave 
synchronization  scheme.  In  Sec.  3  we  discuss  the  possibility  of  synchronization 
through  linear  mutual  coupling  such  that  the  periodic  forcing  in  both  systems  can 
be  different.  In  Sec.  4  we  discuss  the  possibility  of  using  these  schemes  as  com¬ 
munication  systems  by  replacing  the  periodic  driving  signals  by  properly  encoded 
information  signals.  In  Sec.  5  we  discuss  how  we  can  synchronize  two  systems  which 
are  not  identical. 

2.  Master-Slave  Synchronization  Scheme 

In  the  communication  systems  proposed  in  Ref.  3,  4,  the  slave  system  is  synchronized 
to  the  master  system,  even  though  the  master  system  has  an  information  signal 


sc(0 


Fig.  1.  Nonautonomous  chaotic  circuit  1.  For  the  circuit  to  be  chaotic.  \w-  choose  R.  C  and  L  to 
lx*  passive  and  R\  to  be  active  and  have  a  monotone  t characteristic. 
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injected  into  it,  while  the  slave  system  does  not.  As  the  information  signal  is 
an  external  source,  this  can  he  considered  as  synchronization  of  lionautonomous 
systems.  We  will  use  the  same  principles  for  our  first  synchronization  scheme. 

The  chaotic  system  wo  use  (Fig.  1)  is  a  second  order  lionautonomous  circuit, 
a  modification  of  the  circuit  proposed  in  Ref.  5.  In  Ref.  5.  the  periodic  forcing  is 
in  series  with  the  linear  resistor,  while  in  Fig.  1.  the  periodic  forcing  is  in  series 
with  the  nonlinear  resistor.  For  the  circuit  to  be  chaotic,  we  choose  /?.  C  and  L 
to  be  passive  and  the  nonlinear  resistor  R\  to  be  active  and  have  a  monotone  r-i 
characteristic. 

The  state  equations  for  this  circuit  are  given  by: 


“_L  -  — (*2  -  fc(v i  T-  sc{t))) 

f  =  -!(„, +!2r) 


(i) 


where  sc(t)  =  Ac  sin(fif)  is  the  periodic  forcing  function  and  the  v-i  characteristic 
of  the  voltage-controlled  Chua’s  diode  fc(v)  is  a  3-segment  piecewise- linear  function 
given  by 

fc(v)  =  Gbv  +  ^(Gn-Gb)(\v  +  E\-\v-E\)  (2) 

where  E  >  0. 

After  normalization  using  G  =  x  =  y  =  t  =  \c[g\  >  a  =  7f  ’  ^  =  ~G  1 
w  =  n|C/G|,  /3  =  I§T,  5(f)  =  M|Ce/G|°,  a  =  and  redefining  r  as  f.  we  obtain 
the  following  dimensionless  equations: 


%  =  k(y-f(x  +  8(t))) 

dt  (3) 

~  =  IU(-T  -  y) 
at 

where  k  ~  1  if  §  >  0  and  k  =  —1  if  ^  <  0,  $(t)  =  Asin(^t)  and 

f(x)  =  bx  +  “(fl  -  6)(|x  +  1|  -  |.r  -  1|)  (4) 


We  choose  the  following  set  of  parameters:  a  =  —1.37.  b  —  —0.84.  u)  —  0.4. 
.4  =  0.5,  /3  =  0.895.  and  k  =  1.  A  chaotic  attractor  for  these  parameters  is  shown 
in  the  x-y  plane  in  Fig.  2. 

We  couple  two  identical  chaotic  circuits  as  shown  in  Fig.  3  which  is  similar  to 
the  scheme  proposed  for  the  autonomous  Chua’s  circuit  in  Ref.  3.  It  is  based  on  the 
idea  proposed  in  Ref.  G  that  to  synchronize  two  chaotic  systems,  the  parts  of  the 
system  that  are  responsible  for  the  instability  of  tin1  system  are  list'd  as  driving. 
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When  h\  A  >  0  (or  /?,  L.  C  >  0)  this  setup  will  synchronize,  i.o.  x(t)  x(t) 
as  t  -*  x.  This  implies  that  .st.(M  in  Fig.  3  approaches  .s>(0  as  t  —  x  (in  the 
normalized  equations  the  signal  s(0  approaches  s(f),  where  .s(f)  =  ,r  +  s(0  -  i). 
The  proof  that  this  setup  will  synchronize  is  similar  to  that  in  Ret.  3. 

An  alternative  circuit  implementation  of  Eqs.  (5)  is  to  transmit  the  current  in 
to  the  receiver  circuit  as  shown  in  Fig.  4.  This  implementation  will  also  synchronize 
the  two  circuits.  If  we  assume  that  the  nonlinear  resistor  R \  is  both  current  and 
voltage  controlled  (i.e..  fc{r)  is  Injective),  then  sc(t)  will  approach  MO  as  t  —  oc. 


Fig.  4.  Alternative  way  of  connecting  two  nonautononious  chaotic  circuits  thiough  unidirectional 
coupling.  This  can  be  viewed  as  a  communication  system  when  the  coupling  is  considered  as 
the  transmission  of  the  signal  ift.  The  current  through  the  controlled  current  souice  is  f/j.  The 
recovered  signal  sc{t)  will  asymptotically  approach  5c(0  as  t  *  oc  assuming  that  is  both 
voltage  and  current  controlled. 

3.  Mutual  Coupling  Synchronization  Scheme 

The  nonautononious  chaotic  system  that  we  use  for  this  scheme  is  similar  to  the 
circuit  in  Fig.  1,  except  that  we  interchange  the  linear  resistor  and  the  nonlinear 
resistor,  as  shown  in  Fig.  5.  Note  that  this  circuit  is  the  dual  circuit  of  the  ciicuit 
in  Ref.  5  except  that  we  replace  the  current  source  in  the  dual  circuit  by  a  Thevenin 
equivalent  voltage  source.  However,  for  our  synchronization  scheme  we  will  use  an 
active  linear  resistor  and  a  passive  nonlinear  resistor  with  a  monotone  v-i  char¬ 
acteristic.  Note  that  since  the  nonlinear  resistor  has  a  passive  and  monotone  v-i 
characteristic,  the  linear  resistor  must  be  active  for  the  system  to  become  chaotic 
(and  exhibit  sensitive  dependence  on  initial  conditions)  as  otherwise  the  system  will 
have  a  unique  steady  state  solution.' 

The  state  equations  for  this  circuit  are  given  by: 


dv  i 

IT 


+*>(/)) 


di) 

If 


+  Vr  ( / 2 ) ) 


(6) 


XV2  C.  W.  H;w.  (j.-Q.  Zhong  &  L.  O.  Chun 


sc(t) 


Fig.  5.  Nonautonomous  chaotic  circuit  2.  For  the  system  to  become  chaotic,  we  use  an  active 
linear  resistor  and  a  Chua's  diode  with  a  passive  monotone  v-i  characteristic. 


where  sc(t)  =  Acsin{Qt)  is  the  periodic  forcing  function  and  the  v-i  characteristic 
of  the  current-controlled  Chua's  diode  gc(i)  is  a  3-segment  piecewise-linear  function 
given  by 

gc(i)  =  Rbi  +  ^{Ra  ~~  Rb){\i  +  J|  -  I*  " 


where  I  >  0. 

After  normalization  using  G  —  x  =  y  =  7*  7  =  |c/c?p  0  = 

6  =  GiZft,  u;  =  n|C/G|,  0  =  -fe,  s(t)  =  MKVglflg,  .4  =  and  redefining  r  as 
t.  we  obtain  the  following  dimensionless  equations: 


^7  =  k(y-x-s{t)) 
at 

$  =  Jb/J(-*  -  /(y)) 

at 


(8) 


where  fc  =  1  if  g  >  0  and  Jt  =  -1  if  g  <  0,  s(t)  =  -4sin(af)  and  /  is  as  defined  in 
Eq.  (4). 

We  choose  the  following  set  of  parameters:  a  =  -1.27.  b  =  -0.68.  at  -  O.o. 
.4  =  0.2.  0  =  1.4.  and  k  =  -1.  There  exists  a  set  of  corresponding  circuit  parameter 
values  such  that  the  inductor  and  the  capacitor  are  passive,  the  nonlinear  lesistoi 
has  a  passive  monotone  v-i  characteristic  and  the  linear  resistor  is  active,  i.e.  C .  L. 
/?„.  Ri,  >  0.  7?  <  0.  A  chaotic  attractor  for  these  parameters  is  shown  in  the  .v-y 
plane  in  Fig.  C. 

We  will  synchronize  two  such  circuits  by  connecting  a  linear  resistor  of  resistance 
/?,.  across  the  two  linear  resistors,  as  shown  in  Fig.  7. 
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\\V  choose  .  This  corresponds  to  Rc  =  —  2i?.  so  that  if  /?  <  0  is  an  active 

resistor.  7?,.  will  ho  a  "passive  resistor.  Equations  (9)  can  then  he  rewritten  as 


=  *u- 


l(.r  +  .V)  +  +  m) 


k3(—x  —  /(<;)) 


J(x  +  j)+  ijMO  +5(0) 


(10) 


(lx 
dt 

dy 
dt 

d.r  ( . 

7i  =  *'  l"  - 

$  =  H(-  >  -  /(»)) 

at 

If  we  set  v(t)  =  -£(*  +  x)  -  ±(s(0  +  5(0).  then  by  Ref.  6.  Corollary  1.  this 
system  will  asymptotically  synchronize  (i.e.  x  -*•  x  and  t/  ->  y  as  t  ->  00)  if  the 
following  system  is  uniformly  asymptotically  stable  for  all  t?(0- 
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where  we  choose  c  to  be  small  and  positive. 
We  want  the  function 
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h(x,y)  =  |  1 
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f{y)). 

to  be  uniformly  increasing  for  a  <  0,  b  <  0.  Now 

(x  -  x\y  -  y')(h(x.  y)  -  h(x\y'))  =  c3(x  -  x')2  +  c0(x  -  x')(f{y)  -  /(»')) 

-  c(y  -  y)2  -  (y  -  y')(f(y)  ~ 

=  c/3{x  -  x')2  +  c/3s{x  -  x')(y  -  y') 

+  ( -c  -  s)(y  -  y')2 


where  s 


fjy)-f(y) 


which  depends  on  y  and  y'  satisfies  min (a.b)  <$  <  max(a.  b)  < 


0  for  all  y  ^  Thus 

(.?■  -  x'.y  -  i/)(/i(x,  y)  -  h{x',y'))  =  ^  \/c3(x  -  x')  +  ^  (y  ~  !J  ) 
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If  we  choose  c  positive  and  sufficiently  small,  then  — - - c  -  s  is  positive  and 

h(x.y)  is  uniformly  increasing.  Furthermore,  when  c  is  sufficiently  small  and  3  >  0. 
the  matrix 


is  symmetric  positive  definite,  so  system  (11)  is  uniformly  asymptotically  stable 
for  all  }}(t)  by  Theorem  6  in  Ref.  6  when  A*  —  —1.  Therefore  system  (10)  will 
asymptotically  synchronize  for  a  <  0,  b  <  0,  &  >  0  and  A*  =  -1. 

Note  that  when  the  two  systems  are  synchronized  (x  =  x  and  y  =  y),  each  of 
the  two  systems  behaves  as  a  single  system  (8)  with  the  external  source  replaced 
by  the  average  of  the  two  sources. 

4.  Communication  Systems  Based  on  Chaotic  Synchronization 

There  have  been  many  approaches  to  implementing  communication  systems  based 
on  chaotic  synchronization.3’4’8'13  In  these  systems,  the  input  signal  is  scrambled  or 
converted  to  a  chaotic  signal  in  the  transmitter  and  this  chaotic  signal  is  transmitted 
to  the  receiver.  Nearly  all  of  them  utilize  an  autonomous  chaotic  system  and  the 
information  signal  does  not  play  a  significant  role  in  generating  the  chaos.  We  have 
discussed  earlier  the  relationship  between  communication  systems  using  chaotic 
synchronization  and  synchronizing  nonautonomous  chaotic  systems  by  considering 
the  information  signal  as  an  external  input. 

Let  us  now  consider  the  above  synchronization  schemes  in  this  light.  The  syn¬ 
chronization  schemes  in  the  previous  sections  can  be  considered  as  communication 
systems  if  the  periodic  signal  sc(t)  in  Fig.  3  (resp.  signals  sc{t)  or  sc(t)  in  Fig.  7)  is 
replaced  by  an  encoded  information  signal  that  oscillates  at  the  proper  rate.  Some 
examples  of  encoding  of  binary  information  signals  that  could  be  used  are  coded 
PCM  (Manchester  pulses),  FSIv  or  PSK.  For  FSK  and  PSI\.  the  frequencies  of  the 
keys  should  be  chosen  such  that  system  (1)  (resp.  system  (6))  is  chaotic. 

Consider  Fig.  3.  The  information  signal  is  sc(0i  an<^  this  is  scrambled  by  the 
circuit.  The  scrambled  signal  vr  is  then  transmitted,  and  in  the  receiver  the  signal 
sc(A)  is  recovered  which  approaches  sc(A).  The  signal  sc(t)  is  now  an  information¬ 
bearing  signal  at  the  slave  circuit  (receiver).,  Some  differences  between  this  scheme 
and  the  other  communication  schemes  using  chaos  are: 

•  The  information  signal  plays  a  crucial  role  in  generating  the  chaotic  signal  to  be 
transmitted  which  potentially  can  lead  to  a  secure  communication  system  that  is 
harder  to  break. 

•  The  minimum  number  of  dimensions  needed  to  generate  chaos  is  less 
(2  versus  3). 


*236  c.  W.  Wu .  (7.-^.  Z/mnr?  i.  O  Chua 


Fig.  8.  Phase  portrait  of  a  non  autonomous  chaotic  circuit  1  from  a  physical  implementation.  The 
circuit  parameters  are  C  —  33.65  nF,  R  —  644.7  Q,  L  =  18.71  mH,  Ga  =  —1.6  mS,  Gb  —  —1.2  mS. 
E  =  1.2  V  and  sc(t)  =  0.075  sgn  (sin(1380jrt)). 


Fig.  9.  Time  waveforms  corresponding  to  the  attractor  in  Fig.  8.  The  inductor  current  /•>  is  shown 
in  the  top  trace  while  the  capacitor  voltage  t>i  is  shown  in  the  bottom  tracr. 
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Fig.  10.  The  input  signal  5C(0  and  the  recovered  signal  sc(f).  The  square  wave  sc{t)  is  shown  in 
the  top  trace  and  sc(t )  is  shown  in  the  bottom  trace. 


Transmission 

channel 


Fig.  11.  The  system  in  Fig.  7  redrawn  as  a  bidirectional  communication  system.  The  signal  sc(/) 
is  recovered  in  the  second  system  as  rr(f)  (rc(t)  — *  s>(/)  as  t  —  oc)  and  sc(/)  is  recovered  in  the 
first  system  as  rr(t)(rc(t)  —  sc(t)  a  si  —  oc). 
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In  Fig.  8  wo  show  an  attractor  in  the  i’i  -  /•_>  piano  obtained  from  a  physical 
implementation  of  Fig.  3.  The  circuit  parameters  we  used  aie: 

C  =  33.65  nF,  R  =  644.7  ft,  T  =  18,71  mH. 

Ga  =  -1.6  mS,  Gb  =  -1.2  mS,  E-  1.2  Y 

and  the  external  periodic  signal  sc{t)  is  a  690  Hz  square  wave  with  an  amplitude  of 
75  mV.  The  time  waveforms  of  tq  and  i2  are  shown  in  Fig.  9.  In  Fig.  10  we  show 
the  input  square  wave  sc(t)  and  the  recovered  sc(t)  after  filteiing. 

The  scheme  in  Fig.  7  can  be  redrawn  as  a  bidirectional  communication  system, 
as  shown  in  Fig.  11.  Both  circuits  transmit  and  receive  each  other  at  the  same 
time.  The  signals  sc{t )  and  sc{t)  are  both  information  signals.  The  signal  sc(t) 
is  recovered  in  the  second  system  as  rc(t)  ( rc(t )  — >  sc(t)  as  t  -*  oo)  and  sc(t)  is 
recovered  in  the  first  system  as  rc(t)  (rc(t)  — ►  sc(t)  as  t  —*  oo). 

5.  Synchronization  of  Nonidentical  Systems 

In  this  section  we  use  the  two  synchronization  schemes  to  synchronize  two  systems 
which  are  not  identical.  Since  the  external  forcing  voltage  source  can  be  aibitiaiy, 
we  can  add  a  nonlinear  (resistive  or  dynamic)  one-port  in  series  with  it  and  the 
system  will  still  synchronize.  Since  the  two  systems  are  not  identical  and  can  have 
different  dimensions,  synchronization  here  means  that  the  state  variables  in  one 
system  which  have  a  corresponding  counterpart  in  the  other  system  will  approach 
each  other  as  t  — ►  oo  (see  Definition  8  in  Ref.  6). 

For  the  master-slave  configuration  (Fig.  3)  this  leads  to  Fig.  12,  wheie  the  one- 

port  is  shown  as  Aro. 

As  an  example,  assume  that  the  one-port  N2  consists  of  a  linear  capacitor  in 
series  with  a  nonlinear  resistor.  The  resulting  system  is  shown  in  Fig.  13.  We 
assume  that  jRi  is  voltage  controlled  and  the  driving  point  characteristic  of  Ri  in 
series  with  R2  is  also  voltage  controlled.  Then  V\  — >  V\  and  i2  —>  h  as  t  — *■  00. 


1-port 
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Fig.  13.  Figure  12  redrawn  when  the  one-port  A'-j  is  a  linear  capacitor  in  series  with  a  nonlinear 
resistor,  v i  — 4  iq  and  Jo  — 4  12  as  t  — 4  oo. 


1-port  1-port 


Fig.  14.  Figure  7  with  two  one-ports  N2  and  inserted  in  series  with  the  external  sources.  The 
system  synchronizes  in  the  sense  that  v\  — 4  tq  and  12  — 4  h  as  f  — 4  00. 

When  the  one-port  7V2  is  dynamic,  this  synchronization  scheme  is  similar  to  the 
homogeneous  driving  scheme  of  Pecora  and  Carroll14  where  the  driven  system  is  a 
smaller  dimensional  system  than  the  driving  system  (see  Ref.  6.  Sec.  4.1). 

Similarly,  two  one-ports  can  be  connected  in  series  to  the  independent  sources  in 
Fig.  7  and  the  system  will  still  synchronize*  in  the  sense  that  V\  —*  t»i  and  ?2  —i k  h 
as  t  — »•  00  (Fig.  14). 

These  exact  same  approaches  can  be  used  to  synchronize  two  nonidentical  au¬ 
tonomous  systems  with  a  similar  topology.  Examples  of  such  systems  are  Chua's 
circuit  and  Chua’s  oscillator.15,16 

6.  Conclusions 

We  have  shown  how  two  nonautonoinous  chaotic  systems  can  be  synchronized  with¬ 
out  the  need  to  explicitly  phase-lock  the  periodic  forcing  in  the  two  systems.  The 

aAs  long  as  we  ran  write  slate  equations  for  t.h<*  entire  system. 
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k(\v  feature  of  those  synchronization  schemes  is  that  the  external  forcing  of  the  two 
systems  can  be  arbitrary  and  do  not  need  to  be  identical.  This  allows  us  to  con¬ 
sider  them  as  communication  systems  and  synchronization  schemes  for  nonidentical 
systems. 

In  particular,  in  the  master-slave  configuration  the  slave  system  does  not  need  an 
external  periodic  forcing  and  can  recover  the  periodic  forcing  of  the  master  system. 
This  suggests  the  possibility  of  using  this  as  a  communication  system  by  replacing 
the  external  periodic  forcing  signal  in  the  master  circuit  by  a  properly  encoded 
information  signal,  which  can  then  be  recovered  in  the  slave  circuit. 

In  the  mutual  coupling  scheme,  the  two  periodic  forcing  signals  can  be  com¬ 
pletely  different.  This  suggests  the  possibility  to  use  this  as  a  bidirectional  commu¬ 
nication  system  with  the  two  systems  both  receiving  and  transmitting  at  the  same 
time. 

Both  schemes  can  also  be  considered  as  synchronization  schemes  for  two  systems 
which  are  not  identical. 

The  reason  these  synchronization  schemes  work  is  due  to  the  special  topology 
of  the  circuits  being  synchronized.  It.  would  be  interesting  to  see  if  synchronization 
without,  phase-locking  is  possible  for  other  circuits. 
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Abstract — Impulsive  control  of  a  chaotic  system  is  ideal  for 
designing  digital  control  schemes  where  the  control  laws  are 
generated  by  digital  devices  which  are  discrete  in  time.  In  this 
paper,  several  theorems  on  the  stability  of  impulsive  control 
systems  are  presented.  These  theorems  are  then  used  to  find  the 
conditions  under  which  the  chaotic  systems  can  be  asymptotically 
controlled  to  the  origin  by  using  impulsive  control.  Given  the 
parameters  of  the  chaotic  system  and  the  impulsive  control  law, 
an  estimation  of  the  upper  bound  of  the  impulse  interval  is  given. 
We  also  present  a  theory  of  impulsive  synchronization  of  two 
chaotic  systems.  A  promising  application  of  impulsive  synchro¬ 
nization  of  chaotic  systems  to  a  secure  communication  scheme  is 
presented.  In  this  secure  communication  scheme,  the  transmitted 
signals  are  divided  into  small  time  frames.  In  each  time  frame, 
the  synchronization  impulses  and  the  scrambled  message  signal 
are  embedded.  Conventional  cryptographic  methods  are  used  to 
scramble  the  message  signal.  Simulation  results  based  on  a  typical 
chaotic  system;  namely,  Chua’s  oscillator,  are  provided. 

Index  Terms — Chaotic  secure  communication,  Chua’s  oscilla¬ 
tor,  continuous  cryptographic  function,  impulsive  control,  impul¬ 
sive  synchronization. 

I.  Introduction 

INCE  THE  seminal  paper  of  Ott,  Grebogi,  and  Yorke 
(OGY)  [2],  several  methods  for  control  and  stabilization 
of  chaotic  motions  have  recently  been  presented  [3]-[6].  In 
view  of  the  rich  dynamics  of  chaotic  systems,  there  exists 
a  large  variety  of  approaches  for  controlling  such  systems. 
Some  of  these  approaches  include  adaptive  control  [4],  [5], 
error-feedback  control  [7],  time-delay  feedback  control  [7], 
OGY  method  [2],  predictive  Poincar6  control  [8],  occasional 
proportional  feedback  control  [9],  and  impulsive  control  [6], 
[15H20]. 

In  fact,  the  predictive  Poincar6  control  and  the  occasional 
proportional  feedback  control  are  two  impulsive  control 
schemes  with  varying  impulse  intervals.  Impulsive  control 
is  attractive  because  it  allows  the  stabilization  of  a  chaotic 
system  using  only  small  control  impulses,  and  it  offers  a  direct 
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method  for  modulating  digital  information  onto  a  chaotic 
carrier  signal  for  spread  spectrum  applications.  However, 
due  to  a  lack  of  effective  tools  for  analyzing  impulsive 
differential  equations  [1],  most  impulse  control  schemes  had 
been  designed  mainly  by  trial-and-error.  The  study  of  the 
stability  of  an  impulsive  differential  equation  is  much  more 
difficult  than  that  of  its  “corresponding”  differential  equation 
[10].  For  example,  consider  the  impulsive  system 

J  x  =  Ax,  t^n, 

\  Ax|t=Ti  =  £x 

where  A  and  B  are  two  constant  matrices,  and 
Ax|t=Tj  =  x(r+)  -  x(t-),  x(t~),  and  x(r+)  being 
the  left  and  right  limit  of  x(t)  at  t  =  tx.  The  solution  of  the 
above  system  is  given  by 

x(f,  xo)  =  X(f,  xo)xo  (2) 

where 

X(f,x  o)=eAit~Ti)  J]  + 

t0<Tj<t 

To  =  to,  Ti<t<Ti+ J.  (3) 

As  can  be  seen  from  this  formula,  it  is  not  possible  in 
the  general  case  to  give  necessary  and  sufficient  conditions 
for  stability  of  solutions  of  the  above  system  in  terms  of  the 
eigenvalues  of  the  matrix  of  this  system,  which  is  possible 
for  systems  of  ordinary  differential  equations  with  constant 
coefficients. 

In  this  paper,  we  investigate  the  stability  of  impulsively 
controlled  chaotic  systems.  First,  the  stability  of  the  trivial 
solution  of  a  kind  of  impulsive  differential  equation  is  studied. 
Then  the  theoretical  results  are  used  to  study  the  conditions 
under  which  an  impulsive  control  of  Chua’s  oscillator  is 
asymptotically  stable.  An  estimate  of  the  upper  bound  of  the 
impulsive  interval  is  also  presented. 

Then,  an  impulsive  control  theory  is  used  to  study  the  im¬ 
pulsive  synchronization  of  two  chaotic  systems.  We  first  show 
that  the  impulsive  synchronization  problem  is  an  impulsive 
control  problem.  Then  a  theorem  is  given  for  guaranteeing  the 
asymptotic  stability  of  impulsive  synchronization.  Since  only 
the  synchronization  impulses  are  sent  to  the  driven  system  in 
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Fig.  1.  The  Chua’s  double  scroll  attractor. 

an  impulsive  synchronization  scheme,  the  information  redun¬ 
dancy  in  the  transmitted  signal  is  reduced.  In  this  sense,  even 
low-dimensional  chaotic  systems  can  provide  high  security.  In 
this  paper,  we  will  use  impulsive  synchronization  to  develop 
a  new  framework  for  chaotic  secure  communication. 

The  organization  of  this  paper  is  as  follows.  In  Section  II, 
a  theory  on  the  stability  of  impulsive  differential  equations  is 
given.  In  Section  HI,  a  stability  criterion  for  impulsive  control 
of  Chua’s  oscillator  is  presented.  In  Section  IV,  simulation 
results  on  the  impulsive  control  of  Chua’s  oscillator  are 
provided.  In  Section  V,  the  theory  and  simulation  results  of 
impulsive  synchronization  of  Chua’s  oscillators  are  presented. 
In  Section  VI,  application  of  impulsive  synchronization  to 
secure  communication  is  presented.  In  Section  VII,  some 
concluding  remarks  are  given. 

n.  Basic  Theory  of  Impulsive  Differential  Equations 
Consider  the  general  nonlinear  system 

X  =  f (t,  x)  (4) 

where  f:  R+  x  Rn  >->  Rn  is  continuous,  x  £  Rn  is  the  state 
variable,  and 

.  a  dx 
X  ”  ~dt‘ 

Consider  a  discrete  set  {r;}  of  time  instants,  where 

0  <  Ti  <  T2  <  *  •  •  <  Ti  <  Ti+1  <  •  •  •  , 

T{  — ►  oc  as  i  — *  oo. 

Let 

U(i,  x)  =  Ax|t=T,  =  x(t+)  -  x(t“)  (5) 


Fig.  2.  Estimate  of  the  boundaries  of  stable  regions  with  different  £’s  used 
in  simulation  1. 


be  the  “jump”  in  the  state  variable  at  the  time  instant  rf.  Then 
this  impulsive  system  is  described  by 

X  =  f (t,  X),  t  T{ 

Ax  =  U(i,  x),  t  =  n  .  (6) 

x(<J)  =  xo,  to  >  0,  i  =  1,  2,  •  •  • 

This  is  called  an  impulsive  differential  equation  [1].  To  study 
the  stability  of  the  impulsive  differential  equation  (6)  we  use 
the  following  definitions  and  theorems  [1]. 

Definition  1:  Let  V:  R+  x  Rn  i->  R+,  then  V  is  said  to 
belong  to. class  Vo  if 

1)  V  is  continuous  in  (r,;_i ,  rt]x  R"  and  for  eachx  €  R", 
i  —  1,  2,  •  •  •, 

lim  V(L  y)  =  V(r+,  x)  (7) 

(t,yH(r,+  ,x) 

exists; 

2)  V  is  locally  Lipschitzian  in  x. 

Definition  2:  For  (f,  x)  6  (r_i,  t,]  x  Rn,  we  define 

D+V(t,  x)  =  lim  sup  ^  {  V[t  +  h,  x  +  hi(t,  x)] 

h — >0  tl 

-  V(t,  x)}.  (8) 

Definition  3 .  Comparison  System:  Let  V  €  Vo  and  assume 
that 

/  D+V(f,  x)  <  g[L  V(t  x)J,  t  ?  rz 
\V[Cx  +  U(i,x)\<ipi[V{tiX)\,  t  =  Ti 

where  g :  R+  x  R+  m  R  is  continuous  and  4>i:  R+  ^  R+ 
is  nondecreasing.  Then  the  system 

w  =  g(t.  w):  t  ^  Ti 

w(t f)  =  V;i[w(ri)] 
u;(^)  =  wo  >  0 

is  called  the  comparison  system  of  (6). 
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Definition  4: 


Sp  =  {x  €  R"|  ||x||  <  p } 


where  ||  •  ||  denotes  the  Euclidean  norm  on  Rn. 

Definition  5:  A  function  a  is  said  to  belong  to  class  JC  if 
a  e  C[R+ ,  J?+],  a(0)  =  0,  and  a(x)  is  strictly  increasing 
in  x. 

Assumptions:  f(£,  0)  =  0,  U{i,  0)  =  0,  and  g(t ,  0)  =  0 
for  all  i. 

Remark:  With  the  above  assumptions,  we  find  that  the 
trivial  solutions  of  (6)  and  (10)  are  identical  for  all  time  except 
at  the  discrete  set  {rj. 

Theorem  1.  [1,  Theorem  3.2.1,  p.  139]:  Assume  that  the 
following  three  conditions  are  satisfied. 

1)  V:  R+  x  Sp  ~  R+,  p  >  0,  V  €  V0,  D+V(t,  x)  < 
9[t ,  V(t,  x)],  t  ± 

2)  There  exists  a  po  >  0  such  that  x  E  SPo  implies  that 
x  +  U(i,  x)  E  SPo  for  all  i  and  V[t,  x  +  U(i,  x)]  < 
ipi[V(t,  x)],  t  =  Ti,  x  E  SPo. 

3)  /3(||x||)  <  V{t,  x)  <  a(j|x||)  on  R+  x  Sp,  where 
<*(■),  0(;)E  1C. 

Then  the  stability  properties  of  the  trivial  solution  of  the 
comparison  system  (10)  imply  the  corresponding  stability 
properties  of  the  trivial  solution  of  (6). 

Theorem  2.  [1,  Corollary  3.2.1.,  p.  142]:  Let  g(t,  w)  = 
A  E  C1[R+,  R+],  ipi(w)  =  diW,  d{  >  0  for  all  i. 
Then  the  origin  of  system  (6)  is  asymptotically  stable  if  the 
conditions 

A(t;+i)  +  In  (7 di)  <  A(rj),  for  all  i,  where  7  >  1  (12) 


X(t)  >  0 


are  satisfied. 


III.  Stabilization  of  Chua’s 
Oscillator  Using  Impulsive  Control 

In  this  section,  we  study  the  impulsive  control  of  Chua’s 
oscillators  [11]  by  applying  the  theory  presented  in  the  pre¬ 
vious  section.  The  dimensionless  form  of  a  Chua’s  oscillator 
is  given  by  [11] 

{x  =  a[y  -  x  -  f{x)} 
y-x-y  +  z  (14) 

i  =  -Py  -  iz 

where  f(x)  is  the  piecewise-linear  characteristics  of  the 
Chua’s  diode,  which  is  given  by 

}{x)  =  bx  +  \{a-  6)(|x  +  1|  -  I*  -  1|)  (15) 

where  o-  <  b  <  0  are  two  constants. 

Let  xT  =  (x,  y,  z),  then  we  can  rewrite  the  Chua’s  oscillator 
equation  into  the  form 


$(x)  = 


f—a  a  0 
1  -1  1 
,  0  -0  -7 
-af(x)' 

0 

0 


The  impulsive  control  of  a  Chua’s  oscillator  is  then  given  by 


r  x  =  .Ax + 
{  Ax|t=Tj  = 


$(X),  t  ±  T{ 

Bx 


Since  the  system  in  (18)  has  the  general  form  of  a  kind  of 
nonlinear  system,  we  can  give  a  general  result  in  following 
lemma. 

Lemma  1:  Let  n  x  n  matrix  F  be  symmetric  and  positive 
definite,  and  Ai  >  0,  A2  >  0  are,  respectively,  the  smallest 
and  the  largest  eigenvalues  of  T.  Let 

Q  =  r.4  +  4rr  (19) 

where  AT  is  the  transpose  of  A,  and  A3  is  the  largest 
eigenvalue  of  r-1<5-  $(x)  is  continuous  and  ||4>(x)||  <  L||xj 
where  L  >  0  is  a  constant.  A4  is  the  largest  eigenvalue  of 
the  matrix 

r  ~l(I  +  Bt)T{I  +  B).  (20) 

B  is  symmetric  and  the  spectral  radius  of  I  +  B,  p(I  + 
B)  <  1.  Then  the  origin  of  impulsive  control  system  (18) 
is  asymptotically  stable  if 


A3  +  2L\j ) (Tjt+i  —  T/t)  <  —  In (7A4),  7>1  (2D 


A3  +  2Ly^>0.  (22) 

Proof:  Construct  a  Lyapunov  function  V(x)  =  xTTx, 
when  t  f  Tk  we  have 

d+v(x)  =xt{at  r  +  r^)x  +  [$T(x)rx  +  xTr$(x)] 

=  xtQx  +  [$T(x)fx  +  xTr$(x)] 


t  ^  Tk. 


$  [X^2L]/Yljv{x) 


Hence,  condition  1  of  Theorem  1  is  satisfied  with  g{t,  w)  = 
(A3  +  2  Ly/  X2/ Ai)w;. 

Since  B  is  symmetric,  we  know  that  I+B  is  also  symmetric. 
By  using  Euclidean  norm  we  have 

p(I  +  B)  =  \\I  +  B\\.  (24) 

Given  any  po  >  0  and  x  £  SPQ,  we  have 

||x  +  U(k,  x)||  =  ||x  +  Bx\\  <  ||/  +  B\\  ||x|| 

=  p(I  +  B) ||x||  <  ||x||.  (25) 

The  last  inequality  is  in  view  of  p(I  +  B)  <  1.  From  which 
we  know  that  x  +  U(k,  x)  €  SPo. 


x  —  Ax  -+■  4>(x) 
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Fig.  3.  Simulation  results,  (a)  Unstable  results  outside  the  stable  region,  (b)  Stable  results  inside  the  predicted  stable  region. 


When  t  —  Tk,  we  have 

V(x  +  Bx)\t-rk  =  (x  +  BxfT{x  +  Bx) 

=  xt[I  +  {B)t}T(I  +  B)x 

<X4V(x).  (26) 

Hence,  condition  2  of  Theorem  1  is  satisfied  with  - 

A 4W.  And 

Ailfxll2  <  V(x)  <  A2||x||2.  (27) 

From  which  one  can  see  that  condition  3  of  Theorem  1  is 
also  satisfied  with  0(x)  ~  X\x  and  a(x)  =  X2X.  It  follows 
from  Theorem  1  that  the  asymptotic  stability  of  the  impulsive 
control  system  in  (18)  is  implied  by  that  of  the  following 
comparison  system: 

w(t)  =  ^A3  +  2 L\j^J  w(*)i  1  ^  r* 
i  ,  +.  .  .  .  •  (28) 

W\Tk)  ~  X4W(Tk) 

„  w(to  )  =  Wo  >  0 


It  follows  from  Theorem  2  that  if 

J  ^A3  +  2 L^-^J  dt  +  In  (7A4) 


<  0,  7  >  1  (29) 


i.e., 

^A3  +  2L^~-^-^  (Tk+i  —  Tk)  <  —  In  (7A4))  'i  \  (30) 
and 

\3  +  2LyJ^>0  (31) 

are  satisfied,  then  the  origin  of  (18)  is  asymptotically  stable.  □ 
Since  this  lemma  is  too  general,  in  practical  application, 
we  want  to  deal  with  a  simple  case  which  is  given  in  the 
following  theorem. 

We  use  the  following  theorem  in  order  to  guarantee  the 
asymptotic  stability  of  the  origin  of  the  controlled  Chua’s 
oscillator. 
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Fig.  3.  ( Continued .)  Simulation  results,  (c)  Stable  results  outside  the  predicted  stable  region. 


Theorem  3:  Let  rfi  be  the  largest  eigenvalue  of  (I  + 
Bt)(I  +  B),  where  B  is  a  symmetric  matrix,  p(I  +  B)  <  1, 
where  p(-)  denotes  the  spectral  radius  of  I  -f  B.  Let  q  be 
the  largest  eigenvalue  of  (A  4-  AT)  and  let  the  impulses  be 
equidistant  from  each  other  and  separated  by  interval  A.  If 

0  <  q  +  2\aa\  <  “  In  (fdi),  where  £  >  1  (32) 

then  the  origin  of  the  impulsively  controlled  Chua’s  oscillator 
is  asymptotically  stable. 

-  Proof:  Let  us  construct  the  Lyapunov  function  V (t,  x)  = 
xTx.  For  t  5^  Ti,  we  have 

D+V(t,  x)  =  xtAx  +  xtAtx  4-  xT<f>(x)  +  $r(x)x 
<  qxTx  +  2|aa|xTx 

=  (g  +  2|aa|)V(f,  x).  (33) 

Hence,  condition  1  of  Theorem  1  is  satisfied  with  g(t,  w)  = 
(q  +  2|aa|)u;. 

Since  B  is  symmetric,  we  know  (I  +  B)  is  also  symmetric. 
By  using  Euclidean  norm  we  have 

p(I  +  B)  =  ||7  +  B\\.  (34) 

Given  any  po  >  0  and  x  £  SPo,  we  have 

||x  +  £?x||  <  ||/  +  5||  ||x||  =  p{I  +  £)||x||  <  ||x||.  (35) 

The  last  inequality  follows  from  p(I  +  B)  <  1.  Consequently, 
x  +  Bx  £  SPo . 

For  t  =  Ti,  we  have 

V(r„  x  +  Bx)  =  (x  +  Bx)t(x  +  Bx) 

=  xT(I  +  BT)(I  +  B)x 
^chVirux).  (36) 


impulsively  controlled  Chua’s  oscillator  in  (18)  is  implied  by 
that  of  the  following  comparison  system 

{u>  =  (q  +  2|o;a|)w,  t  ^  Ti 
u>(Ti)  =  diw(Ti)  .  (37) 

w(fo')  =  ojq  >  0 


From  (32),  we  have 


(q  +  2|aa|)  dt  +  In  (£di)  <  0, 


^  >  1  (38) 


and  \(t)  =  q  +  2\aa\  >  0.  It  follows  from  Theorem  2  that  the 
trivial  solution  of  (18)  is  asymptotically  stable.  □ 

Theorem  3  also  gives  an  estimate  for  the  upper  bound  Amax 
of  A;  namely, 


ln(gdi) 

q  +  2|oa| 


£ 


1+ 


(39) 


Observe  that  the  upper  bound  given  by  (39)  is  sufficient  but 
not  necessary.  Consequently,  we  can  only  say  that  we  have 
a  predicted  stable  region,  which  is  usually  smaller  than  the 
actual  stable  region  because  we  can  not  assert  that  all  other 
regions  are  unstable. 


IV.  Simulation  Results  of  Impulsive  Control 

In  the  following  simulations,  we  choose  the  parameters  of 
Chua’s  oscillator  as  a  —  15,  /3  =  20,  7  —  0.5,  a  =  b  = 
-1A.  A  fourth-order  Runge-Kutta  method  with  step  size  10-5 
is  used.  The  initial  condition  is  given  by  [i(0),  y( 0),  z(0)] 
=  (-2.121304,  -0.066170,  2.881090).  The  uncontrolled 
trajectories  are  shown  in  Fig.  1,  which  is  the  Chua’s  double 
scroll  attractor. 


A.  Simulation  1:  Strong  Control 

In  this  simulation,  we  choose  the  matrix  B  as 
(k  0  0\ 

5=10-1  0 

Vo  0  -1/ 


Hence,  condition  2  of  Theorem  1  is  satisfied  with  ipi(w)  = 
d\w.  We  can  see  that  condition  3  of  Theorem  1  is  also  satisfied. 
It  follows  from  Theorem  1  that  the  asymptotic  stability  of  the 


(40) 
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where  the  impulsive  control  is  “strong.”  It  follows  from 
Theorem  3  that  p(I+B)  <  1  should  be  satisfied,  which  implies 
that  -2  <  k  <  0.  By  using  this  B  matrix,  it  is  easy  to  see  that 


d\  —  (k  +  I)2. 


We  have 


(41) 


(42) 


from  which  we  find  q  =  20.162 180.  Then  an  estimate  of  the 
boundaries  of  the  stable  region  is  given  by 


0<  A  <  - 


[In  £  +  In  (k  4- l)2] 
q  +  2\aa\ 


-2  <  k  <  0.  (43) 


Fig.  2  shows  the  stable  region  for  different  f ’s.  The  entire 
region  below  the  curve  corresponding  to  £  =  1  is  the  predicted 
stable  region.  When  £  — *  oo,  the  stable  region  shrinks  to  a 
line  k  ~  —1. 

The  simulation  results  are  shown  in  Fig.  3.  Fig.  3(a)  shows 
instability  for  k  =  —1.5  and  A  =  1.  The  solid  waveform,  the 
dash-dotted  waveform,  and  the  dotted  waveform  correspond 
to  x (f),  y(t ),  and  z(t ),  respectively.  Fig.  3(b)  shows  stable 
results  within  the  stable  region  for  k  =  —1.5  and  A  =  0.002. 
One  can  see  that  the  system  asymptotically  approaches  the 
origin  with  a  settling  time  of  about  0.05.  However,  the  true 
stable  region  is  larger  than  that  predicted  in  Fig.  2.  In  order  to 
demonstrate  this  fact,  we  show  in  Fig.  3(c)  the  stable  results 
for  &  =  —1.5  and  A  =  0.05.  We  can  also  see  that  the  system 
asymptotically  approaches  the  origin  with  a  settling  time  of 
about  1.4  which  is  much  larger  than  that  shown  in  Fig.  3(b). 


B.  Simulation  2:  Weak  Control 
In  this  simulation,  we  choose  the  matrix  B  as 

(k  0  0\ 

B  =  0  -0.1  0 

\0  0  -0.1 ) 


(44) 


Fig.  4  shows  the  stable  region.  The  entire  region  below  the 
curve  corresponding  to  £  =  1  is  the  predicted  stable  region.  In 
this  case,  A  is  always  bounded.  It  seems  that  we  can’t  control 
the  system  to  the  origin  with  an  arbitrarily  prescribed  speed 
because  f  has  to  satisfy  1  <  £  <  .  This  is  different  from 

the  case  shown  in  Fig.  2,  where  any  value  of  £  >  1  is  possible. 

The  simulation  results  are  shown  in  Fig.  5.  Again,  the 
solid  waveform,  the  dash-dotted  waveform,  and  the  dotted 
waveform  correspond  to  x{t),  y(t ),  and  z(t),  respectively. 
Fig.  5(a)  shows  the  instability  results  for  k  =  —  1  and  A  = 
0.4.  Fig.  5(b)  shows  the  stable  results  in  the  stable  region  for 
A;  =  —  1  and  A  =  3  x  10~4.  The  control  system  asymptotically 
approaches  the  origin  with  a  settling  time  of  about  0.05.  Also, 
the  true  stable  region  is  larger  than  that  predicted  in  Fig.  4.  To 
demonstrate  this  fact,  we  show  in  Fig.  5(c)  the  stable  results 
for  k  -  -1  and  A  =  0.01.  We  can  also  see  that  the  system 
asymptotically  approaches  the  origin  with  a  settling  time  equal 
approximately  to  1,  which  is  much  larger  than  that  shown  in 
Fig.  5(b). 


where  the  impulsive  control  is  much  weaker  than  that  chosen 
in  simulation  1. 

It  is  easy  to  see  that 


di 


(k  -f  l)2,  (k  -f  l)2  >  0.81 
0.81,  elsewhere. 


.  (45) 


An  estimate  of  the  boundaries  of  the  stable  region  is  given 
by 


0  <  A  <  < 


In  £  -f  In  (k  4- 1)2 
q  +  2\aa\ 

In  £  -h  In  (0.81) 
q  +  2|aa| 


-2  <  k  <  0. 


(k  +  l)2  >  0.81 


elsewhere 


(46) 


V.  Synchronization  of  Chua’s 
Oscillators  Using  Impulsive  Control 

In  this  section,  we  study  the  impulsive  synchronization  of 
two  Chua’s  oscillators.  One  of  the  Chua’s  oscillators  is  called 
the  driving  system  and  the  other  is  called  the  driven  system.  In 
an  impulsive  synchronization  configuration,  the  driving  system 
is  given  by  (14).  The  driven  system  is  given  by 

x  =  Ax  +  $(x)  (47) 

where  xr  =  (x,  y,  z)  is  the  state  variables  of  the  driven 
system. 

At  discrete  instants,  rt-,  i—  1,  2,  ■  •  the  state  variables  of 
the  driving  system  are  transmitted  to  the  driven  system  and 
then  the  state  variables  of  driven  system  are  subject  to  jumps 
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(a) 


Fig.  6.  Simulation  results  of  impulsive  synchronization:  (a)  stable  synchronization  results  inside  our  predicted  stable  region  and  (b)  synchronization  can 
not  be  achieved  when  A  is  too  large. 


at  these  instants.  In  this  sense,  the  driven  system  is  described 
by  the  impulsive  differential  equation 


(48) 


fx  =  Ax4$(x),  t^Ti 
1  Ax|t=r.  =  - Be ,  i  =  1,  2,  ••• 

where  B  is  a  3  x  3  matrix,  and  er  =  (ex,  ey,  ez)  =  (x  -  x, 
y  —  y,  z  —  z)  is  the  synchronization  error .  If  we  define 

\-af(x)  +  af(x) ' 

0 
0 


# (x,  x)  =  $(x)  -  $(x)  = 


(49) 


then  the  error  system  of  the  impulsive  synchronization  is  given 
by 


f  e  =  Ae+  ^(x,  x),  t  ^  n 
t  Ae|t=r.  =  Be,  i  =  1,  2, 


(50) 


We  use  the  following  theorem  to  guarantee  that  our  impul¬ 
sive  synchronization  is  asymptotically  stable. 


Theorem  4:  Let  di  be  the  largest  eigenvalue  of  ( I  + 
Bt)(I  +  B),  where  B  is  a  symmetric  matrix.  Assume  the 
spectral  radius  p  of  I  -f-  B  satisfies  p(I  +  B)  <  1.  Let  q  be  the 
largest  eigenvalue  of  (A  4-  AT)  and  assume  the  impulses  are 
equidistant  from  each  other  and  separated  by  an  interval  A.  If 

0  <  q  +  2\aa\a  <  — In (£di),  £  >  1  (51) 

then  the  impulsive  synchronization  of  two  Chua  $  oscillators 
is  asymptotically  stable. 

Proof:  Observe  that  the  error  system  in  (50)  is  almost 
the  same  as  the  system  in  (18)  except  for  ^(x,  x).  Similarly, 
let  us  construct  the  Lyapunov  function  V(t ,  e)  =  eTe.  For 
t  T{ ,  we  have 

D+V(t  e)  =erAe  +  eTAre  +  er#(e)  4  *T(e)e 

<  <?eTe  4  2\a\  \f(x)  —  f(x)\ex 

<  qeTe  4  2\aa\e\ 
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<  (q  +  2|aa|)eTe 

=  (q  +  2\aa\)V(t,e).  (52). 

Hence,  condition  1  of  Theorem  1  is  satisfied  with  g(t ,  w)  = 

( q  +  2\aa\)w.  The  rest  of  this  proof  is  the  same  as  that  of 
Theorem  3.  □ 

For  the  rest  of  this  section,  we  present  our  simulation  results. 
We  choose  the  matrix  B  as 


The  initial  conditions  are  given  by  fcr(0),  y(0),  2(0)]  = 
(—2.121 304,  -0.066170,  2.881090)  and  [£(0),  y( 0),  z( 0)] 
=  (0,  0,  0).  The  other  parameters  are  the  same  as  those  used 
in  Section  IV.  Since  the  stability  boundary  estimates  are  the 
same  as  those  in  Section  IV,  we  do  not  repeat  them  here. 
Fig.  6  shows  our  simulation  results.  Fig.  6(a)  shows  the  stable 
results  within  our  predicted  stable  region  with  k  =  -1.5  and 
A  =  0.002.  The  solid  line,  the  dash-dotted  line,  and  the  dotted 
line  show  ex(t),  ey(t ),  and  ez(t),  respectively.  We  can  see 
that  impulsive  synchronization  was  achieved  rapidly.  Fig.  6(b) 
shows  that  if  A  =  5  then  our  impulsive  synchronization  is 
unstable. 


Fig.  7.  Block  diagram  of  the  impulsive-synchronization  based  chaotic  secure 
communication  system. 


VI.  Application  of  Impulsive 
Synchronization  to  Secure  Communication 

Since  the  publication  of  several  chaotic  cryptanalysis  re¬ 
sults  of  low-dimensional  chaos-based  secure  communication 
systems  [12],  [13],  there  existed  an  illusion  that  such  com¬ 
munication  schemes  were  not  secure  enough.  It  may  be 
reasonable  to  exploit  hyperchaos  based  secure  communication 
systems,  but  such  systems  may  introduce  more  difficulties  to 
synchronization. 

On  the  other  hand,  we  can  enhance  the  security  of  low¬ 
dimensional  chaos-based  secure  communication  schemes  by 
combining  conventional  cryptographic  schemes  with  a  chaotic 
system  [14].  To  overcome  the  low  security  objections  against 
low-dimensional  continuous  chaos-based  schemes,  we  should 
overcome  the  following  problems:  1)  make  the  transmitted 
signal  more  complex  and  2)  reduce  the  redundancy  in  the 
transmitted  signal.  To  achieve  the  first  goal,  it  is  not  necessary 
to  use  hyper-chaos.  In  [14],  we  have  presented  a  method 
to  combine  a  conventional  cryptographic  scheme  with  low¬ 
dimensional  chaos  to  obtain  a  very  complex  transmitted  signal. 
To  achieve  the  second  goal,  impulsive  synchronization  offers 
a  very  promising  approach. 

In  this  section,  we  combine  the  results  in  [14]  and  impulsive 
synchronization  to  give  a  new  chaotic  secure  communication 
scheme.  The  block  diagram  of  this  scheme  is  shown  in  Fig.  7. 

From  Fig.  7,  we  can  see  that  this  chaotic  secure  com¬ 
munication  system  consists  of  a  transmitter  and  a  receiver. 
In  both  the  transmitter  and  the  receiver,  there  exist  two 
identical  chaotic  systems.  Also,  two  identical  conventional 
cryptographic  schemes  are  embedded  in  both  the  transmitter 
and  the  receiver.  Let  us  now  consider  details  of  each  block 


in  Fig.  7.  The  transmitted  signal  consists  of  a  sequence  of 
time  frames.  Every  frame  has  a  length  of  T  seconds  and 
consists  of  two  regions.  In  Fig.  8,  we  show  the  concept 
of  a  time  frame  and  its  components.  The  first  region  of 
the  time  frame  is  a  synchronization  region  consisting  of 
synchronization  impulses.  The  synchronization  impulses  are 
used  to  impulsively  synchronize  the  chaotic  systems  in  both 
transmitter  and  receiver.  The  second  region  is  the  scrambled 
signal  region  where  the  scrambled  signal  is  contained.  To 
ensure  synchronization,  we  have  T  <  Amzx.  Within  every 
time  frame,  the  synchronization  region  has  a  length  of  Q  and 
the  remaining  time  interval  T  —  Q  is  the  scrambled  signal 
region. 

The  composition  block  in  Fig.  7  is  used  to  combine  the 
synchronization  impulses  and  the  scrambled  signal  into  the 
time  frame  structure  shown  in  Fig.  8.  The  simplest  combina¬ 
tion  method  is  to  substitute  the  beginning  Q  seconds  of  every 
time  frame  with  synchronization  impulses.  Since  Q  is  usually 
very  small  compared  with  T,  the  loss  of  time  for  packing 
a  message  signal  is  negligible.  The  decomposition  block  is 
used  to  separate  the  synchronization  region  and  the  scrambled 
signal  region  within  each  frame  at  the  receiver  end.  Then 
the  separated  synchronization  impulses  are  used  to  make  the 
chaotic  system  in  the  receiver  to  synchronize  with  that  in  the 
transmitter.  The  stability  of  this  impulsive  synchronization  is 
guaranteed  by  our  results  in  Section  V. 

In  the  transmitter  and  the  receiver,  we  use  the  same  cryp¬ 
tographic  scheme  block  for  purposes  of  bidirectional  com¬ 
munication.  In  a  bidirectional  communication  scheme,  every 
cellular  phone  should  function  both  as  a  receiver  and  a 
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Fig.  9.  Nonlinear  function  used  in  the  continuous  shift  cipher. 

transmitter.  Here,  the  key  signal  is  generated  by  the  chaotic 
system.  The  cryptographic  scheme  is  as  follows  [14]: 

We  use  a  continuous  n-shift  cipher  to  encrypt  the  plain 
signal(message  signal).  The  n-shift  cipher  is  given  by 

efp(t)]  =  /i(-  *  -  /i{/ib(<)>  .*(*)]>  *(*)}."*.  *(*)) 

S—  '■■■■v*  — S  V  "  v" 

=  y(t)  "  "  (54) 


where  h  is  chosen  such  that  p(t)  and  k(t)  lie  within  (  h,  h). 
Here,  p(t)  and  k(t)  denote  the  plain  signal  and  the  key  signal, 
respectively,  and  y{t)  denotes  the  encrypted  signal.  The  key 
signal  k(t)  is  chosen  as  a  state  variable  of  the  chaotic  system. 
The  notation  fi(-,  •)  denotes  a  scalar  nonlinear  function  of 
two  variables  defined  as  follows: 


(x  +  k)  +  2  h, 
fi(x,  k)  =  {  (x  +  k), 

(x  +  k)-  2h, 


-2 h  <  (x  +  k)  <  -h 

-h  <  (x  +  k)  <  h  .  (55) 
h<  (x  +  k)  <2h 


This  function  is  shown  in  Fig.  9: 

The  corresponding  decryption  rule  is  the  same  as  the  en¬ 
cryption  rule 

p(t)  =d[y(t)] 

=  /i(  "  /i{/il»(0.  -*(<)],  -*(*)},  •>  -*(*)),•  (55) 

S  v - ✓  >• - - - - 

n  n 

To  decode  the  encrypted  signal,  the  same  key  signal  should 
be  used. 


The  simulation  results  are  as  follows.  We  use  an  FM 
scheme  to  modulate  the  synchronization  impulses  such  that 
the  synchronization  region  is  located  in  the  initial  1%  of  every 
time  frame.  We  choose  the  frame  length  as  T  =  1  s.  In  the 
synchronization  region  of  every  time  frame,  we  transmit  the 
impulses  of  the  three  state  variables  of  the  Chua’s  oscillators. 
The  parameter  of  the  encrypted  signal  is  chosen  as  h  =  0.4.  A 
continuous  10-shift  cipher  was  used.  We  choose  x  and  x  as  the 
key  signals  and  normalized  them  to  fall  within  the  amplitude 
range  [-0.4,  0.4]. 

Fig.  10  shows  the  simulation  results  of  the  above  proposed 
secure  communication  system  for  transmitting  a  speech 
signal  Fig.  10(a)  shows  the  waveforms  of  the  sampled 
speech  of  four  Chinese  digits  “NING”(zero)— “YI”(one>- 
“ER”(two) — “SANG”(three).  The  sampling  rate  is  8k. 
Fig.  10(b)  shows  the  spectrograms  of  the  original  speech 
signal  in  Fig.  10(a),  from  which  we  can  see  the  structure 
of  the  speech  signal.  Fig.  10(c)  shows  the  waveforms  of  the 
received  scrambled  speech  signal  and  the  additive  channel 
noise  with  SNR  =  16  dB.  This  additive  noise  cannot  change 
the  value  of  the  synchronization  impulses  which  are  modulated 
by  FM.  Fig.  10(d)  shows  the  spectrograms  for  the  scrambled 
speech  signal  and  the  additive  channel  noise.  We  can  see  that 
the  structure  of  the  signal  in  Fig.  10(b)  was  totally  covered  by 
an  almost  uniformly  distributed  noise-like  spectrum.  Fig.  10(e) 
shows  the  waveforms  of  the  descrambled  speech  signal. 
Fig.  10(f)  shows  the  spectrograms  of  the  descrambled  speech 
signal.  We  can  see  that  some  noises  were  introduced  into 
the  recovered  results  due  to  the  channel  noise,  and  that  the 
spectrograms  became  a  little  blurry.  But  the  structure  of  the 
speech  signal  was  perfectly  recovered. 

VII.  Concluding  Remarks 

In  this  paper,  we  have  presented  a  theory  of  impulsive 
control  of  chaotic  dynamical  systems.  An  estimate  of  the 
upper  bound  of  the  impulse  interval  A  is  also  presented.  Since 
all  of  our  results  are  based  on  rigorous  theoretical  analysis 
and  proofs,  the  results  in  this  paper  provide  a  framework 
and  foundation  for  future  works.  We  then  use  this  theory  to 
impulsively  control  and  synchronize  Chua’s  oscillators.  An 
application  of  impulsive  chaotic  synchronization  to  secure 
communication  is  presented.  The  chaotic  secure  communica¬ 
tion  scheme  presented  here  is  a  combination  of  a  conventional 
cryptographic  method  and  impulsive  synchronization. 


Fig.  10.  The  simulation  results,  (a)  The  time-domain 
waveform  of  the  scrambled  speech  signal. 


waveform  of  the  speech  signal,  (b)  The  spectrogram  for  the  original  speech  signal,  (c)  The  time-domain 
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Fig.  10.  ( Continued .)  The  simulation  results,  (d)  The  spectrogram  of  the  scrambled  speech  signal,  (e)  The  time-domain  waveform  of  the  descrambled 

speech  signal,  (f)  The  spectrogram  of  the  descrambled  speech  signal. 
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Synchronization  of  Chua’s  Circuits  with 
Time- Varying  Channels  and  Parameters 

Leon  O.  Chua,  Tao  Yang,  Guo-Qun  Zhong,  and  Chai  Wah  Wu 


Abstraction  this  brief,  we  study  the  use  of  adaptive  controllers  to  main¬ 
tain  the  synchronization  of  two  Chua’s  circuits  with  time-varying  channel 
and  time-varying  parameters.  Both  simulation  results  and  experimental 
results  are  provided  to  verify  the  operation  of  the  designs. 


I.  Introduction 

Because  of  its  potential  applications  to  spread  spectrum  commu¬ 
nication,  the  synchronization  of  chaotic  systems  has  been  studied 
extensively  both  in  theory  and  in  experiments  [1]—{17].  However, 
in  almost  all  of  the  previous  works,  the  driving  and  the  driven 
chaotic  systems  are  assumed  to  be  identical  and  their  parameters 
are  assumed  to  be  time-invariant.  The  channel  through  which  the 
transmitted  signal  is  transmitted  is  also  assumed  to  be  time-invariant 
The  above  assumptions  limit  its  applicability  in  practical  systems. 

So  far,  all  chaos-based  communication  systems  use  chaotic  systems 
both  as  transmitters  and  receivers.  The  transmitter  generates  a  chaotic 
signal  which  is  used  to  encode  the  message  signal  in  different  ways, 
for  example:  chaotic  masking  [1J-PL  parameter  modulation  [8],  [9] 
and  state  variable  modulation  [5],  [6],  [17],  Chaotic  masking  is  not 
very  secure  if  the  message  is  directly  added  onto  the  chaotic  masking 
signal.  The  authors  of  [4]  and  [19]  had  demonstrated  that  the  smaller 
the  message  signal  is,  the  lower  the  degree  of  security  wfll  be.  Chaotic 
switching  is  the  easiest  form  of  parameter  modulation  and  it  was  also 
shown  to  have  a  low  degree  of  security  [20]  if  the  parameters  of  the 
transmitter  are  not  chosen  carefully.  State  variable  modulation  uses 
a  functional  of  the  message  signal  to  modulate  the  state  variables 
of  the  transmitter  and  hides  the  message  signal,  which  is  usually  a 
narrow-band  signal,  into  the  broad-band  chaotic  signal. 
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Fig.  1.  The  synchronization  scheme  of  two  Chua’s  circuits  by  using  tii  in 
a  unidirectional  driving  configuration. 


The  transmitted  signal  is  then  transmitted  to  die  receiver,  which  is 
an  identical  chaotic  system.  The  transmitted  signal  will  synchronize 
the  receiver  to  the  transmitter  to  obtain  a  replica  of  the  chaotic 
masking  signal. 

Most  of  the  methods  presented  so  far  require  that  the  parameters 
of  the  transmitter  and  the  receiver  are  identical,  and  the  channel  is 
time-invariant  Our  experimental  results  indicate  dial  a  time-varying 
channel  can  desynchronize  the  system. 

In  *hic  brief,  we  use  adaptive  controllers  to  maintain  the  synchro¬ 
nization  between  the  transmitter  and  the  receiver  when  die  parameters 
of  the  transmitter  are  time-varying  or  the  channel  is  memoryless  and 
time-varying.  We  used  Chua’s  circuits  as  our  driving  and  driven  sys¬ 
tem.  The  feedback  into  the  adaptive  controller  is  the  synchronization 
error,  which  measures  the  degree  of  de-synchronization  between  die 
transmitter  and  receiver. 

The  organization  of  this  brief  is  as  follows.  In  Section  n,  adaptive 
controllers  are  presented  which  compensate  the  time-varying  channel 
gain.  In  Section  ffl,  adaptive  controllers  are  presented  which  compen¬ 
sate  the  time-varying  parameters.  In  Section  IV,  experimental  results 
are  presented. 


n.  Adaptive  Controllers  for 
Time-Varying  Channel  Compensation 
In  this  brief,  all  the  results  are  based  on  Chua’s  circuit  [18], 
[21],  which  exhibits  a  family  of  chaotic  attractors  and  can  be  easily 
implemented  in  hardware.  Chua’s  circuit  consists  of  a  linear  inductor 
X,  a  linear  resistor  R,  two  linear  capacitors  Ci  and  C2  and  a  nonlinear 
resistor — the  Chua’s  diode  Nr.  The  state  equations  for  Chua’s  circuit 
are  given  by 

=  £  [<?(«*-*!)-/(*»)] 

<7?  =  £[<?(»! -t*)+‘3l  (1) 

=  z[~v 2  -  •Rot’3l 

where  vi,  V2  and  13  are  the  voltage  across  Ci,  the  voltage  across  C2 
and  the  current  through  L,  respectively.  We  set  G  =  The  term 
Roi3  is  added  to  account  for  the  small  resistance  of  the  inductor  in 
the  physical  circuit  f{v  1),  the  piece-wise  linear  v  -  i  characteristic 
of  the  Chua’s  diode,  is  given  by 

/( Vl)  =  Gb V!  +  i(G„  -  G(,)(|t>i  +  E\  -  | tii  -  E\)  (2) 

where  E  is  the  breakpoint  voltage  of  the  Chua’s  diode. 

We  use  the  synchronization  scheme  shown  in  Fig-  1  [12].  The 
state  equations  are  given  by 

f^L=  ^-1  G{v2-Vi)~  f{vi)) 

<  -  v2)  +  *3)  (3) 

=  f  [-V2-Roi3] 


=  £[G(€j  -  Vl)  -  /(Vl)  +  KMt)  -  Vi)] 

J  ^  =  ^-{G(vi  -  v2)  +  *3]  (4) 

l#  =  £[-V2  -  Roh] 

where  s(t)  =  Kc(t)vu  and  Kc(t)  is  the  time-varying  gain  of  the 
rhannel.  Constant  unity  gain  channel  corresponds  to  Kc(t)  -  1. 

In  this  section  we  study  how  to  compensate  for  the  time-varying 
channel  gain  Kc(t).  In  the  driven  system,  we  construct  an  adaptive 
gain  Kr(t)  such  that  Kc(t)Kr(t)  -  1  as  t  -  oo  to  maintain  the 
synchronization.  Then  the  driven  system  should  be  rewritten  as 

{■^L  =  ^[<?(V2  -  Vl)  -  f(v l)  +  Kl(Kr(t)*(t)  -  Vl)] 

^=^(G(ti1-V2)  +  i3]  (5) 

#  =  rh5*  _  i?0*3] 

•me  dynamics  of  Kr(t)  is  given  by  one  of  the  foUowing  adaptive 
controllers: 

Controller  #1 

Kr(t)  =  -fcl(tfr(f)|s(OI  -  |v,|)  (6) 

Controller  #2 

Kr(t)  =  -fci(A'r(t)s2(«)  -  s(t)v ,)  (7) 


Controller  #3 

kr(t)  =  -^sgn^H-)  (Kr(t)s(t)  -  Vl) 

=  —  kiSga(Kis(t))(Kr(t)s(t)  —  i>i)-  (8) 

ControUer  #2  is  similar  to  the  LMS  adaptive  controller  and  controUer 
#3  is  a  simple  form  of  the  adaptive  controllers  discussed  in  [22]  and 

[231-  .  .  .  . 

In  our  simulations,  the  parameters  of  Chua’s  circuit  are  given  by 
Ci  =  5.56  nF,  C2  =  50  nF,  G  =  0.70028,  L  =  7.14  ®H,  ilo  =  0 
n,  Ga  =  -0.8  mS,  Gb  =  -0.5  mS,  E  =  1  V,  Kr  —  0.01.  The 
Chua’s  circuit  exhibits  a  double  scroll  Chua’s  attractor  for  these 
parameters.  We  choose  the  synchronization  error  to  be  vx  -  vx. 
In  all  of  our  simulations,  the  initial  conditions  of  the  transmitter 
and  the  receiver  are  (vi(0),  v2(0),  »3(0))  =  (-0.2  V,  “®>02  * 

0.1  mA)  and  (vi(0),  v2(0),  t3(0))  =  (0.02  V,  -0.12  V,  -0.1 
mA),  respectively.  So  the  transmitter  and  the  receiver  are  mrUally 
desynchronized,  me  fourth  order  Runge-Kutta  method  with  fixed 
step-size  h  =  10-6  s  is  used  to  simulate  the  system. 

Pig.  2  shows  the  simulation  results  when  Kc(t)  is  a  sinusoidal 

function  as  follows 

ts  ^  =  O  R  -  0.1  sinf757rt]  (9) 


ad  controUer  #1  is  used  with  fci  =  106- 

Fig.  2(a)  shows  Kc(t),  Kr(t)  and  Kc(t)Kr(t).  We  can  see  that 
:r(t)  asymptotically  approaches  and  the  settling  time  is  about 

.6  ms.  Fig.  2(b)  shows  the  synchronization  error  vi(t)  -  vi(t). 
or  comparison,  the  synchronization  error  in  the  case  when  no 
daptive  controUer  is  used  is  shown  in  Fig.  2(c).  One  can  see  that  tiie 
mchronization  error  is  reduced  significantly  by  using  the  adaptive 
-__n„  nil,.,  if?  and  #3  are  used,  the  simulation  results 


are  almost  the  same. 

When  the  coupling  factor  K 1  becomes  too  small,  the  transmitter 
and  he  receiver  wiU  be  desynchronized  even  when  the  channel 
has  a  unit  gain  Kc(t)  =  1  for  aU  times.  Fig.  3(a)  shows  this 
de-synchronization  with  K,  =  0.0005.  However,  we  find  that 
the  adaptive  controUers  used  can  also  compensate  for  this  kind 
of  desynchronization.  Fig.  3(b)  shows  the  simulation  result  when 
Kc(t)  =  1  and  Ki  =  0.0005,  and  controUer  #1  with  fci  -  10 
is  used.  We  see  that  the  synchronization  error  approaches  0. 


Timers) 

(c) 

Fig.  2.  Synchronization  of  Chua’s  circuits  when  the  channel  gain  Kc(t)  is 
a  sinusoidal  function  and  controller  #1  is  used,  (a)  The  channel  gain  A"e(t), 
gain  of  adaptive  controller  Kr{t)  and  die  product  A'c(t)A'r(t).  (b)  The 
synchronization  error  (t?i  —  Vi)  when  adaptive  controller  #1  is  used,  (c) 
The  synchronization  error  (vi  -  t>i)  without  using  adaptive  controller. 

m.  Adaptive  Controller  for 
Time-Varying  Parameter  Compensation 

Parameter  mismatch  can  also  result  in  the  loss  of  synchronization 
of  the  system  shown  in  Fig.  1.  Although  the  synchronization  is  robust 
in  the  sense  that  it  can  tolerate  some  parameter  mismatch  [10],  the 
authors  of  [5]  gave  an  experimental  example  showing  that  a  1% 
resistor  mismatch  can  sharply  reduce  the  quality  of  the  received 
signal. 

In  this  section,  we  study  the  synchronization  in  the  cases  where 
the  parameters  of  the  transmitter  are  time-varying.  In  this  case,  we 
rewrite  the  driving  system  as  follows: 

(%-  =  £%SH[Ka(t)G(v2  -vi)-  fM) 

\  t?  =  ^p-[Ka{t)G{v i  -  v2)  +  i3]  <10) 

{  =  &$.[-V2  - 

where  A'c,(t),  Kc2(t),  KL(t),  KRo(t )  and  Ka(t)  are  the  time- 
varying  factors  of  the  parameters  C\ ,  C2,  L,  Ro  and  G,  respectively. 


“°-10  0001  0.002  0.003  0.004  0.005  0.006  0.007  0.000  0.009  oToi 

Timetsl 


Fig.  3.  (a)  The  synchronization  error  (vi  -  t>i)  when  channel  gain 

Kc(t)  =  1  and  a  weak  coupling  factor  =  0.0005  is  used.  No  controller 
is  used,  (b)  The  synchronization  error  (t>:  -  vi )  when  the  channel  gain  Kc(t) 
is  1  and  a  weak  coupling  factor  Ki  =  0.0005  is  used.  Controller  #1  is  used. 


The  driven  system  is  as  follows: 

{■&L  _  H^L[kG{t)G(v2  -  vx)  -  f(vi)  +  Ki(vx  -  Cl)] 

^  =  0*gl[KG(t)G(vi  -  ii)  +  h  +  Ki(vi  ~  «i)] 

=  ^f^-l-Vi  -  (A'Ro(t)  +  Ro)h  +  Kx(vx  -  Ci)] 

where  Key (t),  Kc2(t),  KUt),  KRo(t)  and  Ka(t)  are  com- 
pensating  adjustments  of  the  parameters  G\ ,  C2  >  ^0  ^nd  G, 

respectively,  which  are  adaptively  modified  by  using  the  following 
adaptive  controllers.  In  this  paper,  we  consider  the  cases  when  only 
one  parameter  is  time-varying  at  a  time.  The  adaptive  controllers  used 
are  similar  in  form  to  those  used  in  [22]  and  [23]. 

A.  Compensating  for  Kg 
The  controller  is  chosen  as 

kG{t)  =  kxS&(j^){vx-Vx) 

—  fciSgn^A(J(62  _  Ci)^(«i  —  Ci)  (12) 

The  simulation  results  are  shown  in  Fig.  4  with  ki  =  10  .  Kdt) 
is  defined  by  the  following  sinusoidal  function. 

1.1  -0.05  sin  U3) 

Fig.  4(a)  shows  A'gW  (dashed  line)  and  A<;(t)(solid  line).  One 
can  see  that  A'c(t)  asymptotically  approaches  KG(t)  with  a  settling 
time  of  about  3  ms.  Fig.  4(b)  shows  the  synchronization  error.  Note 
in  Fig.  4(a)  that  from  45.5  to  63  ms,  A'g(0  is  almost  constant 
while  A'c(t)  decreases.  This  is  because  in  the  parameter  range 
corresponding  to  the  waveform  of  A'g(0  during  45.5  ms  to  63  ms, 
the  synchronization  is  maintained  even  though  A'g(<)  #  A"g(0-  In 
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(c) 

Fig.  4.  Synchronization  of  Chua’s  circuits  when  G  is  a  sinusoidal  function 
of  time,  (a)  KG(t)  and  KG(t).  (b)  The  synchronization  error  (i>i  ~  vi) 
when  the  active  controller  is  used.  <c)  The  synchronization  error  (t>i  -  t)i ) 
without  the  adaptive  controller. 


Fig.  5.  Synchronization  of  Chua’s  circuits  when  Ci  is  a  sinusoidal  function 
of  time,  (a)  KCl  (0  and  KCl  (*)•  tf>)  The  synchronization  error  (»i  -  vi ). 


C.  Compensating  for  Kc2 
In  this  case,  the  controller  is 


=  fciSgn^^-[(?(tii  —  v 2)  + 1*3  H-  Ai  (vi  —  vi)] 

x(vi-vi).  (1-*) 


The  simulation  results  are  similar  to  those  shown  in  Fig.  5  with 
hi  =  106  and  a  settling  time  of  about  2  ms. 


Fig.  4(c)  we  show  the  synchronization  error  without  the  adaptive 
controller  and  we  can  see  that  in  the  period  45.5  to  63  ms  the 
synchronization  error  is  small. 

B.  Compensating  for  KGl 

In  this  case,  the  controller  used  is 

A'c,(f)  =  *lSgn(dj£c  )^1  ”  ^ 

=  *xsgn^2.[(?(62  -  tii)  -  /(tii)  +  A'i(tii  -  5i)]j 

X  (vi  —  Ul).  (14) 

The  simulation  results  are  shown  in  Fig.  5  with  ki  =  2  x  106. 
Kcx  (0  is  the  sinusoidal  function  given  in  (13).  From  Fig.  5(a)  one 
can  see  that  Kc^  (t)  asymptotically  approaches  KGl  (t )  with  a  settling 
time  of  about  1  ms.  Fig.  5(b)  shows  the  synchronization  error. 


D.  Compensating  for  Kl 
In  this  case,  the  controller  is 


KL(t)  =  fcisgn 


=  fcisgn 


x  (vi  -  vi). 


(£) 

(l[-ti2- 


(vi(0  -  Vi) 


RqIZ  +  R-l{Vl  —  Vl)] 


(16) 


The  simulation  results  are  similar  to  those  shown  in  Fig.  5  with 
ki  =  106  and  a  settling  time  of  about  2  ms. 

E.  Compensating  for  Kr0 
In  this  case,  the  controller  is 

-  (  dh 


=  k\ sgn 


(vi(t)-Vl) 

(-j)(«,-5i). 


(17) 


866 
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Fig.  6.  (a)  Schematic  diagram  of  the  experimental  circuit  for  studying  the  synchronization  between  two  identical  Chua’s  circuits  under  a  time-varying 
channel.  The  equations  of  the  adaptive  controller  is  given  by  (6).  (b)  Circuit  with  the  absolute  value  transfer  function. 


The  simulation  results  are  similar  to  those  shown  in  Fig.  5  with 
ki  =  108  and  a  settling  time  of  about  1.5  ms. 

From  the  simulation  results,  we  find  the  frequency  of  time-varying 
properties  of  parameters  should  be  small  enough  (y^  of  the  natural 
frequency  of  chaotic  signal  in  our  simulations),  or  else  the  adaptive 
controllers  may  not  compensate  the  time-varying  parameters. 

IV.  Experimental  Results 

In  this  section  we  supplement  the  computer  simulation  results 
with  experimental  results  from  a  physical  circuit  implementation. 
T£c  circuit  diagram  of  the  system  used  to  study  the  synchronization 
between  two  Chua’s  circuits  when  the  channel  is  time-varying  is 
shown  in  Fig.  6.  In  our  experiments,  both  Chua’s  circuits  are  identical 


and  have  the  following  parameters:  C\  =  6.8  nF,  C2  —  68  nF, 
L  =  18.4  mH,  Ro  =  12  H,  R  =  1.98  kft,  Ga  =  -0.73  mS, 
Gb  -  -0.4  mS,  E  =  1.8  V,  Rc  =  3.8  kft,  where  Rc  is  the 
coupling  resistor,  which  satisfies  K\  =  7^7- 

The  circuit  parameters  we  used  exhibits  the  Double  Scroll  Chua  s 
attractor.  When  the  channel  gain  is  1,  the  transmitter  and  the  receiver 
are  synchronized. 

When  the  channel  gain  drops  to  Kc{t)  =  0.65,  we  find  that  the 
transmitter  and  the  receiver  are  desynchronized.  The  relation  between 
the  voltages  v2(t)  and  t h(t)  is  shown  in  Fig.  7. 

Next  we  use  the  the  adaptive  controller  as  in  (6),  which  is 
implemented  using  the  circuit  shown  in  fig.  6  to  compensate 
for  the  channel  gain  which  is  set  at  Kc(t)  =  0.65.  The 
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Fig.  7.  When  the  channel  gain  drops  to  0.65,  the  transmitter  and  the  receiver 
are  desynchronized.  No  adaptive  controller  is  used.  The  relationship  between 
V2  and  t>2  • 


Fig.  8.  The  adaptive  controller  in  Fig.  6  is  used  to  compensate  for  the 
channel  gain  of  0.65.  The  relationship  between  V2  and  t>2- 

relation  between  voltages  v2 (t)  and  v2{t)  is  shown  in  Fig.  8. 
One  can  see  that  the  synchronization  is  restored.  Comparing  the 
results  shown  in  Fig.  8  with  those  shown  in  Fig.  7,  one  can 
see  that  the  effect  of  the  adaptive  controller  is  very  signifi¬ 
cant 

Next,  we  study  the  effect  of  our  controller  under  a  weak  coupling 
condition.  In  this  case,  the  coupling  resistor  is  4.46  kf2,  and  as  shown 
in  Fig.  9(a),  this  coupling  without  the  aid  of  the  controller  is  not  big 
enough  to  synchronize  the  transmitter  and  the  receiver  even  when  a 
unity  channel  gain  is  used.  In  Fig.  9(b),  we  show  the  synchronization 
when  the  channel  gain  drops  to  0.65  and  the  controller  is  used. 

V.  Conclusion 

We  have  shown  how  two  Chua’s  circuits  can  synchronize  in 
the  cases  where  the  channel  gain  and  the  parameters  are  time- 
varying  by  using  adaptive  controllers  in  the  receiver  to  compensate 
for  the  time-varying  properties  of  the  transmitter  and  the  chan- 
nel. 

Both  simulation  results  and  experimental  results  are  presented  for 
the  proposed  schemes.  These  results  also  show  that  the  adaptive 
controllers  can  compensate  for  the  weak  coupling  between  the  two 
circuits.  These  results  show  that  our  methods  can  be  useful  for  de¬ 
veloping  practical  chaotic  spread-spectrum  communication  systems. 


(b) 


Fig.  9.  The  adaptive  controller  in  Fig.  6  can  also  compensate  the 
de-synchronization  caused  by  weak  coupling,  (a)  The  relationship  between  V2 
and  V2  shows  the  de-synchronization  when  the  coupling  resistor  is  4.46  kSJ 
with  a  unity  channel  gain.  No  adaptive  controller  is  used,  (b)  The  relationship 
between  V2  and  v?  shows  synchronization  when  the  adaptive  controller  is 
used  to  compensate  for  the  weak  coupfing  factor  with  a  channel  gain  of  0.65. 
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Torus-Doubling  Bifurcations  in  Four 
Mutually  Coupled  Chua’s  Circuits 

Guo-Qun  Zhong,  Chai  Wah  Wu,  and  Leon  O.  Chua 


Abstract—  Coupled  oscillators  are  complicated  high-dimensional  dy¬ 
namical  systems.  They  can  exhibit  a  wide  variety  of  rich  dynamics  which 
could  lead  to  novel  applications  in  engineering.  In  this  brief  we  describe  a 
torus-doubling  phenomenon  observed  from  four  mutually  coupled  Chua’s 
circuits.  The  qualitative  dynamical  behavior  of  the  coupled  system  is 
robust,  yet  the  exact  behavior  is  very  sensitive  to  the  initial  conditions 
and  the  parameter  values  of  the  Chua’s  circuits.  We  present  numerical 
simulation  results  from  the  system  model  which  are  in  good  qualitative 
agreement  with  the  experimental  measurements. 

Index  Terms— Chua’s  circuits,  coupled  oscillators,  torus-doubling  bi¬ 
furcation. 


I.  Introduction 

Coupled  oscillators  are  complicated  high-dimensional  dynamical 
systems.  They  can  exhibit  a  wide  variety  of  dynamics  which  can  be 
exploited  for  novel  engineering  applications,  such  as  secure  commu¬ 
nication  [1],  [2],  sound  synthesis,  etc.  Torus  doubling  is  an  interesting 
bifurcation  phenomenon  which  can  occur  in  systems  having  several 
coupled  oscillators.  A  torus  attractor  is  said  to  exhibit  a  torus-doubling 
phenomenon  if  at  some  critical  parameter  value  it  loses  its  normal 
stability  to  create  a  nearby  torus  attractor  having  approximately  twice 
its  surface  area.  The  torus-doubling  bifurcation  phenomenon  has 
been  observed  in  numerical  investigations  [3H5]  and  experiments 
[5]_[7],  [16],  [17],  respectively.  In  order  to  prove  the  existence  of 
a  torus  doubling  bifurcation,  additional  technical  assumptions  must 
be  introduced  [8].  To  visualize  the  behavior  of  four-dimension^ 
dynamical  systems,  one  constructs  an  associated  Poincare  map  of 
such  systems  on  a  three-dimensional  section.  Ashwin  and  Swift  utilize 
a  so-called  torus  unfolder  [9]  for  a  system  of  four  weakly  coupled 
van  der  Pol  type  oscillators  [10].  The  four  outputs  pf  the  oscillators 
are  fed  into  the  torus  unfolder  which  generates  a  voltage  proportional 
to  the  phase  angle  of  the  tth  oscillator  at  the  points  when  the  4th 
oscillator  is  defined  to  have  zero  phase.  This  generates  a  Poincard 
section  of  the  dynamics.  The  output  of  the  unfolder  is  sampled  by 
an  analog-to-digital  converter  and  displayed  in  color  on  a  computer 
screen. 

In  this  paper  we  present  a  scenario  of  a  torus-doubling  phenomenon 
observed  from  a  system  of  four  mutually  coupled  Chua’s  circuits.  To 
observe  this  complicated  behavior  visually,  we  also  use  a  Poincard 
return  map.  However,  rather  than  using  the  torus  unfolder  described 
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(a) 


Fig.  1.  (a)  Circuit  diagram  of  four  mutually  coupled  Chua’s  circuits  coupled 
via  resistors  Rc.  (b)  v-i  characteristic  of  Chua’s  diode  Nr. 


by  Ashwin  and  Swift,  we  choose  the  hyperplane  of  constant  xl  as 
the  PoincarS  section,  where  xl  is  the  current  flowing  through  the 
inductor  L  in  one  of  the  Chua’s  circuit.  We  observe  the  points  where 
tL  =  for  some  fixed  J,  and  project  them  onto  the  t’ci-vc2  plane. 
Although  the  state  space  of  the  system  is  12-D,  this  projection  of  the 
dynamics  onto  a  two-dimensional  Poincar6  section  still  reveals  the 
important  features  of  the  torus-doubling  phenomena.  The  system  of 
four  mutually  coupled  Chua’s  circuits  we  examine  in  this  paper  is 
described  in  Section  II.  An  interesting  landscape  of  torus-doubling 
bifurcation  phenomenon  observed  from  the  system  is  presented  in 
Section  HI.  Some  results  numerically  simulated  via  the  software 
INSITE  [1 1]  are  also  presented  in  this  section  to  illustrate  results  from 
the  model  agreeing  qualitatively  to  the  experimental  observations. 


n.  Description  of  the  System 

The  system  we  examine  in  this  paper  is  shown  in  Fig.  1(a).  Four 
identical  Chua’s  circuits  [12]— [14]  are  mutually  coupled  via  six  linear 
resistors  Rc .  The  parameters  in  each  Chua’s  circuits  are  assumed  to  be 
identical  to  those  in  the  other  Chua’s  circuits  initially.  The  dynamics 
of  each  uncoupled  Chua’s  circuit  is  governed  by  the  following  state 
equations: 


dvcij  =  _J_ 
dt  ~  Cij 


dv 


C2j  _ 


dt 


c2j 


( <’C2  j  —  <’01  j  )  ”  /( VC  l  j  ) 


l  *j 

—  {vcij  -  VC2j)  + 


*3r—ZjlvC2j  +  RojiLj), 


j  =  1.  2.  3.  4 


(1) 


where  vcij*  vc2>.  tLj  are  the  voltages  across  capacitors  C\j,  C2jy 
and  the  current  flowing  through  the  inductor  LJt  respectively,  and 

f(vcij)  =  Gbvcij  +  £  ( Ga  -  Gb)[\vcij  +  1|  -  |vcij  -  1|]  (2) 

is  the  v-i  characteristic  of  the  Chua’s  diode  Nrj  shown  in  Fig.  i(b). 

Thus  the  state  equations  describing  the  system  in  Fig.  1(a)  are  as 
follows: 

—jp-  =  77—  I\r-(vc2i  —  veil )  “  /(veil ) 
at  Ci  i  [fii 


+  -=-(— 3vcil  +  VC  12  +  VC  1 3  +  VC14) 
lie 


dVC2l 

dt 

dXL 
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721  __  1  r  1 

t  ~C2i[Ri 
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714) 


_j__(ven  —  3vci2  -f  VC  13  +  VC14 

Rc 

d'VC22  1  r  1  /  v  . . 
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—  JL.  _  t>Cl3)  -  (vci3) 

+  -^(VC11  +  VC12  —  3*013  +  VC14  ) 

Rc 

d.vC2Z  I  I"  1  /  v  . . 
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^=--ft[vC24+RoiL4) 


(3) 


where  Rc  is  the  resistance  of  the  linear  coupling  resistors  and 
G\j  =  Ci,  C2 j  —  C2,  Lj  —  L.  Roj  —  Ro '  Rj  —  Rj  and 
Nrj  =  Nr ,  for  j  =  1.  2,  3.  4. 


m.  Torus-Doubling  Bifurcation  in  Four 
Mutually  Coupled  Chua’s  Circuits 


3.1.  Poincari  Map  for  Torus-Doubling  Bifurcations 

The  asymptotic  behavior  in  the  t»ci-vc2  phase  plane  of  Chua’s 
circuit  is  muddled  by  an  infinite  tangle  of  intersections  of  the 
trajectory  upon  itself.  An  effective  method  to  untangle  such  a  mess  of 
points  and  extract  some  useful  asymptotic  information  is  to  analyze 
the  dynamics  of  the  associated  Poincar6  map. 

In  our  investigation  we  use  the  current  xl  flowing  through  the 
inductor  L  of  one  Chua’s  circuit  to  define  the  Poincar6  section  and 
observe  the  points  where  the  trajectories  cross  the  plane  xl  =  I  and 
project  them  onto  the  corresponding  vci~vc2-  J  is  a  constant  current 
chosen  to  fix  the  Poincar6  section.  In  this  way,  the  dynamical  behavior 
of  each  coupled  Chua’s  circuit  can  be  observed  on  the  Poincar6 
section  on  an  oscilloscope. 
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(d) 

Fig.  2.  Trajectory  projection  (left)  and  corresponding  Poincart  map  (right)  in  the  vCi->'C2  plane  of  vatious  torus-doubling  bifurcation  phenomena:  Fixed 
parameter  values:  Ga  —  —0.74  mS.  Gf,  =  —0.41  mS,  Ci  =  10  nF.  C>  =  100  nF,  L  —  18.68  mH.  Ra  —  c  —  ^  a  l  _  • 

parameter  values:  Rx  =  1652  (1,  R>  =  1692  ft.  R3  =  917  ft.  Ra  =  3628  £1.  (b)  Pcriod-2  limit  eye  e;  parameter  ■ -_8°1 I  «•  »s *  -  1910  Si 

=  917  n.  72i  =  3628  Si.  (c)  T2  torus  doubling  (type-II);  parameter  values:  Ri  =  724  £1.  =  1950J1.  R.i  -  917  ...Ra  -  36-8  ...  (d)  T>  torus 

doubling  (type-II  loci  consisting  of  type-I  loci):  parameter  values:  Rj  =951  ft,  R->  =  1910  ft.  Il:\  =  91  /  ft.  Ra  -  3628  ... 
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Fig.  2.  ( Continued .)  Trajectory  projection  (left)  and  corresponding  Poincare  map  (right)  in  the  cn-fr-j  P^e  of  vanous  mnis-doubhng  ^furcatl°" 

phenomena:  Fixed  parameter  values:  Ga  =  -0.74  mS,  Gi,  =  -0.41  mS.  C,  =  10  nF.  C2  =  100  nR  L=  18.68  mH.  Ro  £ 

Period-3  limit  cycle:  parameter  values:  Ih  =  1362  12,  /?•_*  -  1715  12,  2?*  -  917  12.  /?.,  -  3628  ...  (0  T:\~  torus,  F*ra  v_  ()*  ^  q  (h) 

=  1696  12.  i?3  =  917  12.  /?.,  —  3628  <2.  (g)  Period-6  limit  cycle;  parameter  values:  R\  =  1300  12.  /?2  —  *700  L.  /?a  9 

Tg  torus  doubling:  parameter  values:  R\  =  1328  12.  i?a  =  1690  12,  /?:*  —  917  12.  R.\  =  3628  12. 


II  ^ 
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(Continued.)  Trajectory  projection  (left)  and  corresponding  Poincare  map  (right)  in  the  vCi  -*'C2  plane  of  various  torus-doubling  bifurcation 
na:  Fixed  parameter  values:  G„  =  -0.74  mS.  Gi,  =  -0.41  n,S.  C,  =  10  nF.  C,  =  100  nF.  L  =  18.68  mH,  R0  =  19ft.  Be  =  « 

limit  cycle;  parameter  values;  /?,  =  1180  ft.  Rj  =  1690  ft.  R,  =  917  ft.  It4  =  3628  ft.  (j)  T,  torus;_ parameter  values:  R  =  »»  «•  "a 
Q.  =  917  0.  7?^  =  3628  <2.  <k)  Period- 10  limit  cycle;  parameter  values:  JR \  =  1090  Q.  i?;  =  165d  J.  R.i  -  917  -  3628  (  } 

s  doubling;  parameter  values:  /?]  =  1094  il.  Rj  =  1655  il,  i?;j  =  917  S2,  /?.j  =  3628  il- 
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(o) 

Fig.  2.  ( Continued.)  Trajectory  i projeetionjleft)  [JaF.  C-f=  100 ' jfcTwft!'’^ 

£=-7  2 cS^meteTvalJes:  R,  =  345  ftjfc  =  1914  ft,  Ii3  =  917  ft.  ifc ,  =  3628  n_(n)  7V  tom^  p^mefCT  v^  Ih- -M  ft.  Bi  - 
19)4  ft,  R.i  -  917  C1.1U=  3628  ft.  (o)  Tjo  toms  doubling;  parameter  values:  i?i  =  1559  ft,  7?2  -  1228  “•  «3 


5.2.  Torus-Doubling  Bifurcation  Phenomenon 
Observed  from  the  System 

The  following  parameters  values  for  the  Chua’s  circuits  of  the 
system  shown  in  Fig.  1(a)  are  fixed  for  our  study: 

<?1  =  10  nF,  Co  =  100  nF,  I  =  18.68  mH,  B  =  1900  Q, 

R0  =  19  Q  (which  includes  the  inherent  14.5  &Ohgr,  series 
resistance  of  the  inductor  L),  Ga  =  —0.74  mS,  and  Gt,  = 
-0.41  mS. 

We  first  choose  Bc  =  10  kft  so  that  the  four  Chua’s  circuits  are 
synchronized  with  each  other  in  the  sense  that  corresponding  voltages 
and  currents  in  the  four  Chua’s  circuits  are  identical  functions  of  time. 
Then,  we  adjust  the  values  of  the  linear  resistors  B,  (j  =  1.  2.  3.  4) 
of  each  coupled  Chua’s  circuit  and  observe  a  sequence  of  period¬ 
doubling  bifurcations  of  limit  cycles.  We  also  find  that  by  changing 


the  parameters,  these  limit  cycles  bifurcate  into  toms  attractors.  Thus 
to  each  limit  cycle  corresponds  a  toms  attractor  and  to  the  period 
doubling  of  limit  cycles  corresponds  torus  doubling  of  toms  attractors. 
To  describe  the  toms  attractor  corresponding  to  a  n  periodic  orbit, 
we  define  Tn  as  a  two-dimensional  toms  embedded  in  the  phase 
space  which  wraps  around  « -times,  in  correspondence  with  a  period- 
„  periodic  orbit.  While  a  » -periodic  orbit  gives  us  i>  intersection 
points  with  a  suitable  Poincare  plane,  the  intersection  of  T„  with 
a  suitable  plane  would  result  in  n  simple  closed  curves.  In  our 
experiments  we  only  vary  /?,  and  R2  and  keep  f?.i  and  /?,  fixed. 
Fig.  2(aMo)  show  the  trajectories  and  the  corresponding  Poincare 
map  in  the  ccx-ra  plane  associated  with  various  period-doubling 
and  toms-doubling  bifurcations  observed  experimentally  with  a  fixed 
coupling  resistor  R,  =  10  kl>.  while  varying  the  linear  resistor  i?, 
of  each  coupled  Chua’s  circuit.  When  R\  =  1652  <>.  R>  -  1692 
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(C) 


Coupled  Chua’s  circuits.  Trajectory  projection  (left)  and  corresponding  Poincare  map  (right)  in  the  t>ci-«'C2  plane  pf  various  torus-doubling  bifurcauon 
from  numerical  simulation.  Parameter  values:  Ga  =  -0.74  mS,  Gb  =  -0.41  mS.  C,  =  10  nF,  C2  =  100  nF,  L  =18.68  mH,  Ro  =19  Q  Rc 
10  ka  (a)  r2  torus  doubling;  parameter  values:  Rt  =  .610  (1,  *2  =  1840  0,  R3  =  1135  Q,  R4  = :  V15  CL  ft)  P^-5  hnut  c^cle;  p^ameter  values: 
=  1479  Q,  Hi  =  1800  Q,  R3  =  920  12,  R4  =  3380  12.  (c)  T5  torus;  parameter  values:  JR  1  =  1475  12,  R2  -  1 788  11,  m  -  V2U  u. 


Rg.  3. 
obtained 


f2t  i?3  =917  12,  and  R4  =  3628  12,  the  system  exhibits  a  Ti  torus 
as  shown  in  Fig.  2(a).  This  torus  attractor  results  from  a  bifurcation 
of  a  period-1  limit  cycle.  When  i?i  =  801  12,  R2  =  1910  12,  f?3 
=  917  12,  and  R4  =  3628  12,  the  period-1  limit  cycle  bifurcates 
into  a  period-2  limit  cycle.  The  projection  of  this  trajectory  onto  the 
t,ci-t‘C2  plane  and  the  corresponding  Poincard  map  of  the  output 
voltages  vc  1  and  t’o2  from  the  third  Chua’s  circuit  are  shown  in 
Fig.  2(b).  Increasing  i?i  slightly  to  i?i  =  934  12  while  keeping  the 
rest  fixed,  a  bifurcation  is  observed,  resulting  in  a  T-i  torus  attractor 
[Fig.  2(c)].  In  this  case,  the  loci  on  the  Poincar6  section  corresponds 
to  the  type-II  curve  doubling  phenomenon  defined  in  [5).  However, 
with  Ri  =  951  12  while  keeping  the  other  resistors  as  above,  we 
observed  another  interesting  type  of  T2  torus  doubling  bifurcation,  as 


shown  in  Fig.  2(d).  Here,  the  type-II  loci  consist  of  two  type-I  curves 
as  defined  in  [5],  i.e.,  the  torus  lies  on  a  surface  generated  from  a 
combination  of  type-I  and  type-II  torus-doubling.1  Further  variation 
of  2?i  and  R2  while  keeping  i?3  and  R4  fixed,  we  observe  period  3 
[Fig.  2(e)]  and  period  6  limit  cycles  [Fig.  2(g)]  and  the  corresponding 
T3  torus  [Fig.  2(0]  and  J6  torus  attractors  [Fig.  2(h)].  We  also  find 
a  period  5  [Fig.  2(i>]  and  its  period-doubled  period  10  limit  cycle 
[Fig.  2(k)]  along  with  the  corresponding  Tr>  [Fig.  2(j)]  and  7\0  torus 
attractors  [Fig.  2(1)].  A  period-7  and  a  Tr  torus  attractor  were  also 

1  In  [5],  type-I  doubling  of  a  closed  curve  resulting  from  a  map  (in  our 
case  the  map  is  the  Poincard  map)  occurs  when  a  simple  curve  is  transformed 
into  another  curve  twice  its  length,  but  folded  to  resemble  the  original  curve. 
Type-II  doubling  occurs  when  a  simple  curve  is  transformed  into  two  disjoint 
curves  similar  to  the  original  curve. 
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(d) 

Fig.  3.  (Continued).  Coupled  Chua’s  circuits.  Trajectory  projection  (left)  “^.c^resf°^j)nf4P^C^  T-Od^las! Ci  =%  nF*  cf=  100^° L 
torus-doubling  bifurcation  obtained  from  numerical  simulation.  Parameter  values.  Ga  -  074  n^.  6  g  g9Q 

=  18.68  mH,  J?o  =  19  fi,  Rc  =  10  kfi.  (d)  T6  torus  doubling;  parameter  values:  Ri  =  1000  it,  R2  -  1900  U,  k3  -  bsu  u.  /h 


found  as  shown  in  Fig.  2(m)  and  (n).  In  Fig.  2(o)  we  show  that  the 
Ts  torus  in  Fig.  2(j)  has  doubled  via  a  type-II  torus  doubling  [5],  i.e., 
each  circle  in  Fig.  2(j)  has  bifurcated  into  2  circles  close  to  each  other. 

It  can  be  concluded,  based  on  our  experimental  observations  from 
the  system  shown  in  Fig.  1(a),  that  a  period-doubling  bifurcation 
precedes  the  torus-doubling  bifurcation  of  a  torus,  and  a  period-n 
limit  cycle  bifurcates  into  a  Tn  torus;  in  other  words,  a  period-n 
period-doubling  bifurcation  is  associated  with  an  Tn  torus  doubling 
bifurcation.  The  torus-doubling  bifurcation  phenomenon  in  the  system 
is  robust  and  can  be  observed  from  each  coupled  Chua  s  circuit  of 
the  system  for  several  different  combinations  of  values  of  Rj. 

To  confirm  our  experimental  measurements,  the  system  was  sim¬ 
ulated  numerically  using  the  system  model  equations  (3)  via  the 
software  INSITE  [1 1]  and  the  results  are  shown  in  Fig.  3(a)-(d).  Due 
to  the  sensitivity  to  the  initial  conditions  and  parasitics,  it  is  difficult 
to  get  exactly  the  same  data  set  which  matches  the  experimental 
observations  to  the  numerical  observations.  Nevertheless,  it  can  be 
noted  from  the  figures  that  our  simulation  results  are  in  good  qual¬ 
itative  agreement  with  those  shown  in  Fig.  2,  and  hence  validating 
the  mathematical  model  (3)  for  describing  the  system  in  Fig.  1(a). 
We  see  in  Fig.  3(c)  that  the  Poincar6  section  has  a  folding  structure, 
suggesting  a  nearby  torus  breakdown  route  to  chaos. 

IV.  Concluding  Remarks 

In  this  paper  we  present  several  torus-doubling  bifurcation  phenom¬ 
ena  observed  experimentally  and  simulated  numerically  from  four 
mutually  coupled  Chua’s  circuits.  It  is  shown  from  these  observations 
that  the  torus-doubling  bifurcation  phenomenon  is  robust  in  such 
a  system.  It  can  be  observed  for  several  different  combinations  of 
parameter  values  of  the  linear  resistors  Rj(j  —  1*  2,  3,  4).  However 
the  exact  behavior  is  very  sensitive  to  the  initial  conditions  and  to 
changes  in  the  values  of  the  resistors  Rj(j  —  li  2,  3,  4).  Therefore, 
special  care  is  needed  in  order  to  reproduce  the  results  presented  here. 

Experiments  indicate  that  the  topological  structures  of  the  attractors 
of  each  coupled  Chua’s  circuit  in  this  system  has  a  torus-like 
structure,  when  the  values  of  Rj(j  =  1,  2,  3,  4)  are  properly  chosen. 
The  power  spectra  generated  by  the  system  are  different  from  those 
generated  by  the  uncoupled  Chua’s  circuit,  and  may  find  interesting 
applications  in  sound  synthesis  [15]. 
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